A Birkhoff normal form theorem for some
semilinear PDEs

D. Bambusi

Abstract In these lectures we present an extension of Birkhoff normal form theo-
rem to some Hamiltonian PDEs. The theorem applies to semilinear equations with
nonlinearity of a suitable class. We present an application to the nonlinear wave
equation on a segment or on a sphere. We also give a complete proof of all the
results.

1 Introduction

These lectures concern some qualitative features of the dynamics of semilinear
Hamiltonian PDEs. More precisely we will present a normal form theorem for such
equations and deduce some dynamical consequences. In particular we will deduce
almost global existence of smooth solutions (in the sense of Klainerman [Kla83])
and a result bounding the exchange of energy among degrees of freedom with dif-
ferent frequency. In the case of nonresonant systems we will show that any so-
lution is close to an infinite dimensional torus for times longer than any inverse
power of the size of the initial datum. The theory presented here was developed in
[Bam03, BG06, DS06, BDGS07, €06].

In order to illustrate the theory we will use as a model problem the nonlinear
wave equation

U —Autplu="f(u), weR, (1)

on ad dimensional sphere or d@, z] with Neumann boundary conditions. In eq.
(1), f is a smooth function having a zero of order 2 at the originAnslthe Laplace
Beltrami operator.
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The theory of Birkhoff normal form is a particular case of the theory of close
to integrable Hamiltonian systems. Concerning the extension to PDEs of Hamil-
tonian perturbation theory, the most celebrated results are the KAM type theo-
rems due to Kuksin [Kuk87], Wayne [Way90], Craig—Wayne [CW93], Bourgain
[Bou98, Bou05], Kuksin-Bschel [KP96], Eliasson—Kuksin [EK06], Yuan [Yua06].

All these results ensure the existence of families of quasiperiodic solutions, so they
only describe solutions lying on finite dimensional manifolds in an infinite dimen-
sional phase space. On the contrary the result on which we concentrate here allows
one to describall small amplitude solutions of the considered systems. The price
we pay is that the description turns out to be valid only over long but finite times.

A related research stream is the one carried on by Bourgain [Bou96a, Bou96b,
Bou97, Bou00] who studied intensively the behavior of high Sobolev norms in close
to integrable Hamiltonian PDEs. In particular he gave some lower estimates show-
ing that in some cases high Sobolev norm can grow in an unbound way, and also
some upper estimate showing that the nonlinearity can stabilize resonant systems,
somehow in the spirit of Nekhoroshev’s theorem.

The paper is organized as follows. First we present the classical Birkhoff normal
form theorem for finite dimensional systems and we recall its proof (see sect. 2).
Then we pass to PDEs. Precisely, in sect. 3 we first show that the nonlinear wave
equation is an infinite dimensional Hamiltonian system (subsection 3.1) and then
we present the problem met in trying to extend the normal form theorem to PDEs.
Subsequently we give a heuristic discussion on how to solve such difficulties (see
subsection 3.2). Then we give a precise formulation of our Birkhoff normal form
theorem (sect. 4). This part contains only the statements of the results and is split
into three subsection, in the first (subsection 4.1) we introduce the class of functions
to which the theory applies and we study its properties. In the second subsection
(subsection 4.2) we give the statement of the normal form theorem and deduce the
main dynamical consequences. In the third subsection 4.3 we give the application
to the considered model. Then, in sect. 5 we give a short discussion presenting the
main open problems of the domain.

Finally sect. 6 contains the proofs of all the results. The subsections of this sec-
tion are independent each other. We made an effort to give a paper which is essen-
tially self contained. We also mention that the method introduced here in order to
prove the property of localization of coefficients (the property defining our class of
functions) is original.
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2 Birkhoff’'s theorem in finite dimension

2.1 Statement.

On the phase spad@®®” consider a smooth Hamiltonian systéirhaving an equi-
librium point at zero.

Definition 1. The equilibrium point is said to belliptic if there exists a canonical
system of coordinate®, q) (possibly defined only in a neighborhood of the origin)
in which the Hamiltonian takes the form

H(p,q) :=Ho(p,q) