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ABSTRACT We state and prove the analogue of a conjecture of Coleman and Oort
for the locus of degenerate irreducible curves.

1 Introduction.

Denote by Ag,1 the moduli space of principally polarized abelian varieties of dimen-
sion g over C. Let Mg be the moduli space of smooth projective curves of genus g

over C and denote by J: Mg → Ag,1 the Torelli map associating to a curve its Jacobian
with its natural principal polarization. Define Jacg to be its image and let Jacg, the so
called Torelli locus, be the schematic closure of Jacg in Ag,1. Inspired by a conjecture of
Coleman’s [Co, Conj. 6], Frans Oort asked in [Oo, §7] whether, for g large enough, there
exists any positive dimensional locally symmetric subvariety of Ag,1, which is contained
in Jacg and intersects Jacg. His expectation is that such subvarieties do not exist. Re-
call that a locally symmetric variety Y is an algebraic variety whose associated complex
analytic space Y an is the quotient

Y an := Γ\G(R)0/K,

where G is a semisimple algebraic group defined over Q, K ⊂ G(R)0 is a maximal com-
pact subgroup of the connected component at the identity G(R)0 of G(R), Γ is the inter-
section with G(R)0 of an arithmetic subgroup of G(Q) and the quotient D := G(R)0/K
is a hermitian symmetric domain of non-compact type. For example, Ag,1 is the locally
symmetric variety defined by Sp2g(Z)\Sp2g(R)/Kg for a suitable maximal compact
subgroup Kg ⊂ Sp2g(R). Let Y1 and Y2 be locally symmetric varieties with associated
complex analytic spaces Y an

1 = Γ1\G1(R)0/K1 and Y an
2 := Γ2\G2(R)0/K2. A map

f :Y1 → Y2 of locally symmetric varieties is a morphism such that the associated map of
complex analytic spaces is induced by a homomorphism of algebraic groups f̃ : G1 → G2.
A locally symmetric subvariety of Y2 is the image of a map Y1 → Y2 of locally symmetric
varieties such that G1 is an algebraic subgroup of G2.

Coleman–Oort’s conjecture is far from being proved. The first results are due to
Johan de Jong and Rutger Noot [dJNo] who give counterexamples to the conjecture for
g = 4 and g = 6 providing explicit examples of positive dimensional families of Jacobians
with complex multiplication. On the positive side we refer to Richard Hain’s pioneering
paper [Hain] and to the works of Johan de Jong and Shou–Wu Zhang [dJZ] and of
Martin Möller, Eckart Viehweg and Kang Zuo [MVZ] for partial results supporting the
conjecture. These results are based on global methods. In [Hain] and [dJZ] one argues
by contradiction assuming that there exists a variety Y contradicting the conjecture.
Roughly speaking, the idea is to compare the fundamental group of Y an, which is a
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lattice in a Lie group, and the fundamental group of Man
g which is a mapping class

group. The key ingredient is a rigidity result by Farb and Masur stating that any
homomorphism from an irreducible lattice in a semisimple Lie group of real rank at
least two to a mapping class group has finite image. The drawback of this approach
is that the map J is ramified along the hyperelliptic locus so that the comparison of
the fundamental group of the complex analytic spaces Y and J−1(Y ) is very subtle.
In [MVZ] the authors prove, among other results, that for g ≥ 4 there does not exist
a curve contained in Mg whose image in Ag,1 is a Shimura curve. Also in this case
the method is global, works for Mg and not Jacg, and is specific to the case of curves.
It is based on a fine analysis of the discriminant loci of families of semistable curves
parameterized by a base curve.

In this paper we formulate and prove an analogue of Coleman–Oort’s conjecture at
the boundary component of the Deligne-Mumford compactification of Mg consisting of
irreducible curves. In a future work we will show how this can be used to prove some
cases of the original conjecture via degeneration methods. The method we propose is
different from those of Hain and of Möller-Viehweg-Zuo. More precisely, denote by Mg

the Deligne–Mumford compactification of Mg. It is the coarse moduli space of stable
curves of genus g over C. Following an idea of D. Mumford, it is proven in [Na, Cor.
18.9] that the Torelli map J: Mg → Ag,1 extends to a map of varieties

J̃: Mg −−→ ÃDV
g,1 ,

where ÃDV
g,1 is the Delaunay–Voronoi, also called second Voronoi, toroidal compactifica-

tion of Ag,1. Let M
irr

g ⊂ Mg be the open subscheme consisting of stable curves which are

geometrically irreducible and put ∂M
irr

g := M
irr

g \Mg. Our main result is the following:

1.1 Theorem. Assume that g ≥ 4. Let Y be a locally symmetric subvariety of Ag,1

contained in Jacg and intersecting Jacg. Then, the closure of Y in ÃDV
g,1 does not

intersect J̃
(
∂M

irr

g

)
.

The proof of 1.1, achieved in §5.6, consists of two steps. First of all, we study the
structure at the boundary of the closure of a locally symmetric subvariety of Ag,1. More
precisely, fix an integer n ≥ 3. Let Ag,n be the moduli space of principally polarized
abelian varieties of dimension g and full symplectic level n–structure. In fact, we will
need a quotient of it in the text but let us ignore this point in the introduction for
simplicity. Let Y be a locally symmetric subvariety of Ag,n. Let Ỹ be the closure of the
image of Y an in a (any) partial, smooth toroidal compactification Ãg,n of the complex
analytic space Aan

g,n. Then, Ỹ is “linear” at the boundary. More precisely, consider the
map q: Ãg,n → A∗g,n to the minimal compactification of Aan

g,n. Recall that we have a
set theoretic decomposition A∗g,n = qg

h=0Aan
h,n. For every 0 ≤ h ≤ g − 1 the inverse

image of Aan
h,n ⊂ A∗g,n via q is the union of locally closed analytic subspaces {Ξ′h,i}i,

depending on the chosen toroidal compactification, each of which has a natural structure
of rigidified torus torsor over the g − h–th fold product Ag−h of the universal family
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A of abelian varieties over Aan
h,n. Let ∂Ỹ be the intersection of the boundary of Ãg,n

with Ỹ . The “linearity” of Ỹ expresses itself in two ways:
a. there is a canonical retraction of a tubular neighborhood of Ξ′h,i in Ãg,n to Ξ′h,i.

The image via this retraction of the corresponding neighborhood of Ξ′h,i ∩ Ỹ in Ỹ

is Ξ′h,i ∩ Ỹ ;

b. if ∂Ỹ ∩ Ξ′h,i is non–empty, it is the complex analytic space associated to a rigidified
torus subtorsor over a family of abelian subvarieties of Ag−h parameterized by a
locally symmetric subvariety of Ah,n.

This is proven in §3, especially 3.9, based on the study of (complex analytic) compacti-
fications of locally symmetric varieties from the point of view of symmetric spaces given
in [AMRT] and recalled in §2, especially 2.1.

The second step in the proof of our theorem is to show that the locus of Ãg,n consisting
of Jacobians of irreducible curves is not linear at the boundary for g ≥ 4. This is proved
in §5, especially 5.4 and 5.5, and relies on the theory of degenerations of periods of
abelian varieties given in [An] and recalled in §4.

For simplicity of exposition, at least in this introduction, we forget about the level
structure n in Ag,n (needed for the existence of universal families). An indication that
the Torelli locus does not behave at the boundary as a locally symmetric subvariety
of Ag,1 can be found in [FvdP]. The authors prove the following result. Let C0 be a
stable curve over C of genus g ≥ 4 whose Pic0(C0/C) is not an abelian variety. Let R

be the universal deformation space of C0 and denote by C → S := Spec(R) the universal
stable curve over R. The Raynaud extension G of Pic0(C/S) is the semiabelian scheme
appearing in the uniformization of Pic0(C/S) described in [FC]. It is an extension of an
abelian scheme A over S, endowed with a natural principal polarization λA, and a torus
over S. The fiber of (A, λA) over the closed point of S is the Pic0 of the normalization
of C0. In loc. cit., it is proven that the fiber of (A, λA) over the generic point of S is
not in general isomorphic to the product of Jacobians of smooth projective curves. This
would happen if the (local) retraction of Ãg,1 to the boundary, described in (a), sent
the closure of the Torelli locus in Ãg,1 to itself.

We present other illuminating instances of the non–linearity of the Torelli locus con-
flicting with the second incarnation of the analytic linearity at the boundary of locally
symmetric subvarieties of Ag,1 (part (b) above). Let C be an irreducible stable curve
of genus g over C with singular points T1, . . . , Tr. Let D be the normalization of C
and for every i let Pi and Qi be the inverse images of Ti in D. There is an open
subspace Ξ of the fiber of a suitable (partial) toroidal compactification of Aan

g,1 over
the moduli point [Pic0(D/C)] ∈ Ag−r,1(C) ⊂ A∗g,1 which is a torsor over a torus of
dimension r(r − 1)/2 over the abelian variety

(
Pic0(D/C)

)r
, rigidified over the identity

of
(
Pic0(D/C)

)r
. Let Y ⊂ Ag,1 be a locally symmetric subvariety. Let ∂Ỹ be the inter-

section with Ξ of the closure Ỹ of Y an. It follows from 4.7 that the image of the degener-
ate periods of Pic0(C/C) in

(
Pic0(D/C)

)r
consist of the points (Q1−P1, . . . , Qr −Pr).

3



On the other hand, the image of the fiber of ∂Ỹ over [Pic0(D/C)] in
(
Pic0(D/C)

)r
is

an abelian subvariety of Pic0(D/C)r. The main ingredient to prove Theorem 1.1 is the
fact, proven in 5.4, that for g−r ≥ 3 there is no positive dimensional abelian subvariety
contained in the surface D−D ⊂ Pic0(D/C) consisting of points P −Q for P , Q ∈ D.

Another interesting example is the case when D has genus 0 so that g = r. In
this case the degenerate periods of Pic0(C/C) are the g(g − 1)/2 cross ratios of the g

pairs of distinct points
(
(P1, Q1), . . . , (Pg, Qg)

)
. They define a point of (C∗)g(g−1)/2

which is the space Ξ introduced above (as an open subspace of the fiber of a suitable
(partial) toroidal compactification of Aan

g,1 over the 0–dimensional cusp of A∗g,1). On the
one hand Gerritzen computed in [Ge, §4&5] the equations in (C∗)g(g−1)/2 defining the
closure of the locus defined by the cross ratios of g pairs of points of P1

C. On the other
hand, ∂Ỹ is an algebraic subtorus of

(
C∗)g(g−1)/2. For g = 4 Gerritzen provides us

with one equation and we prove in 6.1 that there is no positive dimensional subtorus
of (C∗)6 satisfying Gerritzen’s equation and mapping non–trivially to C∗ via each of
the 6 canonical projections (C∗)6 → C∗. In particular, no generic point of ∂Ỹ can be
the moduli point of a generalized Jacobian of an irreducible stable curve, of genus 4,
with rational normalization. A similar analysis is done in the case when D has genus 1
and g = 4, see 7.3, and one proves that no generic point of ∂Ỹ can be the moduli point
of a generalized Jacobian of an irreducible stable curve, of genus 4, with normalization
of genus 1. Eventually, studying the case that D has genus 2 and g = 4, we show
in 6.3 that no generic point of ∂Ỹ can be the moduli point of a generalized Jacobian
of an irreducible stable curve, of genus 4, with normalization of genus 2. These three
examples are the main step to prove Theorem 1.1 (for any g ≥ 4).

Acknowledgments: I thank Frans Oort for introducing me to this fascinating sub-
ject and Eduard Looijenga for discussions pertaining the structure at the boundary of
toroidal compactifications of locally symmetric varieties.
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2 Toroidal compactifications of locally symmetric varieties.

Fix a locally symmetric variety Y and write the associated complex analytic space
Y an as a quotient Y an := Γ\G(R)0/K. Define the rational boundary components of D =
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G(R)0/K as follows. Let T0 be the tangent space of D at the class of 0 ∈ G(R). Since D

has a complex structure, T0 is a C-vector space and we write J for multiplication by i

on T0. Decompose T0⊗R C = p+⊕ p− according to the ±i–eigenspaces for J . Then,
Borel and Harish–Chandra constructed holomorphic open immersions

D −−→ p+ −−→ D∨,

where D∨ is the compact dual of D and the image of D → p+ is a bounded domain;
see [AMRT, Ch. III, §2.1 Thm. 1]. One defines D to be the closure of D in p+. It
follows from [AMRT, Ch. III, §3.1, Thm. 1] that ∂D := D\D decomposes as a dis-
joint union of lower dimensional hermitian symmetric domains, called the boundary
components of D. Fix one of them and call it F . One defines N(F )R to be the nor-
malizer of F in the connected component G(R)0 of G(R) containing the identity i. e.,
N(F )R := {g ∈ G(R)0|gF = F} and we say that F is rational if N(F )R = N(F )(R)
where N(F ) ⊂ G is a subgroup defined over Q. It is proven in [AMRT, Ch. III,
§3.5] that the association F → N(F ) defines a bijection between the set of rational
boundary components of D and the set of admissible subgroups N ⊂ G, meaning
proper subgroups such that, decomposing G = G1 × · · · × Gt into Q-simple factors,
N = N1 × · · · × Nt with Ni = Gi or Ni ⊂ Gi a maximal proper parabolic subgroup
defined over Q. For every boundary component F it is proven in [AMRT, Ch. III,
§3.2, Thm. 2] and [AMRT, Ch. III, §2.2, Prop. 1 & Cor.] that there exists a unique
homomorphism of algebraic groups ϕF : SL2,R → GR which induces a map of symmetric
spaces fF :H → D from the Poincaré upper half space H to D such that fF sends the
class of 1 ∈ SL2,R to the class of the identity in D = G(R)0/K and the extension
of fF to a map H → D satisfies fF (∞) ∈ F . Let wF :Gm,R → GR be the restric-
tion of ϕF to the subgroup of diagonal matrices. By loc. cit. N(F )R = P

(
wF

)
(R)

where P
(
wF

)
(R) :=

{
g ∈ G(R)0| limt→0 wFi(t)gwFi(t)

−1 exists
}
. Then, F rational if

and only if wF is defined over Q; see [AMRT, Ch. III, §3.5].

Let D∗ be the union of D and its rational boundary components endowed with the
Satake topology defined in [AMRT, Ch. III, §6.1]. Then, Y ∗ := Γ\D∗ is a compact
Hausdorff space, containing Y an as an open dense subset, called the Baily–Borel or
minimal compactification of Y an; cf. [AMRT, Ch. III, §6.1, Thm. 2]. Define a cusp
of Y ∗ to be an equivalence class of rational boundary components of D with respect to
the action of Γ. We identify a cusp with its image in Y ∗; note that two cusps are the
same in Y ∗ if and only if they are equivalent.

We now review how to construct toroidal compactifications of Y an. Let N ⊂ G be
an admissible subgroup with associated rational boundary component F (N). Consider
the canonical filtration U ⊂ W ⊂ N , over Q, where W ⊂ N is the unipotent radical,
U ⊂ W is the center of W and V := W/U is abelian; see [AMRT, Ch. III p. 225–
231]. Note that U is abelian and U(R) (resp. U(C)) can be identified with its Lie
algebra; in particular, U(C) = U(R) + iU(R) so that the imaginary part of an element
of U(C) is a well defined notion. By [AMRT, Ch. III, §4.1] we get that LieN(R) splits
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as
(
LieN(R)

)
0
⊕(

LieN(R)
)
1
⊕(

LieN(R)
)
2

taking the eigenspaces for the adjoint action
of wF with respect to the characters t 7→ 1, t 7→ t and t 7→ t2. Let Z(wF ) ⊂ N be
the centralizer of wF . It is defined over Q and its Lie algebra over R is

(
LieN(R)

)
0
.

By [AMRT, Ch. III, §3.3, Thm. 3] the connected component at the identity of its base
change to R defines a Levi subgroup of

(
N ⊗Q R

)0. Eventually, let G̃h,N ⊂ Z(wF ) be
the centralizer of U in Z(wF ). Then,

a. by [AMRT, Ch. III, §3.5, p. 222] (see also [AMRT, Ch. III, §3.3, Thm. 3] and [AMRT,
Ch. III, §4.2, Thm. 1]) the algebraic group G̃h,N is semisimple and defined over Q;

b. K ∩ G̃h,N (R)0 is a maximal compact subgroup of G̃h,N (R)0 (see [AMRT, Ch. III,
§4.3, p. 233]);

c. G̃h,N (R)0/
(
K ∩ G̃h,N (R)0

)
is a hermitian symmetric subdomain of D = G(R)0/K

isomorphic to F (N) (see [AMRT, Ch. III, §3.1, pp. 194–196 & Thm. 1(ii)]).

As in [AMRT, Ch. III, §4.3] define the open subset D(N) ⊂ D∨ taking the translates
of D by elements of U(C) i. e., D(N) := ∪g∈U(C)gD. Then, as explained in [AMRT,
Ch. III, §4.2 & §4.3], the map D ⊂ D(N) is an open embedding of complex analytic
manifolds and one has a fibration

D(N) → D(N)′ → F (N) (2.1.1)

and a holomorphic section
F (N) → D(N), (2.1.2)

where

i) D(N)′ := D(N)/U(C) and there exists a (non–canonical) holomorphic section to the
map D(N) → D(N)′ so that D(N) ∼= U(C)×D(N)′;

ii) F (N) = D(N)′/V (R) is the rational boundary component associated to N and it is
the hermitian symmetric domain defined by G̃h,N ;

iii) the section (2.1.2) is given by F (N) ∼= G̃h,N (R)0/
(
K ∩ G̃h,N (R)0

) ⊂ D ⊂ D(N)
(see [AMRT, Ch. III, §3.1, pp. 194–196 & Thm. 1(ii)];

iv) D(N)′ → F (N) is a complex vector bundle over F (N) with zero section induced
by (2.1.2), it admits a trivialization D(N)′ ∼= Ck × F (N) as vector bundle and it is
also a principal homogeneous space under V (R) for the action

V (R)× (
Ck × F (N)

) → Ck × F (N) (
(
v, (x, a)

) 7→ (
x + λv(a), a

)

with λv(a) holomorphic in a and linear in v;

v) there exists a homogeneous open cone C(N) ⊂ U(R), self adjoint with respect to
a positive definite quadratic form on U(R), and there exists a real analytic map
h:Ck ×Ck × F (N) → U(R), with h( , , z) real bilinear for every fixed z ∈ F (N),
such that

D =
{
(x, y, z) ∈ D(N) ∼= U(C)×Ck × F (N)|Im(x) ∈ C(N) + h(y, y, z)

}
.
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Define ΓH := Γ ∩H(R) for H = N , U or V . The minimal compactification Y ∗ of Y an

has, as boundary components, the spaces ΓN\F (N), which are the complex analytic
spaces associated to locally symmetric varieties, for varying admissible subgroups N

of G; see [AMRT, Ch. III, §6.1, Thm. 2]. The toroidal compactifications of Y an depend
on the choice of a Γ–admissible collection of polyhedral decompositions ζ = {ζN}N

of the closure of the cone C(N) ⊂ U(R) for all rational boundary components of D;
see [AMRT, Ch. III, §5, Main Theorem I]. The quotient T (N) := ΓU\U(C) is a complex
torus and U(R) = Hom

(
Gm,C, T (N)

)⊗Z R. Hence, ζN defines a torus embedding
T (N) ⊂ T (N)ζN

. Using that ΓU\D(N) → D(N)′ is a torsor under T (N), define the
relative torus embedding

(
ΓU\D(N)

)
ζN

over D(N)′ by
(
ΓU\D(N)

) ×T (N) T (N)ζN
.

Let
(
ΓU\D(N)

)o

ζN
be the interior of the closure of ΓU\G(R)0/K inside

(
ΓU\D(N)

)
ζN

.
This contains the complement of the space ΓU\G(R)0/K in

(
ΓU\D(N)

)
ζN

but its
intersection with ΓU\D(N) is ΓU\D; see [AMRT, Ch. III, pp. 157–158 & pp. 250–
251]. Recall that V (R), and hence ΓV /ΓU , acts faithfully on D(N)′ ∼= Ck × F (N) by
translations. Thus, ΓV \D(N)′ → F (N) is naturally a smooth family of complex Lie
groups over F (N). It is compact since the rank of ΓV /ΓU as Z–module is equal to the
dimension of V/U . Let

ΓN\D(N) =: Ω ⊂ ΩζN
:= ΓN\

((
ΓU\D(N)

)
ζN

)
⊃ Ω

o

ζN
:= ΓN\

((
ΓU\D(N)

)o

ζN

)
.

For simplicity we assume that Γ is neat [AMRT, Ch. III, §7] so that, in particular,
ΓN , ΓN/ΓU and ΓN/ΓV act freely on the various steps of the filtration (2.1.1). This
can always be achieved possibly passing to a finite index subgroup Γ′ of Γ. Then, the
quotient of (2.1.1) and (2.1.2) by ΓN provides a fibration and a section

Ω
o

ζN
⊂ ΩζN ⊃ Ω −→ A −→ ΓN\F (N), σN : ΓN\F (N) −→ Ω (2.1.3)

where
a) ΓN\F (N) is the complex analytic space associated to a locally symmetric variety;
b) A = ΓN\D(N)′ → ΓN\F (N) is a smooth family of compact abelian complex Lie

groups of relative dimension equal to dim(V/U)/2 with zero section defined by σN ;
c) Ω = ΓN\D(N) is a torsor over A under the torus T (N), trivialized over the zero

section of A by σN and Ω ⊂ ΩζN is a relative toroidal embedding over A;
d) Ω

o

ζN
is an open neighborhood of ΩζN

\Ω in ΩζN
and Ω

o

ζN
∩ Ω = ΓN\D;

e) Ω
o

ζN
→ A is, real analytically, the product of A and a principal homogeneous space

under the compact torus ΓU\U(R) over the interior of the closure of C(N) in U(R)ζN .
See [AMRT, Ch. III, p. 251].

Furthermore, we have maps

Y an = Γ\D ←− ΓN\D ↪−→ Ω
o

ζN

fN−→D∗/Γ (2.1.4)

where ΓN\D ⊂ Ω
o

ζN
is an open embedding with dense image, ΓN\D → Y an is a

covering map and fN : Ω
o

ζN
→ D∗/Γ is the continuous map defined in [AMRT, Ch. III,
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p. 272–274]. Let Z ⊂ D∗ be an open subset in the Satake topology containing F (N)
and such that ΓNZ = Z and γZ ∩ Z = ∅ if γ ∈ Γ but γ 6∈ ΓN . Its existence is
guaranteed by the properties of the Satake topology; see [AMRT, Ch. III, §6.1, Theorem
1]. Put Zo := Z ∩D. Then, ΓN\Zo ⊂ ΓN\D is an open subset mapping isomorphically
onto its image in Y an which is open. Define Y an

ζN
to be the analytic space obtained by

gluing f−1
N (Z) and Ω

o

ζN
along ΓN\Zo. This defines an analytic open neighborhood of the

boundary component defined by N in the toroidal compactification Y an ⊂ Y ζ associated
to ζ. In the non–neat case one considers a normal, finite index normal subgroup Γ′ ⊂ Γ
which is neat, one constructs the partial compactification

(
Γ′\D)

ζN
, using the group Γ′,

endowed with an action of Γ/Γ′. One defines Y an
ζN

as
(
Γ/Γ′

)\(Γ′\D)
ζN

.

Let Y1 and Y2 be locally symmetric varieties with Y an
1 := Γ1\G1(R)0/K1 and Y an

2 :=
Γ2\G2(R)0/K2. Let f :Y1 → Y2 be a map of locally symmetric varieties; by definition it
is induced by a homomorphism of algebraic groups f̃ : G1 → G2. In particular, for any
such f̃(Γ1) ⊂ Γ2 and we let f :D1 → D2 be the induced map from D1 := G1(R)0/K1

to D2 := G2(R)0/K2.

2.1 Proposition. Let f :Y1 → Y2 be a map of locally symmetric varieties. Then,

1) f induces a natural map from the set of (rational) boundary components of D1 to

the set of (rational) boundary components of D2;

2) let F1 and F2 be corresponding rational components of D1 (resp. D2). Let Ni ⊂ Gi

be the admissible subgroup corresponding to Di for i = 1, 2. Then, f̃(N1) ⊂ N2,

f̃(W1) ⊂ W2, and f̃(U1) ⊂ U2;

3) f extends to a continuous map f
∗
:Y ∗

1 → Y ∗
2 of the Baily–Borel compactifications;

4) the hypotheses are as in (2) and assume that Γ1 and Γ2 are neat. We have commu-

tative diagrams

Ω1 −→ A1 −→ ΓN1\F1 =: X1 X1 −→ Ω1y y y ↓ ↓
Ω2 −→ A2 −→ ΓN2\F2 =: X2 X2 −→ Ω2,

where X1 → X2 is the analytification of a map of locally symmetric varieties Xalg
1 →

Xalg
2 , the induced map A1 → A2×X2 X1 is a map of Lie groups and Ω1 → Ω2×A2 A1

is a map of torus torsors compatible with the homomorphism of tori T (N1) → T (N2)
induced by f̃ .

Assume that G1 is a subgroup of G2 so that Y1 defines a locally symmetric subvariety

of Y2. Fix a torus embedding T (N2) ⊂ T (N2)ζN2
and consequently a compactification

Ω2 ⊂ Ω2,ζN2
. Define T 1,2,ζN2

(resp. Ω1,2,ζN2
) to be the closure of the image of T (N1) →

T (N2) in T (N2)ζN2
(resp. of the image of Ω1 → Ω2 in Ω2,ζN2

). Then,

5.a) Xalg
1 → Xalg

2 defines a locally symmetric subvariety of Xalg
2 ;

5.b) the image of the composite map Ω1,2,ζN2
→ Ω2,ζN2

→ A2 is the image of A1 → A2

and the latter is closed in A2;
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5.c) Ω1,2,ζN2
is a fibration over the image of A1 → A2 with fibers isomorphic to T 1,2,ζ .

Proof: (1)–(2) Recall that ∂Di is the disjoint union of the boundary components of Di.
Observe that f extends to holomorphic homomorphisms

D1 −→ p1,+ −→ D∨
1

f

y f
′
y

yf
′′

D2 −→ p2,+ −→ D∨
2 ;

see [AMRT, Ch. III, p. 175]. Then, we get a holomorphic map f
′
: D1 → D2. The

boundary components of Di are characterized in [AMRT, Ch. III, §3.1, Thm. 1] as the
equivalence classes of points of Di with respect to the following relation: two points x

and y are equivalent if there exists a holomorphic map H → pi,+ whose image con-
tains x and y. In particular, f

′
sends equivalence classes to equivalence classes and

induces a natural map from the set of boundary components of D1 to the set of bound-
ary components of D2. Given two such components F1 ⊂ D1 and F2 ⊂ D1 such
that f

′
(F1) ⊂ F2, since (Ni)R = {g ∈ Gi(R)|g(Fi) = Fi}, we have that f̃

(
(N1)R

) ⊂(
(N2)R

)
. Let wFi :Gm,R → Gi,R be the homomorphism of algebraic groups associated

to Fi. Note that fF2 = f ◦fF1 by uniqueness of fFi . Hence, wF2 = f̃ ◦wF1 . In particular,
if F1 is rational, wF1 , and consequently wF2 , is defined over Q. This implies that

(
N2

)
R

is defined over Q i. e., that F2 is rational.

It follows from [AMRT, Ch. III, §4.1] that the filtration Ui⊗Q R ⊂ Wi⊗Q R ⊂
Ni⊗Q R is characterized at the level of Lie algebras by the adjoint action of wFi i. e.,
LieUi⊗Q R =

(
LieN(R)

)
2

and LieWi⊗Q R =
(
LieN(R)

)
1
⊕(

LieN(R)
)
2
. This is re-

spected by Lief̃ ⊗Q R. Since U1 and W1 are connected and unipotent, we conclude that
we have inclusions f̃(U1) ⊂ U2 and f̃(W1) ⊂ W2 after base change to R and, hence,
over Q as well.

(3) The claim follows since f : D1 → D2 extends to a continuous map D∗
1 → D∗

2 .

(4) Thanks to the definition of G̃h,Ni ⊂ Gi the morphism f̃ defines a morphism of
algebraic groups u: G̃h,N1 → G̃h,N2 . Thanks to (2) the map f

′′
: D∨

1 → D∨
2 induces a

holomorphic map f
′′′

: D(N1) → D(N2) compatible with the actions of Ui(C) and Vi(R)
with i = 1 and 2. In particular, f

′′′
is compatible with the fibrations defined in (2.1.1). It

follows from the characterization of the inclusion Fi ⊂ Di given in [AMRT, Ch. III, §3.1,
pp. 194–196 & Thm. 1(ii)] that f

′′′
is compatible with the sections defined in (2.1.2)

and induces the holomorphic map of symmetric spaces F1 → F2 associated to the
homomorphism of algebraic groups u. In conclusion, we get commutative diagrams

D1 ↪−→ D(N1) −→ D(N1)′ −→ F1

↓ ↓ ↓ ↓
D2 ↪−→ D(N2) −→ D(N2)′ −→ F2
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and
F1 ↪−→ D1 ↪−→ D(N1)
↓ ↓ ↓
F2 ↪−→ D2 ↪−→ D(N2),

compatible with the actions of Ui(C) and Vi(R) for i = 1, 2. Taking the quotients
under Γ1,N1 and Γ2,N2 and noting that f̃

(
Γ1,N1

) ⊂ Γ2,N2 we conclude that (4) holds.
(5) In this case G1 is a closed subgroup of G2. Since f̃ is a closed immersion,

using the inclusions G̃h,Ni
⊂ Gi, we get that the induced map u: G̃h,N1 → G̃h,N2 is

a closed immersion. In particular, (5.a) holds. Furthermore, using the description of
N(Fi)(R) as P

(
wFi

)
(R), we deduce that N1(R) = N2(R)∩G1(R). It follows from the

characterization in the proof of (2) of the filtration Ui ⊗Q R ⊂ Wi ⊗Q R ⊂ Ni ⊗Q R
and the fact that Ui and Wi are connected and unipotent that W1 = W2 ∩ G1 and
U1 = U2 ∩ G1 after passing to R and, hence, we have equality as algebraic groups
over Q. Note that Γ′1 := Γ2 ∩ G1(Q) ∩ G1(R)0 is the intersection with G1(R)0 of an
arithmetic subgroup of G1(Q) so that, in particular, Γ1 is a finite index subgroup of Γ′1.
This implies that the vertical morphisms in the displays of claim (4) of the Proposition
are all finite topological coverings. To study their image we may take Γ′1 in place of
Γ1 in the definition of Y1. Thus, we may assume that Γ1 = Γ′1 so that, in particular,
ΓN1 = ΓN2 ∩ N1(R) and similarly ΓW1 = ΓW2 ∩ W1(R) and ΓU1 = ΓU2 ∩ U1(R).
This implies that the vertical morphisms in claim (4) are all injective. Since the image
of X1 → X2 is closed and the image of A1 → A2 is closed fiberwise over X2, claim (5.b)
is clear. The map Ω2,ζ → A2 (resp. Y 2,ζ → A2) is locally analytically over A2 the
product of an open analytic subspace of A2 with the torus embedding T2 ⊂ T (N2)ζN2

(resp. an open subset of T (N2)ζN2
). Claim (5.c) follows. ¤

3 An example: the case of Ag,(n),γ.

Fix integers 0 < r ≤ g and n ≥ 1. Let Ag,n be the moduli space of principally
polarized abelian varieties of dimension g and full symplectic level n–structure. The
cusps of Ag,n can be described in terms of elements of Sp2g(Z/nZ); see 3.1. Fix such
a cusp Eγ , associated to some γ ∈ Sp2g(Z/nZ), and assume it has toric rank r. We
will introduce a moduli space Ag,(n),γ which sits in between Ag,n and Ag,1 and depends
on the choice of γ. We then construct a partial toroidal compactification Ãg,(n),γ of
the complex analytic space Aan

g,(n),γ associated to Ag,(n),γ . It has the property that the

boundary component ∂Ãg,(n),γ is the complex analytic space associated to a rigidified
torus torsor over the r–th fold fibred product Ar := A×Ag−r,n · · · ×Ag−r,n A of the
universal abelian scheme A over Ag−r,n. These compactifications are well behaved in
order to extend the Torelli map as will be proven in §5. Incidentally, the choice of the
intermediate level structure Ag,(n),γ is due to the fact that, for technical reasons, we
need the existence of the universal family over Ag−r,n.

We then consider the following problem. Let Y ⊂ Ag,(n),γ be a locally symmetric
subvariety. We consider the topological closure Ỹγ of Y an in Ãg,(n),γ . It has a natural
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structure of complex analytic space. Let ∂Ỹγ be the intersection of Ỹγ with ∂Ãg,(n),γ .
Assuming that ∂Ỹγ is non–empty, we prove in 3.9 two things:
1) there is a canonical retraction of ∂Ỹγ ⊂ Ỹγ in a complex analytic neighborhood of

∂Ỹγ ;
2) ∂Ỹγ ⊂ ∂Ãg,(n),γ is the complex analytic space associated to a rigidified torus subtor-

sor over an abelian subscheme of the restriction of Ar to a locally symmetric subva-
riety of Ag−r,n.

We start explaining how the theory, recalled in the previous section, applies to con-
struct partial toroidal compactifications of Ag,n. Recall that Aan

g,n = Γn\Sp2g(R)/Kg

where Kg ⊂ Sp2g(R) is a maximal compact subgroup and Γn is the subgroup of Sp2g(Z)
of matrices mapping to 1 in Sp2g(Z/nZ). Define Nr,g ⊂ Sp2g to be the admissible sub-
group defined over Z whose R–valued points, for every ring R, are of the form

g − r

r

g − r

r




A1 0 B1 B1,2

A2,1 A2 B2,1 B2

C1 0 D1 D1,2

0 0 0 D2


 ∈ Sp2g(R).

g − r r g − r r

One has a semisimple quotient pr,g:Nr,g → Sp2g−2r given by sending a typical el-

ement to
(

A1 B1

C1 D1

)
. Set theoretically, the minimal compactification A∗g,1 of Aan

g,1

is ∪0≤h≤gAan
h,1 and the boundary component defined by Nr,g in the minimal com-

pactification of Aan
g,1 is Sp2g−2r(Z)\Sp2g−2r(R)/Kg−r

∼= Aan
g−r,1. The unipotent radi-

cal Wr,g ⊂ Nr,g is defined on R–valued points by

Wr,g(R) :=








1 0 0 B1,2

A2,1 1 Bt
1,2 B

0 0 1 −At
2,1

0 0 0 1




∣∣∣B = Bt + A2,1B1,2 −Bt
1,2A

t
2,1





and the center Ur,g ⊂ Wr,g is defined by the condition that A2,1 = B1,2 = 0. Note
that Vr,g = Wr,g/Ur,g =

(
Gg−r

a

)2r and Ur,g is isomorphic to Gr(r+1)/2
a . In particular,

Ur,g(C)/Ur,g(Z) is the torus
(
C∗)r(r+1)/2. The cone C

(
Ur,g

) ⊂ Ur,g(R) is defined by
the positive definite matrices. Eventually, the subgroup G̃h,Nr,g is Sp2g−2r via the map

Sp2g−2r → Nr,g given by
(

A1 B1

C1 D1

)
7→




A1 0 B1 0
0 1 0 0
C1 0 D1 0
0 0 0 1


.

Consider on
(
Z/nZ

)2g the standard symplectic form and let Σg,r ⊂
(
Z/nZ

)2g be
the Z–submodule generated by the 2g − r–basis elements e1, . . . , eg, eg+r+1, . . . , e2g.
Following [FC, Def. IV.6.6],
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3.1 Definition. Given an element γ of Sp2g(Z/nZ) define the associated cusp of Ag,n

of toric rank r, denoted Eγ , to be the transform of Σr,n under γ.

3.2 Lemma. The cusps of the minimal compactification of A∗g,n in the sense of

[AMRT] are in one to one correspondence with the cusps defined in 3.1.

Proof: The correspondence sends Eγ to the admissible subgroup Nr,g,γ := γ̃Nr,gγ̃
−1

where γ̃ ∈ Γ1 is a lift of γ ∈ Sp2g(Z/nZ) ∼= Γ1/Γn. ¤
For a cusp Eγ of A∗g,n of toric rank r > 0, let Fγ be the rational boundary component

of Sp2g(R)/Kg corresponding to Nr,g,γ . Denote byWr,g,γ ⊂ Nr,g,γ its unipotent radical.
Write Γn,γ for Nr,g,γ ∩ Γn. Note that Γ1,γ/Γn,γ

∼= Nr,g,γ(Z/nZ). Define

Ag,(n),γ := Ag,n/Wr,g,γ(Z/nZ).

It is a finite cover of Ag,1, endowed with a residual action of

Sp2(g−r)

(
Z/nZ

) ∼= Nr,g,γ(Z/nZ)/Wr,g,γ(Z/nZ).

Assume that n ≥ 3 so that Γn is a neat subgroup. Let (A, λA) be the universal prin-
cipally polarized abelian scheme over Ag−r,n, which exists since n ≥ 3. By abuse of
notation we write Ar for the r–th fold fibred product A×Ag−r,n · · · ×Ag−r,n A. Given
a scheme S over Ag−r,n and an S-valued point s := (s1, . . . , sr) ∈ Ar(S) we let
ξs:Zr → A×Ag−r,n S be the S–group scheme homomorphism sending (n1, . . . , ns) 7→
n1s1 + · · ·+ nrsr. In this way we may, and we will, identify Ar with the moduli space
of group-scheme homomorphisms ξ:Zr → A over the base Ag−r,n.

Let Θ → Ar be the scheme classifying symmetric trivializations of the pull–back of
the Poincaré biextension PA over A×Ag−r,n A∨ via ξ × ξ:Zr × Zr → A×Ag−r,n A ∼=
A×Ag−r,n A∨ where the last map is the identity times λA. Write 1 for the section
defined by the trivialization of PA over {0} ×A∨. Then,

3.3 Proposition. The fibration and the section σN in (2.1.3), associated to F (N) =
Fγ and Γ equal to the arithmetic group defining Aan

g,(n),γ , are the analytification of

Θ −→ Ar −→ Ag−r,n, 1:Ag−r,(n) −→ Θ. (3.3.1)

The morphism Θ → Ar is a torsor under the torus U with character group X∗(U) equal

to the symmetric bilinear homomorphisms Zr × Zr → Z. The action Sp2(g−r)

(
Z/nZ

)
on Ag−r,n, defined changing the level–n structure, induces an action on Θ.

Proof: This follows from the interpretation of toroidal compactifications of Shimura
varieties via the theory of degenerating polarized Hodge structures. We refer to [Br,
§4.2] for details. In our concrete case, this means that the analytic space Ω of (2.1.3)
classifies 1–motives M :=

[
u:Zr → G̃

]
over an analytic space S where (i) G̃ is a family

of semiabelian varieties over S, extension of a family of principally polarized abelian
varieties (A, λA) of dimension g − r and full symplectic level–n structure over S by the
torus Gr

m,S and (ii) M is self dual. It follows from [De, Prop. 10.2.14] that u defines
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and is defined by a trivialization $ over Zr ×Zr of the pull–back of the Poincaré Gm–
biextension PA → A×S A (identified with A×S A∨ via 1×λA) via Zr×Zr u×u−−→ A×S A.
Requirement (ii) amounts to ask that $ is symmetric with respect to switching the two
factors Zr × Zr. ¤

3.4 A partial toroidal compactification of Ag,(n),γ . Let e1, . . . , er be the standard
basis of Zr. A basis for the character group X∗(U) of the torus U of 3.3 is given by the
homomorphisms

ϕi,j :Zr × Zr → Z, ϕi,j(es, et) =
{

1 if (s, t) = (i, j) or (j, i),
0 otherwise.

Decompose U = U ′ ×U ′′ where the character group of U ′′ (resp. U ′) is spanned by the
maps ϕi,j such that i = j (resp. i 6= j). Consider the smooth affine torus embedding
U ′′ ⊂ U

′′
associated to the cone in X∗(U ′′)⊗Z R defined by ϕi,i ≥ 0 for every i =

1, . . . , r. Note that U ′′ ⊂ U
′′

is Gr
m,C ⊂ Ar

C. In particular, U
′′

is smooth. Its lowest

dimensional stratum ∂U
′′

is simply the point (0, . . . , 0) ∈ Ar
C. Let U := U ′×U

′′
and

∂U := U ′× ∂U
′′
.

Decompose Θ = Θ′×Ar Θ′′ where Θ′ = Θ×U U ′ and Θ′′ = Θ×U U ′′. Note that Θ′ →
Ar is a U ′–torsor, rigidified over the zero section of Ar → Ag−r,n. Define

Θ
′′

:= Θ′′ ×U ′′ U
′′

and Θ := Θ×U U = Θ′ ×
Ar

Θ
′′
.

Since U is smooth, Θ is a smooth scheme over Ar. Let ∂Θ
′′

be the lowest dimensional
stratum of Θ

′′
. It is isomorphic to Ar. Set ∂Θ ∼= Θ′×Ar ∂Θ

′′ ⊂ Θ. The action of
Sp2(g−r)

(
Z/nZ

)
on Θ extends to an action on Θ.

Thanks to the theory of [AMRT] recalled in the previous section, we get from Θ
an

a
smooth, partial toroidal compactification

Aan
g,(n),γ ⊂ Ãg,(n),γ

of the complex analytic space Aan
g,(n),γ at Fγ . More precisely, there exists an open neigh-

borhood Z of ∂Θ
an

in Θ
an

such that Z ∩Θan maps isomorphically to an open analytic
subspace of Aan

g,(n),γ and Ãg,(n),γ is obtained gluing Aan
g,(n),γ and Z along Z\∂Θ

an
. The

action of Sp2(g−r)

(
Z/nZ

)
on Aan

g,(n),γ is compatible with the action on Θ
an

. Possibly
shrinking Z we may assume that Z is stable under the action of Sp2(g−r)

(
Z/nZ

)
. Thus,

Ãg,(n),γ is endowed with a unique action of Sp2(g−r)

(
Z/nZ

)
compatible with those on

Ag,(n),γ and Z. We also have a closed analytic subspace ∂Ãg,(n),γ := ∂Θ
an

stable under
the action of Sp2(g−r)

(
Z/nZ

)
. The projection Θ → Θ′ induces an Sp2(g−r)

(
Z/nZ

)
–

equivariant retraction of complex analytic spaces

∂Ãg,(n),γ ↪−→ Z −→ Θ
′an = ∂Ãg,(n),γ . (3.4.1)
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Note that Sp2(g−r)

(
Z/nZ

)\Z is an open neighborhood of a partial toroidal compactifi-
cation Ãg,1 of Aan

g,1 (see §2). Define ∂Ãg,1 to be the image of ∂Ãg,(n),γ .

3.5 Remark. It follows from [Na, Examples 2.7(ii) & 5.4(iii)] that Ãg,1 is an open sub-
space of the partial toroidal compactification associated to the principal cone in ADV,an

g,1 .

3.6 A moduli interpretation of Θ and Θ′. Since A∨ = Ext(A,Gm), the universal map
ξ:Zr → AAr defines a universal semiabelian scheme G̃ over Ar which is an extension
of AAr := A×Ag−r,n

Ar by Gr
m,Ar . More precisely, if e1, . . . , er define the canonical

basis of Zr, the push–forward G̃i of G̃ via the projection Gr
m,Ar → Gm,Ar onto the i–th

factor is, as rigidified Gm,Ar–bundle, the pull–back via of the Poincaré biextension PA

via AAr ∼= AAr × ξ(ei) ⊂ A2
Ar
∼= AAr ×Ar A∨Ar . As recalled in the proof of 3.3, one can

view Θ as the scheme classifying self dual 1–motives ι:Zr → G̃. The correspondence
between the two descriptions of Θ is that, for every 1 ≤ i, j ≤ r, the section of PA

over
(
ξ(ej), ξ(ei)

)
is the image αi,j of ι(ej) in G̃i. The self duality is equivalent to

require that αi,j defines the same section of PA as αj,i after switching the two factors
in AAr ×Ar AAr for every 1 ≤ i < j ≤ r. This forces the composite Zr → G̃ → AAr to
be ξ. In particular, we can view Θ′ as the moduli space classifying for every scheme S:

1. a principally polarized abelian scheme (A, λA) endowed with full symplectic level–n
structure over S;

2. an S–section s = (s1, . . . , sr) ∈ Ar(S). For every, i let G̃i ∈ ExtS(A,Gm,S) = A∨(S)
be the extension of A by Gm,S defined by λA(si) ∈ A∨(S) and let G̃ :=

∏r
A,i=1 G̃i;

3. for every 1 ≤ i < j ≤ r an element αi,j ∈ G̃i(S) such that the projection to A(S) is
si.

For later purposes we define Θ
′o ⊂ Θ′ as the open subscheme classifying objects as above

such that (1) the geometric fibers of (A, λA) → S are simple as principally polarized
abelian varieties and (2) the section αi,j does not intersect the identity section of G̃i(S)
for every 1 ≤ i < j ≤ r. Note that Sp2(g−r)(Z/nZ) acts on Θ′ and preserves Θ

′o.

3.7 Definition. Let f : Y → Ag,(n),γ be a morphism of locally symmetric varieties

whose image defines a locally symmetric subvariety of Ag,(n),γ . Write Ỹγ for the topo-

logical closure of f(Y )an in Ãg,(n),γ and put ∂Ỹγ := Ỹγ ∩ ∂Ãg,(n),γ .

Write Y an := Υ\H(R)0/K and let f̃ : H ↪→ Sp2g,Q be the closed immersion of alge-
braic groups associated to f . Consider the map of hermitian symmetric domains D =
H(R)0/K → Sp2g(R)/Kg associated to f̃ . Let F be a rational boundary component
of D which maps to the rational boundary component Fγ . Take N ⊂ H to be the ad-
missible subgroup associated to F so that F = F (N). By 2.1 we have the commutative
diagrams

Y an ←− Υ\D ⊂ Ω −→ A′ −→ ΥN\F
h

y
y h

y
y y

Aan
g,(n),γ ←− Γn,γ\Sp2g(R)/Kg ⊂ Θan −→ Ar,an −→ Aan

g−r,n
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and
ΥN\F −−→ Ω
↓ ↓

Aan
g−r,n

0−→ Θan.

Recall that ΥN\F → Aan
g−r,n is the analytification of a locally symmetric subvariety

of Ag−r,n, that Ω → A′ is a torsor under a torus Uan, that Θan → Ar,an is a torsor
under the torus Uan and that there is a morphism of algebraic tori q:U→ U such that
the map h: Ω → Θan is Uan–equivariant. The action of Uan on Θan is defined via q.
Furthermore, 2.1 implies that the image h(Ω) of Ω in Θan is a torus torsor over the
image of A′ in Ar,an under the analytification q(U)an of q(U). Let U be the schematic
closure of q(U) in U and write ∂U for the intersection of U with ∂U ⊂ U . Let U′ be the
image of U→ U → U ′. Put Ω := h(Ω)×q(U)an Uan

and ∂Ω := Ω ∩ ∂Θ
an

.

3.8 Lemma. (1) The subspace Ỹγ ⊂ Ãg,(n),γ inherits a natural structure of an ir-

reducible and reduced, closed analytic subspace of Ãg,(n),γ . Moreover, ∂Ỹγ = ∂Ω is a

closed analytic subspace of Ỹγ .

(2) If ∂Ỹγ is non–empty, it coincides with h(Ω)×q(U)an U′an.

Proof: (1) Recall that we constructed Ãg,(n),γ gluing Aan
g,n and an open neighborhood Z

of ∂Θ
an

in Θ
an

along Z∩Θan; see 3.4. Then, Ỹγ is obtained by gluing f(Y )an and Z∩Ω
along Z ∩ h(Ω). In particular, ∂Ω ∼= ∂Ỹγ . This proves (1).

(2) Due to (1) and the structure of Ω as U-fibred space, it suffices to prove that the
composite map ∂U ⊂ ∂U ∼= U ′×∂U

′′ ∼= U ′ defines an isomorphism ∂U ∼−→U′ ⊂ U ′. Note
that Spec(C) ∼= ∂U

′′
is the 0–dimensional stratum of the affine torus embedding U ′′ ⊂

U
′′
. Then, the intersection ∂U of U with ∂U = U ′×∂U

′′ ∼= U ′ is non–empty since ∂Ỹγ is
non–empty by assumption, it is endowed with a unique action of U compatible with the
action of U on ∂U and it maps via the projection ∂U → U ′ to the schematic closure of
the image of the composite map U→ U → U ′. Since such image is closed and coincides
with U′, the conclusion follows. ¤

3.9 Proposition. Assume that ∂Ỹγ is non–empty. Then,

a) there is an analytic open neighborhood of ∂Ω in Ω mapping isomorphically to an

analytic open subspace of Ỹγ containing ∂Ỹγ so that ∂Ỹγ
∼= ∂Ω;

b) the image of Ω → Ar,an is the same as the image of ∂Ω. It coincides with the image

of A′ → Ar,an where A′ is a family of abelian subvarieties of the restriction of Ar,an

to the image of ΥN\F → Aan
g−r,n;

c) the image of the composite map Ω ⊂ Θ
an → Θ

′an

- is closed and coincides with ∂Ω ⊂ ∂Θ
an ∼= Θ

′an;

- is a torus torsor over the image of A′ → Ar,an under the torus U′an;

- is rigidified, as a torus torsor, over the identity section of the image of A′ → Ar,an;

d) the retraction ∂Ãg,(n),γ → Z → ∂Ãg,(n),γ defined in (3.4.1) induces a retraction

∂Ỹγ −→ Ỹγ ∩ Z −→ ∂Ỹγ .
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In particular, ∂Ỹγ is the analytification of a closed subscheme ∂Y τ,alg
γ of Θ′ which is a

torus torsor under the torus U′ over an abelian subscheme of the restriction of Ar to a

locally symmetric subvariety of Ag−r,n.

Proof: (a)&(d) follow from the construction. (b) follows from 2.1(4)&(5). (c) follows
from 3.8. ¤

4 The Torelli map at the boundary.

We first review how one constructs local formal charts for toroidal compactifications
of the moduli space of principally polarized abelian varieties Ag,1 using Mumford–
Faltings–Chai theory of uniformization of abelian varieties. We use it in 4.4 to obtain
information concerning the 1–motives uniformizing degenerating Jacobians. This allows
to describe the special fiber of 1–motives uniformizing Jacobians of degenerating irre-
ducible curves. More precisely, we provide candidates for such special fibers in 4.6 and
then we prove in 4.9 that indeed they come from degenerating Jacobians.

Let R be a noetherian, normal domain, complete with respect to an ideal I, with
fraction field K and satisfying the condition (†) for any étale R/I–algebra D0 its unique
lifting D as a formally étale R–algebra is normal. Put S = Spec(R), S0 := Spec(R/I).
Following [FC] we introduce the following two categories

(ppDEG) the objects consist of pairs (G, λ) where G → S is a semiabelian scheme
over S, such that G⊗R K is an abelian scheme, and λ is a principal polarization
on G⊗R K; furthermore, G×S S0 is assumed to be an extension of an abelian scheme
over S0 by a torus over S0;

(ppDD) the objects consist of triples
(
G̃, λ, ι,

)
where

(1) G̃ is a semiabelian scheme over S extension of an abelian scheme A and a torus T .
Denote by X the étale sheaf on S defined as the character group of T ;

(2) λ is a principal polarization on A. Denote by c: X → A the homomorphism such
that λ ◦ c determines the extension G̃ of A by T via (the negative of) push–out;

(3) ι:X → G̃⊗R K is a homomorphism so that the composite X → G̃⊗R K → A⊗R K

is c⊗R K.
The homomorphism ι determines and is determined by a trivialization $ over

(
X ×

X
)⊗R K of the pull–back of the Poincaré Gm–biextension PA → A × A∨ via X ×

X
c×c−−→ A × A

1×λ−−→ A × A∨; see the explanation in 3.6. One requires that $ is
symmetric and is subject to a positivity condition: for every x ∈ X the pull–back of PA

via c(x)× c(x): S → A× A → A× A∨ is a Gm–bundle with a section $(x, x) over K;
one imposes that this section extends to a section over the whole of S of the associated
Ga–bundle and that the intersection with its 0–section contains S0. See [FC, p. 58] for
details.

The objects of (ppDEG) appear naturally in the study of degenerating principally po-
larized abelian varieties. The objects of (ppDD) should be thought of as uniformization
data of degenerating principally polarized abelian varieties. It is one of the main results
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of [FC], see Cor. III.7.2, that there is a functor from (ppDD) to (ppDEG), called Mum-
ford’s construction, which provides an equivalence between the two categories above. In
particular, to construct formal charts of toroidal compactifications of the moduli spaces
of g–dimensional principally polarized abelian varieties, possibly with level structures,
one constructs universal formal moduli for objects in (ppDD); see [FC, §IV.3 & §IV.6].

4.1 Definition. Let
(
G̃, λ, ι,

)
be an object of (ppDD) over S. For every character

γ: T → Gm,S consider the pushout G̃γ of G̃. Given another character ψ: T → Gm,S

write Tγ,ψ for the Gm–bundle over S defined as the base–change of G̃γ by c
(
ψ

)
: S → A.

Consider the projection αγ,ψ of ι(ψ) via G̃(K) → G̃γ(K). It defines a K–valued point

of Tγ,ψ and, hence, a Weil divisor on S, denoted Dγ,ψ.

As an example, we show how locally formally around the boundary of Ãg,(n),γ , defined
in §3, one can construct degenerating semi–abelian schemes. Let Spf(B) be the formal
completion of an open affine subscheme of the scheme Θ, defined in 3.4, along the ideal
defining ∂Θ. Since Θ is a smooth scheme, B is a regular integral domain. Put K :=
Frac(B). As explained in 3.6 the associated K–valued point of Θ defines on K a
symmetric 1–motive ι:Zr → G̃(K).

4.2 Lemma. The 1–motive ι:Zr → G̃(K) is an object of (ppDD). In particular, the

associated object of (ppDEG) provided by Mumford’s construction is a degenerating,

principally polarized abelian scheme GB −→ Spec(B) of relative dimension g.

Proof: Since B is the completion of a normal excellent ring, it satisfies the assumption
(†). We are left to prove that the trivialization $ of the pull-back of the Poincaré Gm–
biextension to

(
Zr × Zr

)⊗R K, defined by ι, satisfies the positivity condition required
for Mumford’s construction. Let e1, . . . , er be the canonical basis for Zr and fix a

and b ∈ Z and integers 1 ≤ i < j ≤ r such that ϕi,j ∈ X∗(U ′′). Then, we have

$
(
aei + bej , aei + bej

)2 =
(

$(ei, ei)2

$(ei, ej)

)a2

$(ei, ej)(a+b)2
(

$(ej , ej)2

$(ei, ej)

)b2

and each term is a regular function on Θ
′′

vanishing on ∂Θ
′′
. ¤

4.3 The case of Jacobians. Let C0 be a stable curve of genus g over S0, the spectrum of
an algebraically closed field. Let Γ := {V, E} be its dual graph. For every vertex v of Γ
denote by Cv the corresponding irreducible component of the normalization of C0. Fix
an orientation of Γ. For every edge e of Γ with source s(e) = v (resp. target t(e) = v)
let Pe (resp. Qe) be the associated point of Cv

(
S0

)
. Then, Pic0(C0/S0) is naturally an

extension:
0 −→ T0 −−→ Pic0(C0/S0) −−→ A0 −−→ 0

of A0 :=
∏

v∈V Pic0(Cv/S0) by the torus T0 over S0 with character group H1(Γ,Z). We
elaborate on the last point. For every γ =

∑
e∈E mγ,ee ∈ H1(Γ,Z) write Γγ = {Vγ , Eγ}

for the subgraph of Γ whose edges are Eγ := {e ∈ E|mγ,e 6= 0} and whose vertices
are their end points. Let B := {γ1, . . . , γr} be a basis of H1(Γ,Z). For 1 ≤ i ≤ r
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let G̃i,0 be the push–out of Pic0(C0/S0) via the character γi: T0 → Gm,S0 so that
Pic0(C0/S0) = ×r

A0,i=1 G̃i,0. Let v be a vertex of Γγi . Then, v is the target of an edge ei

of Γγi
and it is the source of an edge fi of Γγi

. Denote by Ci,v := Cv/
(
Pfi

∼ Qei

)
the semistable curve obtained from Cv by gluing transversally the S0 valued points Pfi

and Qei . Then, as explained in [An, Prop. 13.16], the semiabelian scheme Pic0
(
Ci,v/S0

)
sits in an exact sequence

0 −−→ Gm,S0 −−→ Pic0
(
Ci,v/S0

) −−→ Pic0
(
Cv/S0

) −−→ 0,

equal to the extension of Pic0
(
Cv/S0

)
by Gm,S0 defined by the point Pfi

− Qei
of

Pic0
(
Cv/S0

)∨ (identified with Pic0
(
Cv/S0

)
via its canonical principal polarization) and

there is an exact sequence

0 −−→ Gm,S0

∆−−→
∏

e∈Ei

Gm,S0 −−→
∏

v∈Vi

Pic0
(
Ci,v/S0

) −−→ G̃i,0 −−→ 0.

Here Vi is the set of vertices of Γγi and Ei is the set of edges of Γγi , the map ∆ is the
diagonal embedding and the second map factors via

∏
e∈Ei

Gm,S0 →
∏

v∈Vi
Gm,S0 and

is given at the level of cocharacter groups by the natural map ⊕e∈Ei Ze → ⊕v∈Vi Zv

associating to e ∈ E the difference t(e) − s(e). In particular, for every v the map
Pic0

(
Ci,v/S0

) → G̃i,0 is a closed immersion.

Let Spf(B) be the universal deformation space of C0. It is a regular local ring of
dimension 3g − 3 complete and separated with respect to its maximal ideal I. Denote
by K its fraction field. Let C → S := Spec(B) be the universal stable curve. Then, CK

is smooth over K and C0
∼= C ×S S0. For every edge e ∈ E the completion of C at the

corresponding singular point e of C0 is isomorphic to the B-algebra B[[X, Y ]]/(XY − qe)
with qe ∈ I.

Note that Pic0(C/S) is a semiabelian scheme over S and its fiber over K is a princi-
pally polarized abelian variety. In particular, it admits a uniformization ι:X → G̃(K)
à la Mumford–Faltings–Chai. Here, G̃ is a semiabelian scheme over S which is an
extension of a principally polarized abelian scheme (A, λA) over S by a torus T with
character group denoted by X. Furthermore, G̃×S S0

∼= Pic0(C0/S0). In particular, X

is identified with the character group of T ×S S0 and, hence, with H1(Γ,Z). Write G̃i

for the pushout of G̃ via the character γi: T → Gm,S . Choose a full symplectic level–n

structure on A0. It extends uniquely to a full symplectic level–n structure on A. In
particular, the 1–motive ι: X → G̃(K) arises from a unique K–valued point ρ ∈ Θ(K)
of the scheme Θ defined in 3.6. We have the following:

4.4 Proposition. For every e ∈ E there exists an element xe ∈ G̃
(
S

[
q−1
e

])
such that

1. the image of xe in A extends to an S–valued section ye: S → A;

2. if e 6∈ Ei the image of xe in G̃i(K) defines an S–section of G̃i;

3. if e ∈ Ei, put Ti,e to be the Gm–bundle over A defined as the base–change of G̃i

via ye. The Weil divisor of S associated to the S
[
q−1
e

]
–section of Ti,e defined by xe
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is exactly the ideal (qe);

4. for every ψ =
∑

e∈E nee ∈ H1(Γ,Z) we have ι(ψ) =
∏

e∈E xne
e ∈ G̃(K).

Hence, ι extends to a morphism ι: X → G̃
(
S

[
q−1
e |e ∈ E])

so that ρ ∈ Θ
(
S

[
q−1
e |e ∈ E])

.

Proof: This is the content of [An, Prop. 18.18]. ¤
For every γ =

∑r
i=1 αiγi =

∑
e∈E mee and ψ =

∑
e∈E nee ∈ H1(Γ,Z) the divi-

sor Dγ,ψ, defined in 4.1, is
∑r

i=1 αiDγi,ψ. It follows from the proposition the equality
of Cartier divisors

OS

(
Dγ,ψ

)
:= OS

(
r∏

i=1

∏

e∈Ei

qαine
e

)
= OS

(∏

e∈E
qmene
e

)
. (4.4.1)

This is also the content of [FC, Thm. 8.3]. We deduce:

4.5 Corollary. Assume that B is a well adapted basis for Γ of type τ in the sense of

8.4. Then,

i. the divisor Dγi,γi is always non–trivial;

ii. if 1 ≤ i < j ≤ r, then Di,j is 0 if and only if τ(i, j) = 0.

In particular, the S
[
q−1
e |e ∈ E]

–valued point ρ of Θ extends to an S–valued point

ρ: S → Θ if and only if τ(i, j) = 0 for every 1 ≤ i < j ≤ r.

Fix an integer r ≥ 1 such that g + 2r ≥ 3. Assume that there exists a basis B :=
{γ1, . . . , γr} for Γ which is well adapted of type τ(i, j) = 0 for every 1 ≤ i < j ≤ r and
τ(i, i) = 1 for every i = 1, . . . , r (in the sense of 8.4). Then, with the notations and
definitions of 3.6 (for the scheme Θ′ and its moduli interpretation) and of 4.3 (for the
definition of the semiabelian schemes G̃i,0, the curve Ci,v etc.):

4.6 Definition. Define ∂J0,τ
Γ,B: S0 −→ Θ′ to be the S0–valued point of Θ′ such that

(I) the projection via Θ′ → Ag−r,n is the S0–valued point corresponding to A0 (with its

principal polarization and full level–n structure);

(II) the projection s = (s1, . . . , sr) to A0(S0)r is characterized by the property that for

every i = 1, . . . , r the pull–back to A0
∼= A0×{si} of the Poincaré biextension over

A0×A0
∼= A0×Z A∨0 is G̃i,0, as rigidified Gm,S0–torsor over A0;

(III) for 1 ≤ i < j ≤ r the S0–valued point αi,j of G̃i,0 over sj is

(a) the identity if Γγi and Γγj have no vertex in common,

(b) the image of Pej −Qfj ∈ Csm
i,v − Csm

i,v ⊆ Pic0
(
Ci,v/S0

) ⊆ G̃i,0 otherwise.

4.7 Remark. In 4.6(III.b) we write Csm
i,v − Csm

i,v ⊆ Pic0
(
Ci,v/S0

)
for the subscheme

classifying divisors on Pic0
(
Ci,v/S0

)
of the type Q − T where Q and T are smooth

sections of Ci,v = Cv/
(
Pfi ∼ Qei

)
. In particular, the section αi,j does not intersect the

identity section of G̃i,S0 .
Due to 4.6(II) the section si = (tv)v∈V ∈ A0 =

∏
v Pic0(Cv/S0)(S0) is such that (i)

tv = 0 if v is not a vertex of Γγi ; (ii) tv = Pei − Qfi ∈ Cv − Cv ⊂ Pic0(Cv/S0) if v
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is the source of the edge ei of Γγi
and the target of the edge fi of Γγi

. In particular,
tv 6= 0 in this case if Cv has genus ≥ 1.

4.8 Lemma. The morphism ∂J0,τ
Γ,B factors via the open subscheme Θ

′o of Θ′ (see 3.6)

if and only if C0 is an irreducible curve.

Proof: The implication ⇐= is clear. The difficult part is to prove the other one. It
follows from 4.7 and 4.6(III) and the fact that B is a well adapted basis that γi and
γj intersect precisely in one vertex. We then claim that all the γi’s intersect in the
same vertex which we denote by w. To prove the claim assume that γi intersects γj

and γh in two distinct vertices vj and vh for some indices i, j and h. Let ∆ ⊂ Γ be the
subgraph with the same vertices as Γ but with two edges removed, one edge belonging
to the oriented subtree of Γγi going from vj to vh and one edge belonging to the oriented
subtree of Γγi going from vh to vj . Since B is well adapted of type τ , those edges do
not belong to any other Γγk

for k 6= i. In particular, ∆ has cyclomatic number one less
than the cyclomatic number of Γ. Since the vertices of ∆ and Γ are the same, but we
have removed two edges, H0(∆,Z) must then have rank 2 i. e., ∆ has two connected
components. By construction Γγj and Γγh

belong to different components of Γ and,
hence, do not intersect anywhere leading to a contradiction.

Eventually, we claim that this w is the only vertex of Γ. If this is the case, C0 is
irreducible concluding the proof of the lemma. Since ∂J0,τ

Γ,B(S0) lies in Θ
′o the abelian

part A0 of Pic0(C0/S0) is simple as principally polarized abelian variety. Note that A0

coincides with
∏

v∈Vx
Pic0(Cv/S0) where qv∈VCv is the normalization of C0. We deduce

that there exists at most one v0 ∈ V such that Cv0 has positive genus. If such v0 exists,
it must be w. Otherwise, the section si ∈ A0 = Pic0(Cw/S0) would be trivial due to
4.7 contradicting the fact that ∂J0,τ

Γ,B(S0) lies in Θ
′o. We deduce that for every v 6= w

the curve Cv is a rational curve.
We claim that all the vertices of Γ belong to ∪r

i=1Γγi . Suppose not and let v be a
vertex not belonging to any of the graphs Γγi

. Let Γ′ be the graph obtained from Γ
deleting the edges belonging to one of the Γγi ’s. It has cyclomatic number 0 so that
it is the disjoint union of trees. Let Tv be the tree containing v. Since Γ is connected
there is a path connecting v to w. Every edge of this path having v as end point is
an edge of Γ′ so that Tv does not consist only of v and, hence, Tv has at least 2 end
points. Furthermore, Tv has at most one vertex belonging to ∪r

i=1Γγi . If not, let vi and
vj be distinct vertices of Γγi and Γγj lying in Tv. Let α be a subtree of Tv with end
points vi and vj , let β be a subtree of Γγi with end points vj and w and let γ be be a
subtree of Γγi with end points w and vi. Then, α ∪ β ∪ γ defines a cycle of Γ which is
not supported on ∪r

i=1Γγi . Since any cycle is a combination of the γi’s, this is absurd.
Thus, Tv has at least one endpoint u which does not belong to ∪r

i=1Γγi . Thus, u is the
end point of only one edge of Γ. This is impossible since Cu is a rational curve and C0

is a stable curve.
We claim that w is the only vertex of Γ. Note that the cycles γi and γj intersect

only at w for i 6= j. Thus, if v is a vertex of Γγi different from w, then Cv is a rational
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curve and v is the source (resp. the target) of precisely one edge of Γγi
and hence of Γ.

The existence of such v would contradict the stability assumption of C0. Hence, w is
the only vertex of Γ as wanted. ¤

Since we assume that B is a well adapted basis for Γ of type τ(i, j) = 0 for every
1 ≤ i < j ≤ r and τ(i, i) = 1 for every i = 1, . . . , r, the morphism ρ: S

[
q−1
e |e ∈ E] →

Θ introduced in 4.4 and defining the 1–motive uniformizing Pic0(C/S), extends to a
morphism ρ: S → Θ. Furthermore,

4.9 Proposition. The map ρ|S0 : S0 ⊂ S → Θ factors via ∂Θ and the induced map

∂ρ: S0 → ∂Θ ∼= Θ′ coincides with the map ∂J̃Γ,B: S0 −→ Θ′ defined in 4.6.

Proof: First of all we reduce to the case that the geometric fibers of C → S are irreducible
as follows. Let H ⊂ E be a subset of edges of E such that the graph Γ 99K ΓH obtained
from Γ contracting the edges in H has only one vertex and the same cyclomatic number
as Γ. In particular, we can number the edges of ΓH , which are identified with E\H, as
e1, . . . , er so that the image of Γγi in ΓH is precisely ei. Write IH :=

(
qei |i = 1, . . . , r

)
,

SH := Spec(B/IH) and CH := C ×S SH . It is a stable curve over SH and every e ∈ E\H
defines an SH–valued section corresponding to a singularity. Over the generic point of
SH these are the only singularities and CH is geometrically irreducible. Define CH,i →
CH to be the curve obtained normalizing all the singularities associated to e ∈ E\H
except ei. Then, Pic0

(CH,i/SH

)
is a semiabelian scheme and, as explained in 4.3, it

coincides with G̃i×S S0 over S0. Let PH,ej and QH,ej be the smooth sections of CH,i

above the singular point ej of CH . Then, PH,ej − QH,ej ∈ Pic0
(CH,i/SH

)
(SH) and

over S0 it coincides with the S0–section Pej −Qfj ∈ G̃i(S0).
Let SH := Spec(BH) where BH is the completion with respect to the ideal IH

of the localization B
[
q−1
h |h ∈ H

]
. Consider the base change CH of C to SH . The

geometric fibers of CH → SH are geometrically irreducible and the base change of CH

to Spec(BH/IH) is CH ×SH
S

o

H where S
o

H = Spec
(
B/IH [q−1

h |h ∈ H]
)
. It follows from

[An, Lemma 18.16] that the image of the section αi,j ∈ G̃i(S) via G̃i(S) → G̃i(SH) is
obtained applying Mumford’s construction to Pic0(CH/SH) using the basis of H1(ΓH ,Z)
given by e1, . . . , er. We claim that it suffices to show that ρ|So

H
factors via ∂Θ and it

is defined as in 4.6. Indeed, if this holds, since the map B/IH → BH/IH is injective,
the same applies to ρ|SH

and hence to ρ|S0 . It then suffices to prove the claim. Assume
that the Proposition holds for S0 the spectrum of an algebraically closed field and
C0 irreducible. Then, it holds for every geometric point s of S

o

H and for the formal
completion of SH at s. This implies the claim.

We are reduced to prove the Proposition in the case that C0 is irreducible. In this case
Γγi consist of only one edge, denoted ei. It is proven in [An, §16.5– 16.7] that there exists
a scheme P̃ → S such that P̃K = G̃K and an action of H1(Γ,Z) on P̃ extending the
action by translation on G̃K via ι: H1(Γ,Z) → G̃(K). By [An, §14.7–14.10] the scheme
P̃ ×S S0 admits the following description. For every t = 1, . . . , r let Pt be the P1–bundle
over A0 = A×S S0 associated to the Gm–bundle G̃i,0 = G̃i×S S0 with 0–section 0t and
infinity section ∞t. Let P0 be the compactification of G̃×S S0 =

∏r
A0,i=1 G̃i,0 given
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by the P1 × · · · × P1–bundle P1×A0 · · · ×A0 Pr over A0. Put Pγ := P0 for every γ ∈
H1(Γ,Z). Then, P̃ ×S S0 is obtained from qγ∈H1(Γ,Z)Pγ gluing for every γ ∈ H1(Γ,Z)
and every t = 1, . . . , r the scheme Pγ along P1×A0 · · · ×A0 ∞t×A0 · · · ×A0 Pr, identified
with

∏
A0,j 6=t Pj , and the scheme Pγ+t along P1×A0 · · · ×A0 0t×A0 · · · ×A0 Pr, identified

with
∏

A0,j 6=t Pj , by translation via the element
(
Pet − Qet

)
j 6=t

∈ ∏
j 6=t G̃j(S0). The

action of H1(Γ,Z) is defined by the natural identification of Pγ with P0. In particular,
the reduction of ι(γt) ∈

∏
j 6=t G̃j(S0) is defined as the image of 0 ∈ P0 via the action of

γt i e., it coincides with
∏

j 6=t

(
Pet −Qft

)
as claimed. ¤

5 The Torelli locus at the cusps for irreducible curves.

We work out the results of the previous section for families of irreducible curves. Fix
integers n ≥ 3, r ≥ 1 and g ≥ 0 such that g +2r ≥ 3. Let Mg−r,(n) be the moduli space
of smooth proper curves of genus g endowed with a full symplectic level–n structure on
its Jacobian and a marked section (resp. 3 marked sections) if g − r = 1 (resp. g − r =
0). It is a fine moduli space, endowed with an action of Sp2(g−r)

(
Z/nZ

)
given by

changing the level structure. Let D → Mg−r,(n) be the universal curve. Write B :=
Pic0

(
D/Mg−r,(n)

)
and denote by ξ its level–n structure. We consider the construction

of the previous section in the special case that Γ is a graph with only one vertex and
r oriented edges e1, . . . , er. We let γi be the elementary cycle defined by the edge ei.
Then, B := {γ1, . . . , γr} is a well adapted basis for Γ of type τ given by τ(i, i) = 1
for every i = 1, . . . , r and τ(i, j) = 0 for every 1 ≤ i < j ≤ r. Consider the following
situation:

(a) S0 := D2r,o ⊂ D2r is the open subscheme classifying 2r–distinct sections on D. It is
a smooth scheme endowed with an action of Sp2(g−r)

(
Z/nZ

)
;

(b) D0 := D×Mg−r,(n) S0. It is a smooth, proper curve over S0 with geometrically
irreducible fibers and A0 := Pic0(D0/S0) = Pic0

(
D/Mg−r,(n)

)×Mg−r,(n) S0 is a prin-
cipally polarized abelian scheme endowed with a full symplectic level–n structure;

(c) P1, . . . , Pr and Q1, . . . , Qr are the universal 2r–sections D(S0). Note that Pi∩Pj = ∅
for every i 6= j and Pi ∩Qj = ∅ for every i and j.

Define C0 → S0 to be the stable curve obtained from D0 gluing Pi (= Pei in the notation
of the previous section) and Qi (= Qfi in the notation of the previous section) for every
i = 1, . . . , r. Its genus is g. Via this identification, the map ∂J̃Γ,B of 4.6 extends to a
morphism

perg,r: D
2r,o −−→ Θ′.

More precisely,

5.1 Definition. For every i = 1, . . . , r let Ci → S0 be the stable curve D0/(Pi ∼ Qi)
obtained from D0 identifying transversally the sections Pi and Qi. Then, G̃i,0 :=
Pic0

(
Ci/S0

)
is the extension of A0 by Gm,S0 defined by the section Pi−Qi ∈ A0(S0) ∼=

A∨0 (S0) and perr,g is the unique morphism such that
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(I) the projection via Θ′ → Ag−r,n is the S0–valued point corresponding to A0 (with its

principal polarization and full level–n structure);

(II) the projection πg,r: D2r,o → Ar is s = (s1, . . . , sr) =
(
P1 −Q1, . . . , Pr −Qr

)
;

(III) if 1 ≤ i < j ≤ r, the S0–valued point αi,j of G̃i,0 is Pj −Qj ∈ Csm
i − Csm

i ⊆ G̃i,0.

5.2 Remark. (1) The map perg,r is equivariant with respect to the action of the group
Sp2(g−r)(Z/nZ).

(2) Due to (III) the map perg,r factors via the subscheme Θ
′o ⊂ Θ′ defined in 3.6.

Consider the diagram

D2r,o,an
perang,r−−−−−−→ Θ

′o,an ⊂ Θ
′an = ∂Θ

an
= ∂Ãg,(n),γy y

M
an

g
J̃an

−−−−−−→ ÃDV,an
g,1 ,

where the left vertical morphism is the analytification of the moduli map corresponding
to the curve C0, the lower horizontal arrow is the extension of the Torelli map given
in [Na] and the right vertical map is obtained as the composite of the quotient map
Ãg,(n),γ → Ãg,1 = Sp2(g−r)(Z/nZ)\Ãg,(n),γ and of the open immersion Ãg,1 ⊆ ÃDV,an

g,1 of
3.5. Let ∂Ão

g,1 ⊂ Ãg,1 be the open analytic subspace defined by Sp2(g−r)(Z/nZ)\Θ′o,an.
Then,

5.3 Proposition. (i) The diagram above is commutative.

(ii) The space
(
J̃an

)−1 (
∂Ão

g,1

)
is the analytification of the image of D2r,o → Mg.

Let k be an algebraically closed field of characteristic 0. Let Dk be a smooth projective
curve of genus g − r and suppose we are given a symplectic level–n structure ξ on
Ak := Pic0(Dk/k) and at least 1 or 2 marked k-valued points of Dk if g − r = 1 or
g − r = 0. Let PAk

be the bull–back of the Poincaré biextension to A2
k = Ak × Ak

via the principal polarization on Ak. For every 1 ≤ i ≤ j ≤ r let pij :Ar
k → A2

k be the
projection onto the (i, j)-factor and let Pij be the biextension Pij := p∗ij

(PAk

)
. Write

PAr
k

:=
∏

Ar
k
Pij where the product is taken over all 1 ≤ i < j ≤ r. Due to 3.6 it

coincides with the fiber of Θ′ over the moduli point
[
(Ak, ξ)

] ∈ Ag−r,n(k). It is a torus
torsor under the torus U ′

k over Ar
k, rigidified over the 0-section of Ar

k. Consider the map

perDk,r: D
2r,o
k −→ PAr

k

obtained by taking the fiber of perg,r over the moduli points
[
(Dk, ξ)

] ∈ Mg−r,(n)(k).
and

[
(Ak, ξ)

] ∈ Ag−r,n(k). Due to 5.1(III) the composite

πDk,r: D
2r,o
k −−→ PAr

k
−−→ Ar

k

is the map
(
P1, Q1, . . . , Pr, Qr

) 7→ (
P1 −Q1, . . . , Pr −Qr

)
. Then:

5.4 Proposition. If Dk has genus g(Dk) ≥ 3, there is no positive dimensional abelian

subvariety of Ar
k contained in the image of πDk,r. More precisely,
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(I) assume that Dk is not hyperelliptic. Let G ⊂ Dk −Dk be the translate of a closed

subgroup scheme of Ak by a point of Ak. Then, G is zero dimensional;

(II) if Dk is hyperelliptic, then Dk −Dk does not contain torsion points of exact order s

with 2 < s ≤ g(Dk).

5.5 Proposition. If g ≥ 4 there exists no closed subscheme Ψ of PAr
k

such that:

i. Ψ is a torus torsor over an abelian subvariety B of Ar
k under a subtorus T of U ′

k,

rigidified over the 0–section of B;

ii. the generic point of Ψ is contained in the image of perDk,r.

Before proving the propositions we show how they imply 1.1.
5.6 Proof of Theorem 1.1. Let Y be a locally symmetric variety such that Y an =
Υ\H(R)0/K and let f : Y → Ag,1 be a map of locally symmetric varieties induced by
an injective homomorphism of algebraic groups f̃ :H → Sp2g,Q. Thus, f(Y ) is a locally
symmetric subvariety of Ag,1. Fix an integer n ≥ 3. Replacing Υ by a finite index
subgroup we may assume that f factors via a map h: Y → Ag,(n),γ , where Ag,(n),γ is
as in 3.4. Define Ỹγ ⊂ Ãg,(n),γ to be the closure of h(Y )an in Ãg,(n),γ (respectively
∂Ỹγ := Ỹγ ∩ ∂Ãg,(n),γ). We know from 3.9 that the closed analytic subspace ∂Ỹγ ⊂
∂Ãg,(n),γ is either empty or it is the analytification of a closed integral subscheme ∂Y alg

γ

of the scheme Θ′ introduced in 3.6. In this case, ∂Y alg
γ is a torus torsor over an abelian

subscheme of the restriction of Ar to a locally symmetric subvariety of Ag−r,n. We
argue by contradiction assuming that the image of Y → Ag,1 is contained in the closure
of J

(
Mg

)
and that the image of ∂Ỹγ in ÃDV,an

g,1 has non–empty intersection with the

analytic space associated to J̃
(
M

irr

g

)
. In view of 5.5 to conclude the proof of Theorem

1.1 it suffices to show:
5.6.1 Lemma. The generic point of ∂Y alg

γ is contained in the image of perg,r.

Proof: By assumption ∂Ỹγ is non–empty. Put ∂Ỹ o
γ := ∂Ỹγ ∩Θ

′o,an. Let Y be the image
of Ỹγ → ÃDV,an

g,1 and let ∂Y
o

:= ∂Y ∩ ∂Ão
g,1 with the notation of 5.3. It is open in ∂Y

and it coincides with the image of ∂Ỹ o
γ . Since ∂Ỹ intersects J̃

(
M

irr

g

)an by assumption,
then ∂Y

o
is non–empty. In particular, it is dense in ∂Y since the latter is irreducible.

It follows from 5.3(ii) that ∂Y
o

is contained in the image via J̃an of the analytification
of the image of D2r,o → Mg. The inverse image of ∂Y

o
in ∂Ãg,(n),γ is an orbit of

∂Ỹ o
γ under Sp2(g−r)

(
Z/nZ

)
. Since the map perg,r is Sp2(g−r)

(
Z/nZ

)
–equivariant by

construction, we deduce from 5.3(i) that ∂Ỹ o
γ is in the image of perang,r as wanted. ¤

5.7 Proof of Proposition 5.3. For every C-valued point x of Mg, let Cx be the stable
curve whose moduli point is the image of x in Mg. Let Γx =

{Vx, Ex

}
be the dual graph

associated to Cx. Choose a symplectic level–n structure on Pic0 of the normalization
of Cx. Let R be the universal deformation space of Cx. It is a regular local ring.
Put K := Frac(R). Write S = Spec(R) and S0 for its closed point. Let C → S be the
universal curve over it. As explained in 4.4 the 1–motive uniformizing Pic0(C/S) defines
and is defined by a morphism ρ: S

[
q−1
e |e ∈ E] → Θ.
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(i) Take x a C–valued point of D2r,o. Since C ×S S0 = Cx is irreducible, ρ extends to
a map ρ:S → Θ due to 4.5. This defines a map from Spf(R) to the formal completion
of Ãg,(n),γ at ρ(x) and, hence, to the formal completion of ÃDV

g,1 at the image of x.
Let α:S → ÃDV

g,1 be the induced map. We also have a map β:S → ÃDV
g,1 induced by

the composite of the moduli map S → Mg, giving C, with J̃. By construction the K–
valued point of ÃDV

g,1 defined by α is the moduli point
[
Pic0(CK/K)

] ∈ Ag,1(K) and, in
particular, it coincides with the one defined by β. Hence, α = β since R is an integral
domain so that α(S0) = β(S0). To conclude the proof it then suffices to show that
ρ|S0 = perg,r(S0). This is the content of 4.9.

(ii) Let x ∈ (
J̃an

)−1(
∂Ão

g,1

)
. Let H ⊂ Ex be a subset of edges of Ex and consider

the map cΓx,ΓH
: Γx 99K ΓH defined by contracting the edges in H. Assume that ΓH

has only one vertex and the same cyclomatic number as Γx. Number the edges of ΓH ,
which are identified with Ex\H, as e1, . . . , er. We simply write e1, . . . , er also for the
elementary cycles of ΓH they define. Write γi := c−1

Γx,ΓH
(ei). Due to 8.6 we can choose

an orientation such that B := {γ1, . . . , γr} is a well adapted basis of Γx. Let SH be
the closed subscheme of S defined by (qe|e ∈ H). Write So

H := S
[
q−1
e |e ∈ Ex\H

]
and

S
o

H := So
H ∩SH . Since the curve C is irreducible over S

o

H with fibers having dual graph
ΓH , it follows from 4.4 that ρ extends to a map So

H → Θ and S
o

H maps to ∂Θ. As
in the proof of (i) one concludes that ρ|So

H
is the composite of J̃ with the moduli map

S
o

H → Mg. Since also J̃an(x) lies in the image of ∂Θ
an

and S
o

H is open dense in SH ,
we conclude from 4.5 that B must be of type τ(i, j) = 0 if i 6= j and 1 if i = j or,
equivalently, that ρ extends to a morphism ρ:S → Θ. Since ρ|S0 = perg,r(S0) by 4.9,
then ρ|S0 factors via Θ

′o by (i). We then deduce from 4.8 that Cx is an irreducible curve.
Since Cx has genus g and its normalization has genus g − r, then x =

[Cx

]
lies in the

image of D2r,o → Mg as claimed.

5.8 Proof of Proposition 5.4. We may assume that k is algebraically closed. We drop
the subscript k from the notations Dk and Ak for simplicity. Put α: D ×D → A to be
the map (P, Q) 7→ P −Q.

(I) We argue by contradiction assuming that G has a positive dimensional irreducible
component G0. Since G ⊂ D − D we have dim G0 ≤ 2. Assume first that G0 has
dimension 2. Since D − D is irreducible and closed in A, we have G0 = D − D. In
particular, G0 contains 0 and it is an abelian subvariety of A. Fix a point R ∈ D(k).
Since A = Pic0(D/k) is the smallest subgroup scheme of A containing α

(
D× {R}), we

conclude that G0 = A and A is of dimension 2 i. e., g(D) = 2. This contradicts the
hypothesis that g(D) ≥ 3. We conclude that G0 is of dimension 1 i. e., it is isomorphic
to an elliptic curve. Since D is not hyperelliptic, α is injective outside the diagonal
∆ ⊂ D×D. Since the diagonal maps to 0 ∈ A via α, we have α−1

(
G0\{0}) ∼= G0\{0}.

We deduce that there exists a closed immersion G0 ⊂ D × D. Thus, D has genus 1
contradicting the assumption that D has genus ≥ 2.

(II) Suppose that there exists (P, Q) ∈ D×D such that α(P, Q) ∈ D−D is a torsion
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point of exact order s with 1 < s ≤ g(D). Then, P 6= Q and sP ∼ sQ. Let H be the
divisor sP . We have r := dimk H0(D, H) ≥ 2 > s + 1 − g(D). It follows from 5.8.1
that sP = (r − 1)g1

2 + P1 + · · · + Ps−2r+2 with r ≥ 2. Thus, P1 = · · · = Ps−2r+2 = P

and 2(r − 1)P = (r − 1)g1
2 . This implies that P = σ(P ) and, similarly, Q = σ(Q) i. e.,

P and Q are fixed by the hyperelliptic involution. Then, α(P, Q) is a 2–torsion point
i. e., s = 2.

5.8.1 Lemma. Let D be smooth projective irreducible hyperelliptic curve over an

algebraically closed field k. Let H be an effective Cartier divisor on D of degree d such

that dimk H0(D, H) = r > d + 1 − g. Then, d − 2r + 2 ≥ 0 and there exist points

P1, . . . , Pd−2r+2 of D such that H = (r − 1)g1
2 + P1 + · · ·+ Pd−2r+2.

Proof: Let K := Ω1
D/k. We deduce from Riemann–Roch that dimk H0(D,K − H) =

g(D) − d − 1 + r > 0. In particular, H is a special divisor and r − 1 ≤ d/2 i.e.,
d−2r+2 ≥ 0, by Clifford’s theorem. For the second claim see [ACGH, Ch. I, Ex. D.9].
¤

5.9 Proof of Proposition 5.5. We argue by contradiction assuming that such a Ψ does
exist. We write h for g(Dk) = g − r. The projection πDk,r(D

2r,o
k ) to the i–th factor of

Ar
k does not contain the zero section of Ak and is contained in Dk −Dk ⊂ Ak. Thus,

5.5(ii) implies that the induced map B → Ar
k → Ak is non–trivial and is contained

in Dk − Dk. This forces the genus h of Dk to be ≤ 2 by 5.4. Note that there is
a unique map p:PAr

k
→ PA4−h

k
covering the projection q: Ar

k → A4−h
k onto the first

4− h–factors such that, if P ′ :=
∏

Ar
k
,1≤i<j≤4−h Pij , it produces the natural projection

PAr
k
→ P ′ ∼= q∗(PA4−h

k
) of torsors over Ar

k. The image Ψ′ of Ψ via the projection
PAr

k
→ P ′ is a torus torsor over B since it can be described via a pushout of the

morphism form T to the image of the composite map T → U ′
k →

∏
1≤i<j≤4−h Gm,k.

Note that P ′ descends to A4−h
k via p so that also ψ′ descends to a torus torsor over the

abelian subvariety q(B) ⊂ A4−h
k , rigidified over the zero section of q(B). A fortiori it

coincides with the image p(Ψ) of Ψ via p. By definition 5.1 the composite of perDk,r

with p factors via the projection D2r,o
k → D

2(4−h),o
k onto the first 2(4− h)–components

and the map perDk,4−h. In particular, p(Ψ) satisfies 5.5(i)&(ii) for r = 4 − h. We
may then assume that r = 4 − h in 5.5. We consider separately the cases g(Dk) = 0
and r = 4, g(Dk) = 1 and r = 3, g(Dk) = 2 and r = 2 in Prop. 6.1, §7.3 and §6.3
respectively.

6 The cases (g, r) = (0, 4) and (2, 2).

We first prove 5.5 in the case that g = 0. We drop the subscript k, for example we
write D instead of Dk. Then, D ∼= P1, A = 0 and Θ′ is the torus Qr := Gr(r−1)/2

m over
k. In the notation of 4.6 we have G̃i,0 = Gm and the point αi,j is simply the cross ratio
of the 4 points

(
Pi, Qi, Pj , Qj

)
. Hence, the map perD,r associates to the 2r distinct,

ordered points (P1, . . . , Pr, Q1, . . . , Qr) of P1 the element
(
λi,j

)
1≤i<j≤r

of Gr(r−1)/2
m

where λi,j is the cross ratio of
(
Pi, Qi, Pj , Qj

)
. Note that λi,j 6= 1 since the pairs of
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points are taken to be distinct. Gerritzen computed in [Ge, §4&5] the equations defining
the schematic closure Jacr of the image of perD,r for every r. We recall here his result
for r = 4 which is the relevant case for the proof of 5.5. Write Q4 =

∏
1≤i<j≤4 Gm,

let γij :Q4 → Gm be the projection onto the (i, j)–th component and let qij be the
entry of the (i, j)–component of Q4. Then, Jac4 is a divisor defined by the equation
F = ∆H −G where ∆ :=

∏
1≤i<j≤4(qij − 1),

H :=
∏

1≤i<j≤4

qij −
∑

1≤i≤4


 ∏

1≤k<`≤4,k,` 6=i

qk`


 + q12q34 + q13q24 + q14q23,

G :=q12q34 ·
∏

1≤i<j≤4,(i,j)6=(1,2),(3,4)

(qij − 1)2 + q13q24 ·
∏

1≤i<j≤4,(i,j)6=(1,3),(2,4)

(qij − 1)2+

+ q14q23 ·
∏

1≤i<j≤4,(i,j)6=(1,4),(2,3)

(qij − 1)2.

Assume that Ψ as in Theorem 5.5 exists. It follows from 5.5(i) that it is a subtorus of
Q4 and due to 5.5(ii) it is contained in Jac4. In fact, since the generic point of Ψ is in
the image of perC,4 the projection Ψ ⊂ Q4

γij−→Gm is non–trivial for every i 6= j. Thus,
there exists a cocharacter Gm ⊂ Ψ ⊂ Q4 such that the composite with γij :Q4 → Gm

is non–trivial for every 1 ≤ i < j ≤ 4. To get a contradiction, and to conclude the proof
of 5.5 in this case, we are reduced to show that:

6.1 Proposition. Let T be a 1–dimensional subtorus of Q4 contained in Jac4. Then,

there exist 1 ≤ i < j ≤ 4 such that the projection T → Q4
γij−→Gm is trivial.

Proof: Suppose the proposition is false. Write T := Spec
(
C[q, q−1]

)
. The map T →

Q4
γij−→Gm = Spec

(
C[qij , q

−1
ij ]

)
is a homomorphism of group schemes and hence it is

defined by qij → qaij with aij a non–zero integer. Let W4 be the subgroup of the
group of bijections γ of the set {±e1, . . . ,±e4} such that γ(−ei) = −γ(ei) for every i =
1, . . . , 4. If γ ∈ W4, there exists a unique permutation σ of {1, . . . , 4} such that γ(ei) =
sgn(γ(i))eσ(i). We let γ ∈ W4 act on Q4 by sending

qij |−−→ γ(qij) = qsgn(γ(i))sgn(γ(j))qσ(i)σ(j)

using the convention that qkh = qhk for k < h. The locus Jac4 is invariant under the
group W4 acting on Q4 by [Ge, Prop. 1.5.1]; this is explained remarking that at the level
of degenerate stable curves such transformations amounts to changing the orientation
of the dual graph and renumbering its edges. In particular, acting with W4 we may
assume that a12 ≥ |aij | for every 1 ≤ i < j ≤ 4.

By assumption we have ∆(q)H(q) = G(q). Taking q equal to a primitive a12–root of
unity ζ we get that ∆(ζ) = 0. Hence, G(ζ) = 0. Since in the second and third summand
defining G there is a factor (q12 − 1), which vanishes when we substitute ζ, we deduce
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that ∏

1≤i<j≤4,(i,j)6=(1,2),(3,4)

(qij − 1)2(ζ) = 0

i. e., there exist 1 ≤ i < j ≤ 4 such that (i, j) 6= (1, 2), (3, 4) and a12 divides aij . Hence,
a12 = |aij | and i = 1 or 2. If i = 2, we act with the element of W4 defined by e1 7→ e2

and et 7→ et if t > 2. Thus, we may assume that i = 1. If j = 4, we use the element
of W4 defined by e3 7→ e4 and et 7→ et if t < 3 to get that j = 3. If a13 < 0, we act with
the element of W4 defined by e3 7→ −e3 and et 7→ et if t 6= 3 so that a13 > 0. Then,
a12 = a13 =: a.

Assume that at most one of the integers aij’s is negative. Let

Q :=
∏

ij

qaij

∏

ij,aij>0

qaij ;

it is the term, up to sign, of highest degree in ∆ ·∏ij qaij . Its degree, denoted by t, is
2 times the sum of all positive aij ’s plus, if it exists, the only negative term. For i =
1, . . . , 4 let

Qi :=
∏

1≤k<`≤4,k,` 6=i

qak`

∏

ij,aij>0

qaij

and put
ti :=

∑

1≤k<`≤4,k,` 6=i

ak` +
∑

ij,aij>0

aij

to be the degree of Qi. Since t− t1 = a12 + a13 + a14 > 0, t− t2 = a13 + a14 + a34 > 0
and t− t3 = a12 + a14 + a24 > 0, the terms of highest degree in ∆H are Q and Q4 (up
to sign). Note that t− t4 = a14 + a24 + a34.

Let qαβqγδ

∏
(i,j)6=(α,β),(γ,δ)(qij − 1)2, with the set {α, β} disjoint from the set {γ, δ},

be one of the three factors composing G. The degree t(αβ, γδ) of its highest term qαβ,γδ

in q appearing in it is

(1) t(αβ, γδ) = aαβ + aγδ + 2
∑

(i,j)6=(α,β),(γ,δ)

aij

if aij > 0 for all (i, j) 6= (α, β), (γ, δ) and it is

(2) t(αβ, γδ) = aαβ + aγδ + 2
∑

(i,j)6=(α,β),(γ,δ),(i′,j′)

aij

if there exists (i′, j′) 6= (α, β), (γ, δ) such that ai′j′ < 0. In case (1) the degree t of Q is
aαβ +aγδ +2

∑
(i,j)6=(α,β),(γ,δ) aij plus those factors among {aαβ , aγδ} which are positive.

Since there exists at least one such factor, t is bigger than t(αβ, γδ). In case (2) the
degree of Q is

t = 2aαβ + 2aγδ + ai′j′ + 2
∑

(i,j)6=(α,β),(γ,δ),(i′,j′)

aij .
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Note that aαβ + aγδ + ai′j′ > 0 if aαβ = a or aγδ = a. Hence, t > t(12, 34) and t >

t(13, 24) in any case.
If t or t4 or t(14, 23) is strictly higher than the other two degrees, the corresponding

term in ∆(q)H(q) − G(q) is the only term of highest degree and this is impossible
since ∆(q)H(q)−G(q) = 0. If t = t(14, 23), then t ≥ t4 and −Q and −q14,23 appear as
the factors of highest degree in ∆(q)H(q)−G(q). We get again a contradiction.

We are left with the following two possibilities. The first possibility is that t4 =
t(14, 23) > t. In this case the terms Q4 and −q14,23 are the terms of highest degree
in ∆(q)H(q)−G(q) and cancel out. This happens only if either a24 or a34 are negative
(otherwise t > t(14, 23)). Acting with the element of W4 defined by e2 7→ e3 and et 7→ et

if t 6= 2, 3 we may assume that a34 < 0. Since there is only one negative term, a14, a23

and a24 are positive. The terms of highest degree in

q14,23 − qa14qa23 ·
∏

1≤i<j≤4,(i,j)6=(1,4),(2,3)

(qaij − 1)2

are the sum of the terms 2qa14+a23
∏

(i,j)6=(1,4),(2,3),(3,4),(k,`) qai,j , taken over all (k, `) 6=
(1, 4), (2, 3) such that ak` is maximal. This contribution can never cancel with −Q.
This excludes this case.

We are left with the second possibility that t = t4 > t(14, 23). Then, −Q+Q4 = 0 and
t−t4 = a14+a24+a34 = 0. In particular, since only one of the aij ’s is negative, a23 > 0.
In this case either a14 > 0 and then t(14, 23) − t3 > −a14 − a24 + a13 = a34 + a13 ≥ 0
or a14 < 0 and then t(14, 23) − t3 = a13 + a34 > 0. Acting with the element υ of W4

defined by e2 7→ e3 and et 7→ et if t 6= 2, 3, the roles of t2 and t3 are interchanged
and one gets that t(14, 23) > t2. If a24 < 0, possibly acting with υ, we may assume
that a24 > 0. Then, t(13, 24) − t1 > a12 − a24 − a34 = a12 + a14 ≥ 0. In any case, the
term of highest degree in G(q) is higher than the term of highest degree in ∆(q)H(q).
This gives a contradiction. We conclude that at least two aij’s are negative.

Assume that a23 > 0. Then, the integers ai4 for i = 1, 2, 3 can not be all positive.
Thus, possibly acting with γ ∈ W4 defined by ei 7→ ei if 1 ≤ i ≤ 3 and e4 7→ −e4, we may
assume that at least two of the integers ai4 for i = 1, 2, 3 are positive. We have seen that
this is not possible. Hence, a23 < 0. Possibly acting with γ we may assume that a14 > 0.
If a24 and a34 are both negative, then q2a23q2a24q2a34 appears as a term of ∆(q)H(q) and
its degree is strictly less than the degree of any other term of ∆(q)H(q) or of G(q). This
is impossible. Hence, either a24 or a34 is positive. Let δ ∈ W4 be defined by ei 7→ ei

if i = 1 or 4 and by e2 7→ e3. Possibly acting with δ we may assume that a34 > 0
and a24 < 0. We summarize

a12 = a13 = a > 0, a14 > 0, a23 < 0, a24 < 0, a34 > 0.

Acting with ρ ∈ W4 defined by e1 7→ −e1 and ei 7→ ei if i 6= 1 and replacing q with q−1

we get that a34 is the only negative factor. This is not allowed as we have seen before.
The proposition follows. ¤
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6.3 The case: g = 2 and r = 2. We prove 5.5 in the case that g = 2 and r = 2. We
drop the subscript k. Assume that there exists Ψ ⊂ PA2 satisfying 5.5(i)&(ii). Note
that PA2 is a Gm–bundle over A2. The map

D×
k

D −−→ A = Pic0(D/k), (P, Q) 7→ P −Q,

is quasi–finite since D has genus 2. We deduce that πD,2:D4,o → A2 is quasi–finite.
This and 5.5(ii) imply that the projection Ψ → A2 is quasi–finite. The inverse image
of the identity section of A2 is the torus T . We conclude that T = 0 and, hence, the
projection Ψ → B is an isomorphism. The map Ψ → PA2 amounts in this case to a
map B → PA2 such that the projection to A2 is an injective homomorphism of abelian
varieties. Since the Poincaré Gm–bundle is non–trivial, PA2 is non–trivial either and
we deduce that dim B ≤ 3.

Let σ be the hyperelliptic involution on D. Given distinct points P and Q of D

over k, the curve D/(P ∼ Q) is hyperelliptic if and only if Q = σ(P ). Thus, the closure
of the locus of points 0 6= P − Q ∈ D − D ⊂ A such that the curve D/(P ∼ Q) is
hyperelliptic is the image of ζ: D → A sending P 7→ P − σ(P ). Such map is injective
outside the fixed points of σ and maps those fixed points to 0. In particular, the image
of ζ is not an abelian subvariety of A. Let

πi: B −−→ A

be the composite of the map B → A2 with the i–th projection to A. It is non constant,
since its image contains non–zero points due to 5.5(ii) and 4.7. It is not contained in
the image of ζ because the latter is irreducible, 1–dimensional and it is not an abelian
subvariety. Possibly interchanging the indices 1 and 2 we may assume that the image
of π2 has dimension less or equal to the dimension of the image of π1. Let k′ be the
residue field of the generic point of the image of π2 and let ι2: Spec(k′) → A be the
induced map. Denote by D′ := D×k k′ and let B′ be the fiber product of B and ι2 via
π2. Let

(
P2, Q2

)
be two points of D′ such that P2 −Q2 is defined by ι2. We have just

seen that P2 −Q2 is not in the image of ζ. Hence, the map

(D′\{P2, Q2})× (D′\{P2, Q2}) −−→ (D′\{P2, Q2})− (D′\{P2, Q2})

is injective outside the diagonal since C := D′/
(
P2 ∼ Q2

)
is not hyperelliptic. Thus,

the inclusion B ⊂ PA2 induces a closed immersion from B′ to the pull–back Pic0(C/k′)
of PA2 to Id× ι2: A×k k′ → A2. By assumption it intersects Csm − Csm ⊂ Pic0(C/k′)
and, hence, the inclusion B′ ⊂ Pic0(C/k′) lifts to a rational map α: B′ 99K D′×D′ from
which we get a rational map

β: B 99K D ×D.

The composite of β with D × D → A, given by (P, Q) 7→ P − Q, is π1 which is non–
constant. In particular, β is non–constant. Since D has genus 2, then B can not be an
elliptic curve either i. e., dim B ≥ 2.
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Note that B′ is a torsor under Ker(π2) which is mapped injectively to A via π1. Hence,
α is injective. Note that Ker(π2) is not 1–dimensional, otherwise Ker(π2)0 would be an
elliptic curve which is impossible since α is injective and since D′ has genus 2. The first
possibility is that Ker(π2) has dimension 2. This and the injectivity of α imply that α,
and hence β, is dominant. The second possibility is that Ker(π2) has dimension 0.
Then, π2 is dominant since dim B ≥ 2 and π1 is dominant as well since the dimension
of its image is greater or equal to the dimension of the image of π2 by assumption. Also
in this case β is dominant. Since D ×D is proper and B is smooth, β can be extended
in codimension 1 and, being dominant, induces an injective map at the level of global
differential forms. This is impossible since dim B is ≤ 3 and D has genus 2.

7 The case g = 1 and r = 3.
We prove 5.5 in the case that g = 1 and r = 3. We write D for Dk. Then, D

is a smooth proper curve of genus 1 and A := Pic0(D/k) is an elliptic curve. The
latter is a subgroup scheme of the group of automorphisms of D: for every P ∈ D(k)
and Q ∈ A(k) we let P + Q be the unique k-valued point of D such that Q is the
degree 0, invertible sheaf associated to the Weil divisor (P + Q) − (P ). Note that
perD,r is invariant with respect to the action of the automorphism group of D. Hence,
perD,r

(
P1 + α, . . . , P6 + α

)
= perD,r

(
P1, . . . , P2r

)
for every point α of A and every

point (P1, . . . , P6) of D6,o.
Fix a point t := (t1, t2, t3) ∈ A3. The fiber PA3 |t of PA3 over t is a torus torsor

under G3
m (note that by construction basis elements for the character group of the

latter are given, up to sign). We start with the following:
7.1 A description of perD,3|t. Choose a point

(
(P1, Q1), (P2, Q2), (P3, Q3)

) ∈ π−1
D,3(t)

mapping to Ψ. Such a choice defines an isomorphism of π−1
D,3(t) with the open subscheme

A3,o :=
{(

α1, α2, α3

) ∈ A3|αj + Qj 6= αi + Pi 6= αj + Pj and

αj + Qj 6= αi + Qi 6= αj + Pj ∀ 1 ≤ i < j ≤ 3
}

=

=
{(

α1, α2, α3

) ∈ A3|αi − αj 6= Pj − Pi, 6= Qj − Pi, 6= Pj −Qi, 6= Qj −Qi

}
.

The rigidification perD,3

(
(P1, Q1), (P2, Q2), (P3, Q3)

)
defines an isomorphism of PA3 |t

with the trivial torsor G3
m and of Ψ|t with a subtorus of G3

m. Write

λ :=
∏

(i,j)=(1,2),(2,3),(1,3)

λi,j : A3,o −→ G3
m, λi,j :A3,o −→ Gm

for perD,3|t, respectively the composite of perD,3|t and the projection PA3 |t ∼= G3
m →

Gm on the (i, j)–factor for 1 ≤ i < j ≤ 3. By construction λi,j factors via the projection
pi,j : A3 → A2 onto the i–th and j–th components. Since λi,j is invariant with respect to
the diagonal action of A on A2, the map λi,j factors via the difference map d: A2 → A

sending (P,Q) 7→ P −Q.
For fixed (Pi, Qi) let σPi,Qi be the hyperelliptic involution on Ci := D/(Pi ∼ Qi):

on the normalization D of Ci it is given by P 7→ (Pi − P ) + Qi. The points (B, H)
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in D2 whose image OCi

(
B − H

)
in Pic0(Ci/t) is OCi

(
B − H

)
are the points (B, H)

and
(
σPi,Qi(H), σPi,Qi(B)

)
. Note that σPi+αi,Qi+αi(Qj+αj) = Pi−Qj+Qi−αj+2αi =

Pj + α′j with α′j = Pi + Qi −Pj −Qj −αj + 2αi and similarly σPi+αi,Qi+αi
(Pj + αj) =

Qj + α′j . Since the projection of perD,3 onto the component (i, j) of PA3 is invariant
with respect to σPi,Qi , we conclude that, via the identifications above, λi,j is invariant
with respect to the involution A2 3 (αi, αj) 7→

(
αi, Pi + Qi − Pj −Qj + 2αi − αj

)
. We

deduce that λi,j is the restriction to the open subscheme A3,o of A3 of the composite

λi,j |t: A3 pi,j−−→ A2 d−−→ A −−→ A/〈σ̃i,j〉 ∼−→P1,

where σ̃i,j : A
∼−→A is the involution α 7→ Pj +Qj−Pi−Qi−α. Here, P1 is the standard

compactification of Gm and the isomorphism A/〈σ̃i,j〉 ∼= P1 is such that the composite

τi,j :A −−→ A/〈σ̃i,j〉 ∼= P1

sends 0 7→ 1 and τ−1
i,j (0), (resp. τ−1

i,j (∞}) is {Pj−Pi, σ̃i,j(Pj−Pi) = Qj−Qi} (resp. {Pj−
Qi, σ̃i,j(Pj −Qi) = Qj − Pi}) or {Pj −Qi, Qj − Pi} (resp. {Pj − Pi, Qj −Qi}). These
conditions determine the isomorphism A/〈σ̃i,j〉 ∼= P1 up to the automorphism (x, y) 7→
(y, x) of P1. This ambiguity comes from the ambiguity in the choice of sign for a basis of
the character group of Gm. We denote by {s(1)

i,j , . . . , s
(4)
i,j } to be the 4 ramification points

of σ̃i,j (considered in A or by abusing notation in P1). We conclude that the map λ is
the restriction to A3,o of the composite of A3 → A2, given by (P, Q, R) 7→ (P−Q, Q−R),
with the finite map

τ :A2 −−→ (
P1

)3
, (α, β) 7→ (

τ1,2(α), τ1,3(α + β), τ2,3(β)
)
.

Let KA be the image of τ . Note that σ̃1,3(α + β) = σ̃1,2(α) + σ̃2,3(β). Thus, two
points (α, β) and (α′, β′) ∈ A2 have the same image via τ if and only if (1) α′ = α

or α′ = σ̃1,2(α) and (2) β′ = β or β′ = σ̃2,3(β) and (3) α′ + β′ = α + β or α′ +
β′ = σ̃1,3(α + β) = σ̃1,2(α) + σ̃2,3(β). This implies that either (α′, β′) = (α, β) or
(α′, β′) =

(
σ̃1,2(α), σ̃2,3(β)

)
. We conclude that the map τ : A2 → KA identifies KA with

the quotient of A2 by the involution σ̃1,2 × σ̃2,3. In particular, KA is isomorphic to
the Kummer variety of A2. Such map is étale of degree 2 outside the 16 points fixed
by σ̃1,2 × σ̃2,3 which map to the 16 singular points of KA.

7.2 Proposition. Assume that ti is not a torsion point for any i. Let Z ⊂ PA3 |t
be torus torsor under a subtorus T of G3

m contained in the closure of the image

of perD,3|t: π−1
D,3(t) → PA3 |t. Then, Z is of dimension 0.

Proof: We argue by contradiction. We may assume that Z is 1–dimensional. Let
T ∼= Gm ⊂ G3

m be given by the cocharacter
(
a1,2, a1,3, a2,3

)
. Then, ai,j 6= 0 for

some (i, j).
Given a point

(
(P1, Q1), (P2, Q2), (P3, Q3)

) ∈ per−1
D,3(Z) and using 7.1, the image of

perD,3|t is an open subscheme of KA and the torsor Z is identified with Gm ⊂ G3
m.

Extend it to a closed immersion ι:P1 ⊂ KA ⊂
(
P1

)3. Let C ⊂ A2 be the normalization
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of the inverse image via τ of ι:P1 ⊂ KA. Then, the natural map C → P1 is 2 : 1 and,
since there is no non–constant map P1 → A2, the curve C is irreducible.

Step I: we have ai,j 6= 0 for every 1 ≤ i < j ≤ 3. Note that the image of perC,3|t is
equivariant with respect to the action of the group S3 acting on the G3

m–torsor PA3 |t
by permuting the components G3

m. Thus, if ai,j = 0 for some (i, j) we may assume,
after permuting the indices, that (i, j) = (1, 2).

Since (1, 1, 1) ∈ ι(P1) and τ1,2(0) = 1, we deduce that C maps to {0} × A and,
hence, that C = {0} × A. The map τ :A → (

P1
)3 is 2 : 1 outside the 16 points

fixed by σ̃1,2 × σ̃2,3. The induced map C → P1 is also 2 : 1 and, hence, is ramified
at 4 points by the Riemann–Hurwitz formula. We conclude that 0 ∈ A is a fixed
point of σ̃1,2. This is equivalent to the equality Pi + Qi = Pj + Qj . In particular, for
every α in an open dense subset of A, the image of

(
(P ′1, Q

′
1), (P

′
2, Q

′
2), (P

′
3, Q

′
3)

)
:=(

(P1, Q1), (P2 + α,Q2 + α), (P3 + α, Q3 + α)
)

via perC,3 is in Z. Then, P1 + Q1 6=
P2 + α + Q2 + α for α not a 2–torsion point. Choosing the rigidification of per−1

C,3(Z)
defined by

(
(P ′1, Q

′
1), (P

′
2, Q

′
2), (P

′
3, Q

′
3)

)
we deduce that 0 ∈ A can not be a fixed point

for the associated σ̃1,2 so that a1,2 6= 0. This leads to a contradiction.

Step II: the integers a1,2, a2,3 and a1,3 are pairwise coprime.

Take two distinct pairs of integers (`, h) and (`′, h′) in {(1, 2), (1, 3), (2, 3)}. Consider
the composite A2 → KA ⊂

(
P1

)3 → P1×P1 where the last map is the projection onto
the components (`, h) and (`′, h′). Consider ι:P1 ⊂ KA → P1 × P1. The restriction
to Gm → P1 ×P1 factors via Gm ×Gm and is given by the cocharacter

(
a`,h, a`′,h′

)
.

Hence, the image of ι:P1 ⊂ KA in P1×P1 is P1. Let ρ:P1 → P1 be the induced map.
We have the following diagram:

A2 −−→ KA ↪−→ (
P1

)3 −−→ P1 ×P1x x
P1 ρ−−→ P1.

The induced map A2 → P1 ×P1 identifies P1 ×P1 with the quotient of A2 by the
group 〈σ̃h,`, σ̃h′,`′〉 ∼= Z/2Z×Z/2Z. Then, the map KA → P1×P1 is étale, 2 : 1 outside
the 8 lines {s(i)

h,`} ×P1 and P1 × {s(i)
h′,`′} for i = 1, . . . , 4 and it is 1 : 1 over these lines.

Note that P1 ⊂ KA is not contained in the union of these lines since otherwise ah,` or
ah′,`′ would be 0 contradicting Step I. Thus, the map ρ is at most of degree 2. Note
that P1 ⊂ P1 × P1 intersects all the 8 ramification lines above because aij 6= 0 for
every (i, j). On the other hand, ρ is the compactification of a cocharacter Gm → G2

m,
so that it is ramified at most in 2 points i.e., 0 and ∞ leading to a contradiction. We
deduce that ρ can not be of degree 2. Thus, ρ is an isomorphism i. e., ah,` and ah′,`′

are coprime as claimed.

Step III: |ai,j | = 1 for every 1 ≤ i < j ≤ 3. Consider the following diagram with
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commutative squares:

C −−→ A2 pi,j−−−−−−→ A

2:1

y τ

y
yτi,j

P1 ι−−→ KA ↪−→ (
P1

)3 πi,j−→ P1,

where p1,2 (resp. p2,3) is the projection onto the first (resp. second) component, p1,3 is
the sum and πi,j is the projection on the (i, j)–component. The induced map P1 → P1

obtained from the bottom row extends the map Gm → Gm given by x 7→ xai,j . In
particular, the induced map

ri,j : C −−→ A

is Galois with group Z/ai,jZ, of degree |ai,j | and unramified outside τ−1
i,j (0) and τ−1

i,j (∞).
Note that 0 or ∞ can not be both ramification points of τi,j ; otherwise 2(Pi −Qi) = 0
which contradicts our assumption in 7.2 that ti = Pi−Qi is not a torsion point. Possibly
composing πi,j with the automorphism (x, y) 7→ (y, x) of P1 we may assume that 0 is not
a ramification point of τi,j . Applying the Riemann–Hurwitz formula to C → A and since
A has genus 1, we get that the genus gC of C satisfies 2gC = 2+

∑
x∈τ−1

i,j
(0) ]r−1

i,j (x)(ex−
1)+

∑
x∈τ−1

i,j
(∞) ]r−1

i,j (x)(ex−1) where ex is the ramification index at x. But ]r−1
i,j (x)ex =

|ai,j |. Hence, ]r−1
i,j (x)(ex − 1) = |ai,j | − ]r−1

i,j (x). Since τ−1
i,j (0) consist of two points

which are totally ramified w.r.t. ri,j , we have
∑

x∈τ−1
i,j

(0) ]r−1
i,j (x)(ex − 1) = 2|ai,j | − 2.

We conclude that gC = |ai,j |+ 1
2

∑
x∈τ−1

i,j
(∞)

(|ai,j | − ]r−1
i,j (x)

)
. Hence,

1) gC := 2|ai,j | − 1 if also ∞ is not a ramification point of τi,j ;

2) gC := 3/2|ai,j | − 1/2 if ∞ is a ramification point of τi,j and of τ : C → P1;

3) gC := 3/2|ai,j | − 1 if ∞ is a ramification point of τi,j but not of τ : C → P1.

Note that there do not exist positive integers α and β for which 1
2 (3α − 1) and

1
2 (3β − 2) are both positive integers and they are equal. We conclude that at least two
of the integers |a1,2|, |a1,3|, |a2,3| coincide. Due to Step II they must then be equal to 1 so
that gC = 1. We conclude that also the third integer is 1 i.e., |a1,2| = |a1,3| = |a2,3| = 1
as claimed.

Step IV: conclusion of the argument. It follows from Step III that ri,j is an isomor-
phism for every 1 ≤ i < j ≤ 3. By construction r1,3 = r1,2 + r2,3. Furthermore, if we
write γ := r2,3 ◦ r−1

1,2, we have that

i. γ: A → A is an automorphism of elliptic curves, since γ(0) = 0, sending the sets
{P2 −P1, Q2 −Q1}, {P2 −Q1, Q2 −P1} respectively to the sets {P3 −P2, Q3 −Q2},
{P3 −Q2, Q3 − P2} (or viceversa);

ii. 1 + γ = r1,3r
−1
1,2:A → A is an isomorphism, since 0 7→ 0, sending the sets {P2 −

P1, Q2−Q1}, {P2−Q1, Q2−P1} to the sets {P3−P1, Q3−Q1}, {P3−Q1, Q3−P1}
(or viceversa).

Note that EndA is either Z or an order in a quadratic imaginary field L. Thus, γ and
1+γ define units in Z or in the ring of integers OL of L. The first case can not hold. In
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the second case, it follows from Dirichlet’s units theorem that such group consists only
of the roots of unity lying in L. Since L is quadratic, such roots of unity are, up to sign,
at most the primitive roots of unity of order 1, 2, 3 and 6. For example, as remarked
by the referee, L could be L = Q(ζ3) with γ = ζ3 a primitive root of unity and then
1 + γ = ζ6 is a 6-th root of unity. To rule out this possibility we have to use the finer
information on γ and 1 + γ given in (i) and (ii).

We obtain from (i) that γ(P2 − Q2) = γ(P2 − Q1) − γ(Q2 − Q1) = ±(P3 − Q3) or
±(P2−Q2). Note that (γ+1)(P2−Q2) 6= 0 since P2 6= Q2. Similarly, (γ−1)(P2−Q2) 6= 0
otherwise either γ − 1 is an isogeny and then P2 − Q2 = t2 is a torsion point or γ =
Id and 1 + γ is multiplication by 2 which is not an isomorphism. The conclusion is
that γ(P2 − Q2) = ±(P3 − Q3). This and (i) forces the following combinations for(
γ(P2 −Q1), γ(Q2 −Q1), γ(P2 − P1), γ(Q2 − P1)

)
(
P3 −Q2, Q3 −Q2, P3 − P2, Q3 − P2

)
(1)(

Q3 − P2, P3 − P2, Q3 −Q2, P3 −Q2

)
(2)(

P3 − P2, Q3 − P2, P3 −Q2, Q3 −Q2

)
(3)(

Q3 −Q2, P3 −Q2, Q3 − P2, P3 − P2

)
(4).

In particular, γ(P1 − Q1) = γ(P2 − Q1) − γ(P2 − P1) = ±(P2 − Q2) in each case.
Analogously, using (ii) one proves that (1 + γ)(P1 − Q1) = (1 + γ)(P2 − Q1) − (1 +
γ)(P2 − P1) = ±(P3 − Q3) and one deduces that the only possible combinations for(
(1 + γ)(P2 −Q1), (1 + γ)(P2 − P1), (1 + γ)(Q2 −Q1), (1 + γ)(Q2 − P1)

)
are

(
P3 −Q1, Q3 −Q1, P3 − P1, Q3 − P1

)
(1′)(

Q3 − P1, P3 − P1, Q3 −Q1, P3 −Q1

)
(2′)(

P3 − P1, Q3 − P1, P3 −Q1, Q3 −Q1

)
(3′)(

Q3 −Q1, P3 −Q1, Q3 − P1, P3 − P1

)
(4′).

We compute the combinations of
(
(1 + γ)(P2 − Q1), (1 + γ)(P2 − P1), (1 + γ)(Q2 −

Q1), (1 + γ)(Q2 − P1)
)

using the first table

(
P2 −Q1 + P3 −Q2, P3 − P1, Q3 −Q1, Q2 −Q1 + Q3 − P2

)
(1′′)(

Q3 −Q1, P2 − P1 + Q3 −Q2, Q2 −Q1 + P3 − P2, P3 −Q1

)
(2′′)(

P3 −Q1, P2 − P1 + P3 −Q2, Q2 −Q1 + Q3 − P2, Q3 −Q1

)
(3′′)(

P2 −Q1 + Q3 −Q2, Q3 − P1, P3 −Q1, Q2 −Q1 + P3 − P2

)
(4′′).

Note that ±(P3 − Q3) 6= P1 − Q1 since (1 + γ)(P1 − Q1) = ±(P3 − Q3) so that (1 +
γ)(P1−Q1) = ±(P1−Q1) which leads to a contradiction as above. Similarly, P1−Q1 6=
±(P2−Q2), otherwise γ(P1−Q1) = ±(P1−Q1) leading to a contradiction, and P3−Q3 6=
±(P2 − Q2) otherwise ±γ(P1 − Q1) = P3 − Q3 and (1 + γ)(P1 − Q1) = ±γ(P1 − Q1)
which is impossible. Since Pi 6= Qi for every i we conclude that

case 1”): looking at the second column it can agree only with case (2’). Comparing
the last column we then have Q2 −Q1 + Q3 − P2 = P3 −Q1 i. e., P3 −Q3 = Q2 − P2.
This can not hold.
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case 2”): looking at the last column it can agree only with case (2’). Comparing the
first columns, one deduces that this case can not hold.

case 3”): comparing the last columns it can agree only with case (3’). Comparing
the first columns, one rules out this case.

case 4”): looking at the third column it can agree only with case (3’). Comparing
the fourth columns, one concludes that this case can not hold either.
Thus, none of these cases can hold getting to a contradiction. The lemma follows. ¤

7.3 End of proof of Proposition 5.5 if g = 1 and r = 3. Assume that there exists
Ψ ⊂ PA3 satisfying 5.5(i)&(ii). It is a torus torsor under a torus T over an abelian
subvariety B ⊂ A3. Since its generic point is contained in the image of perD,3, then Ψ
intersects non–trivially perD,3

(
D6,o

)
. In particular, B has non–empty intersection with

the image of πD,3. Due to 4.7 the projection of the image of πD,3

(
D6,o

)
onto each of the

three factors of A3 does not contain the 0–section of A3. Hence, for every i = 1, . . . , 3,
the composite map ϕi: B → A3 → A, where the latter is the projection onto the i–th
factor, is non–trivial. In particular, B must be a positive dimensional abelian variety
and ϕi is surjective. Furthermore, thanks to 7.2, we have T = 0. We conclude that
the projection Ψ → B is an isomorphism. In particular, the pull–back of PA3 to B is
trivial.

Let L be the invertible sheaf OA(0) where 0 ∈ A is the origin. Put Λ(L) :=
m∗(L)⊗ p∗1(L)−1⊗ p∗2(L)−1 where m: A2 → A is the multiplication. It is the pull–back
of the Poincaré biextension over A×k A∨ to A2 via the map Id×λA where λA: A → A∨

is the canonical principal polarization. In particular, PA3 is the rigidified G3
m–torsor

over A3 given by the fibred product over A3 of the pull–back of Λ(L) via the projections
πij : A3 → A2 onto the (i, j)–th factors for 1 ≤ i < j ≤ 3. Let Bij be the quotient
of B by the connected component of the identity of the kernel of B → A3 πij−→A2. Then,
the composite Bij → A2 is finite and the pull–back of Λ(L) to Bij is trivial. This im-
plies that dim Bij < 2. Otherwise, since the map Pic

(
A2/k

) → Pic
(
Bij/k

)
has a right

quasi–inverse defined by the norm map and, hence, has finite kernel, we get that Λ(Ln)
is trivial on A2 for some n > 0 which is absurd. On the other hand dim Bij can not
be 0 since the image of Bij via the first projection to A is the image of ϕi which is
surjective. Hence, dim Bij = 1. The only possibility is that B is an elliptic curve and
ϕi is an isogeny.

Denote by ψi the isogeny ϕi ◦ ϕ∨1 : A → A. The triviality of the pull–back of PA3

to B implies the triviality of the pull–back of PA3 via (ψ1, ψ2, ψ3): A → A3. This is
equivalent to the triviality of the pull–back of Λ(L) via ψi × ψj for every 1 ≤ i <

j ≤ 3 i. e., ψ∗i (L)⊗ψ∗j (L) ∼=
(
ψi + ψj

)∗(L). In particular, degψi + degψj = deg(ψi +
ψj). Since deg[n] = n2 for every n ∈ Z, we deduce that A is a CM elliptic curve.
Let End(A)⊗Z Q = Q

(√−∆
)

with ∆ square–free positive integer. If ψ := a + b
√−∆

with a, b ∈ Q, one has degψ = a2 + ∆b2. Let ψi := ai + bi

√−∆ for i = 1, . . . , 3. Then,
degψi + degψj = deg(ψi + ψj) is equivalent to require that aiaj + ∆bibj = 0. Note that
ψ1 is multiplication by degϕ1 and, hence, b1 = 0 and a1 = degϕ1 6= 0. We then get
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that aj = 0 for j 6= 1 and, hence, b2b3 = 0. Hence, for j = 2 or 3 we have aj = 0 and
bj = 0 i. e., ψj = 0 which is absurd.

8 Appendix: some graph theory.

In this section we briefly review some results concerning connected graphs. We refer
to [OS, §4] for proofs, references and more details. The key example to keep in mind is
the dual graph associated to a stable curve.

A finite graph Γ is a pair {V, E} of finite sets and a map τ : E → V(2) from E to the set
of unordered pairs of not necessarily distinct elements of V. The set E is the set of edges,
the set V is the set of vertices and τ is the map associating to an edge two vertices, called
its end points. For example, for every n ∈ N the standard graph In with n vertices is
given by the vertices Vn := {1, . . . , n} and by the edges En := {[1, 2], . . . , [n−1, n]} where
the end points of [i, i + 1] are {i, i + 1}. A map of graphs from the graph Γ = {V, E}
to the graph Γ′ = {V ′, E ′} is a pair of maps α:V → V ′ and β: E → E ′ such that for
every e ∈ E the images of the end points of e via α coincide with the end points of α(e).
A path is a map of graphs δ: In → Γ, for some n ∈ N. We say that a finite graph Γ
is connected if, given two vertices, there is path connecting them i. e., if, given two
vertices v and v′, there is a path δ: In → Γ such that the vertex 1 maps to v and the
vertex n is mapped to v′. A subgraph Γ′ = {V ′, E ′} of a graph Γ = {V, E} is given by a
subset E ′ ⊂ E and a subset V ′ ⊂ V such that the end points of e ∈ E ′ in the graph Γ′

are the end points of e ∈ E in the graph Γ. A spanning subgraph Γ′ of a graph Γ is a
subgraph such that the set of vertices of Γ′ coincide with the set of vertices of Γ.

An orientation on Γ is a pair of maps (s, t), where s: E → V is the source and t: E →
V is the target, such that for every e ∈ E we have τ(e) = {s(e), t(e)}. Fix a fi-
nite graph Γ with an orientation (s, t). Let C0(Γ,Z) := ⊕v∈V Zv and C1(Γ,Z) :=
⊕e∈E Ze. Let ∂: C1(Γ,Z) → C0(Γ,Z) be the Z–linear map defined by ∂(e) = t(e)−s(e).
Let H1(Γ,Z) := Ker(∂) and H0(Γ,Z) := Coker(∂). One defines the cyclomatic num-
ber h(Γ) of Γ to be the rank of H1(Γ,Z) as Z–module. Note that H1(Γ,Z) and H0(Γ,Z)
do not depend on the choice of an orientation. A tree is a connected graph with cyclo-
matic number 0. Given a connected graph Γ we define a spanning tree to be a spanning
subgraph which is a tree.

Consider the Z–bilinear, symmetric, positive–definite pairing C1(Γ,Z)×C1(Γ,Z) →
Z given by 〈e, f〉 = 0 if e 6= f and 〈e, f〉 = 1 if e = f . One defines by restriction
the Z–bilinear, symmetric, positive definite pairing 〈 , 〉: H1(Γ,Z) × H1(Γ,Z) → Z. An
element γ ∈ H1(Γ,Z) is called a cycle if, for every e ∈ E , we have 〈γ, e〉 = 0 or ±1.
Denote by Γγ = {Vγ , Eγ} the subgraph of Γ whose edges are Eγ := {e ∈ E|〈γ, e〉 6= 0}
and whose vertices are their end points. A cycle γ is called an elementary cycle if Γγ

has cyclomatic number 1. We say that a subgraph of Γ is a cycle or an elementary cycle
if it coincides with Γγ for γ ∈ H1(Γ,Z) a cycle (resp. an elementary cycle).

8.1 Definition. Given a type τ : {(i, j)|1 ≤ i < j ≤ r} → {0, 1}, we say that Γ is of

type τ if there exist an orientation of Γ and a Z–basis γ1, . . . , γr of H1(Γ,Z) such that
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a. 〈γi, e〉 = 0 or 1 for every e ∈ E ;

b. Γγi
and Γγj

have an edge in common if τ(i, j) = 1 and have at most one vertex in

common if τ(i, j) = 0.

We prove that a connected graph has always a type (not necessarily unique).

8.2 Proposition. Let Γ be a connected graph.

I. A spanning tree {V, E ′} for Γ exists.

II. Let {V, E ′} be a spanning tree for Γ;

II.a for every e ∈ E\E ′ the spanning graph {V, E ′ ∪ {e}} has cyclomatic number 1.

Let γe be the unique cycle in this subgraph satisfying 〈e, γe〉 = 1;

II.b the set {γe|e ∈ E\E ′} is a Z–basis for H1(Γ,Z).

Proof: See [OS, §4]. ¤

Let {V, E ′} be a spanning tree for a graph Γ = {V, E}. For every e ∈ E\E ′ denote
by Γe the graph {V, E ′ ∪ {e}}.
8.3 Corollary. Let {V, E ′} be a spanning tree for a graph Γ = {V, E}. Let a and b

be distinct elements of E\E ′. Then, Γγa and Γγb
are connected, elementary cycles

and Γγa ∩ Γγb
is either empty or it is a tree.

Proof: If Γ′ and Γ′′ are subgraphs of Γ one has an exact sequence

0 −→ H1

(
Γ′ ∩ Γ′′,Z

) −→ H1

(
Γ′,Z

)⊕H1

(
Γ′′,Z

) −→ H1

(
Γ′ ∪ Γ′′,Z

)

−→ H0

(
Γ′ ∩ Γ′′,Z

) −→ H0

(
Γ′,Z

)⊕H0

(
Γ′′,Z

) −→ H0

(
Γ′ ∪ Γ′′,Z

) −→ 0.
(8.3.1)

Consider Γγa . Its connected components Γγa,1, . . . , Γγa,n define cycles of Γ and, hence,
have cyclomatic number ≥ 1. Using (8.3.1) we deduce that H1(Γγa ,Z) has rank ≥ n.
Since Γγa ⊂ Γa and the latter has cyclomatic number 1, we have n = 1 and Γγa is
connected and it is an elementary cycle.

Consider the subgraphs Γa and Γb of Γ. Their intersection is by assumption a span-
ning tree and, hence, has trivial H1 and H0 of rank 1 and Γa ∪ Γb is connected. Fur-
thermore, Γa and Γb are connected, and therefore have H0

∼= Z, and have cyclomatic
number 1 by assumption. By (8.3.1) we get that the map H1

(
Γa,Z

)⊕H1

(
Γb,Z

) →
H1

(
Γa ∪ Γb,Z

)
is an isomorphism. Consider the subgraphs Γγa ⊂ Γa and Γγb

⊂ Γb.
Since Γγa ∪ Γγb

⊂ Γa ∪ Γb, we get the following commutative diagram

H1

(
Γγa ,Z

)⊕H1

(
Γγb

,Z
) ∼−→ H1

(
Γa,Z

)⊕H1

(
Γb,Z

)
y

y
H1

(
Γγa ∪ Γγb

,Z
)

↪−→ H1

(
Γa ∪ Γb,Z

)
.

We have seen that the right vertical map is an isomorphism. We conclude from (8.3.1)
that the map H1

(
Γγa ,Z

)⊕H1

(
Γγb

,Z
) → H1

(
Γγa ∪ Γγb

,Z
)

is an isomorphism. We
deduce that H1

(
Γγa ∩ Γγb

,Z
)

= 0 and that H0

(
Γγa ∩ Γγb

,Z
)

coincides with the kernel

38



of H0

(
Γγa

,Z
)⊕H0

(
Γγb

,Z
) −→ H0

(
Γγb

∪ Γγa
,Z

)
. In particular, H0

(
Γγa

∩ Γγb
,Z

)
has

rank ≤ 1. The conclusion follows. ¤

8.4 Corollary. Let Γ = {V, E} be a connected graph with cyclomatic number r. Then,

there exists an orientation of Γ and a Z–basis {γ1, . . . , γr} of H1

(
Γ,Z

)
such that:

1. 〈γi, e〉 is 0 or 1 for every i = 1, . . . , r and every e ∈ E ;

2. for 1 ≤ i < j ≤ r the intersection Γγi
∩ Γγj

is a tree;

3. γi is an elementary cycle for every i = 1, . . . , r.

Proof: Left to the reader. ¤

A Z–basis of H1(Γ,Z), such that there is an orientation of Γ for which (1)–(3) of 8.4
hold, is called a well adapted basis. Given any such we define the associated type to be
the map τ : {(i, j)|1 ≤ i < j ≤ r} → {0, 1} given by

τ(i, j) =
{

1 if Γγi and Γγj have at least one edge in common;
0 if Γγi ∩ Γγj is either empty or consists of one vertex.

For later reference we briefly recall the process of contracting graphs.

8.5 Definition. Let ∆ and Γ be connected graphs. A contraction ∆ 99K Γ is defined

by a triple {cV , E ′, cE′} where cV is a surjective map from the set of vertices of ∆ to the

set of vertices of Γ, E ′ is a subset of edges of ∆ and cE′ is a bijective map from E ′ to

the set of edges of Γ such that

(1) for every e ∈ E ′ the images via cV of the end points of e are sent to the end points

of cE′(e);

(2) if e is an edge of ∆ not belonging to E ′ the images via cV of its end points coincide.

We say that Γ is obtained from ∆ contracting the edges which are not in E ′. We say

that ∆ is a dilatation of Γ.

Note that identifying the edges of Γ with the edges of ∆ via the map cE′ , an orientation
on ∆ induces an orientation on Γ. We have a commutative diagram

C1(∆,Z) ∂−−→ C0(∆,Z)
cE′

y
ycV

C1(Γ,Z) ∂−−→ C0(Γ,Z),

where cV sends a vertex v of ∆ to cV(v), while tE′ sends an edge e to tE′(e) if e ∈ E ′
and to 0 otherwise. One then gets an induced map c∆,Γ: H1(∆,Z) −→ H1(Γ,Z).

8.6 Lemma. The map c∆,Γ is surjective. Assume that it is an isomorphism. Then,

a. if γ is an elementary cycle of Γ, also c−1
∆,Γ(γ) is an elementary cycle of ∆;

b. let C := {δ1, . . . , δr} be a well adapted basis of ∆. Then, {c∆,Γ(δ1), . . . , c∆,Γ(δr)} is

a well adapted basis of Γ for the orientation induced from ∆ if and only if the image

of ∆δi in Γ is not contained in the image of ∆δj in Γ for every i 6= j;
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c. let B := {γ1, . . . , γr} be a well adapted basis of Γ. There is an orientation of Γ
and elements sgn1, . . . , sgnr ∈ {±1} such that B′ := {sgn1γ1, . . . , sgnrγr} is a well

adapted basis of Γ and there is an orientation of ∆, compatible with the one on Γ
via cE′ , such that the inverse image C := {c−1

∆,Γ(sgn1γ1), . . . , c−1
∆,Γ(sgnrγr)} is a well

adapted basis of ∆.

Furthermore, if Γ is of type τΓ relatively to the basis B, then the type τ∆ of ∆
relatively to C satisfies τ∆(i, j) ≥ τΓ(i, j) for every 1 ≤ i < j ≤ r. If we further

assume that τ∆ = τΓ, then one can take B = B′.
Proof: Consider E ′ = E ′0 ⊂ E ′1 ⊂ · · · ⊂ E ′n = E∆ where E∆ is the set of edges of ∆
and E ′q+1\E ′q has cardinality 1. Let ∆q be the graph obtained from ∆ contracting the
edges not in E ′q.

If q = 0, the statements are obvious. If not, arguing by induction on q, we may assume
that Γ is obtained from ∆ contracting exactly one edge e. In particular, Ker(cE′) = Ze

and Ker(cV) = Z
(
t(e) − s(e)

)
. Note that Ker(cV) = 0 if and only if t(e) = s(e) if and

only if ∂e = 0. Since cE′ is surjective by construction, one shows by diagram chasing
that both in the case that ∂e = 0 and in the case that ∂e 6= 0, the map c∆,Γ is surjective.
Such map is an isomorphism if and only if ∂e 6= 0. Assume that this is the case. Let v

be the vertex of Γ image of the vertices of e.
(a) Let γ =

∑
e′ be an elementary cycle of Γ. Let γ′ ∈ C1(∆,Z) be the ele-

ment
∑

c−1
E′ (e′). If ∂γ′ = 0, then γ′ is an elementary cycle and it coincides with c−1

∆,Γ(γ).
If ∂γ′ 6= 0, then v is a vertex of Γγ . Let a be an edge of which v is the source. Since Γγ

has cyclomatic number 1 and is a cycle, Γγ\{a} is connected and has cyclomatic num-
ber 0 i. e., it is a tree. Hence, there is a unique edge b of which v is the target. Then,
∂γ′ is the difference between the target of c−1

E′ (b) and the source of c−1
E′ (a). Since ∂γ′ is

non–trivial, ∂γ′ is then equal to ±∂e (and not a multiple of it) so that there is a unique
orientation of e such that ∂(γ′+e) = 0 and then c−1

∆,Γ(γ) = γ′+e. This proves that c−1
∆,Γ

sends an elementary cycle to an elementary cycle.
(b) Certainly c∆,Γ sends cycles to cycles considering the induced orientation on Γ.

Thus, 8.4(1) always holds. Furthermore, Γc∆,Γ(δi) ∩ Γc∆,Γ(δj) is the image of ∆δi ∩∆δj

in Γ.
=⇒ This implication follows remarking that if {c∆,Γ(δ1), . . . , c∆,Γ(δr)} is a well

adapted basis of Γ then Γc∆,Γ(δi) ∩ Γc∆,Γ(δj) must be a tree.
⇐= First of all we prove that 8.4(3) holds for every cycle c∆,Γ(δi). We argue by

contradiction assuming that there exists i such that c∆,Γ(δi) is not an elementary cycle
i. e., it has cyclomatic number ≥ 2. This happens if and only if ∆δi contains the
vertices of the edge e but not e itself. Let ∆′ be the graph having the same vertices as
∆ and E∆\{e} as edges. It is a connected graph since the vertices of e are connected by
∆δi . Hence, H1(∆′,Z)/H1(∆,Z) ∼= Ze. In particular, there exists j 6= i such that ∆δj

contains e. Since ∆i,j := ∆δj ∩∆δi is a tree and contains the vertices of e, we conclude
that ∆δj = ∆i,j ∪ {e}. Then, the image of ∆δj in Γ is contained in the image of ∆δi

contradicting the assumptions.
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Eventually, we show that 8.4(2) holds. Assume that it is not the case and let i 6= j

be such that W := Γc∆,Γ(δi) ∩ Γc∆,Γ(δj) is not a tree. Since ∆δi ∩∆δj is a tree, the only
possibility is that W does not contain e but it contains the vertices of e. Since c∆,Γ(δi)
and c∆,Γ(δj) have cyclomatic number 1 by the previous argument, e must be an edge
both of ∆δi and of ∆δj . This is absurd.

(c) Assume that the two cycles γi and γj have in common an edge. Since the ele-
mentary cycles c−1

∆,Γ(γi) and c−1
∆,Γ(γj) have in common a tree by (a), the orientations on

the tree determined by the two cycles coincide. This implies the last assertion of the
lemma.

Possibly renumbering {γ1, . . . , γn} we may find a partition I1q· · ·q Im of {1, . . . , n}
such that (1) for every 1 ≤ a < b ≤ m and every s ∈ Ia and t ∈ Ib, the cycles γs

and γt have no edge in common and (2) for every 1 ≤ a ≤ m and every s, t ∈ Ia there
exists h1, . . . , hz ∈ Ia such that γs = γh1 , γt = γhz and γhi and γhi+1 have an edge
in common for every i = 1, . . . , z − 1. The observation above implies that for every h

the cycles
{

c−1
∆,Γ(γi)|i ∈ Ih

}
have compatible orientations. The oriented subgraphs of ∆

defined by the support of the cycles
{

c−1
∆,Γ(γi)|i ∈ Ih

}
and

{
c−1
∆,Γ(γj)|j ∈ Ih+1

}
have in

common at most the edge e. The induced orientations on e could be different. If this
holds,

{
c−1
∆,Γ(γi)|i ∈ Ih

}
and

{
−c−1

∆,Γ(γj)|j ∈ Ih+1

}
have in common e with the same

orientation. Proceeding by induction on h, we get the choice of signs in (b) and the
orientation on the subgraph ∆′ ⊂ ∆ defined by the support of c−1

∆,Γ(γ1)∪ · · · ∪ c−1
∆,Γ(γn)

(and on the support Γ′ ⊂ Γ of γ1 ∪ . . . ∪ γn). The complements of ∆′ in ∆ and Γ′ in Γ
are disjoint union of trees on which compatible orientations can be chosen arbitrarily.¤

8.7 Remark. Let R be a complete, local domain with fraction field K and residue
field k. Let C → Spec(R) be a stable curve. Then, the dual graph of CK is obtained
from the dual graph of Ck by contracting the edges corresponding to the singularities
of Ck that are smoothened in CK .
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[De] Deligne, P.: Théorie de Hodge. III. Inst. Hautes Études Sci. Publ. Math. 44 (1974),
5–77.

[FC] Faltings, G.; Chai, C.-L.: Degeneration of abelian varieties. With an appendix by
David Mumford. Ergebnisse der Mathematik und ihrer Grenzgebiete (3), 22 (1990).

[FvdP] Fresnel J.; Van der Put, M.: Uniformisation de variétés de Jacobi et déformations
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STUDI DI MILANO, VIA C. SALDINI 50, MILANO 20133, ITALIA

E-mail address: fabrizio.andreatta@unimi.it

42


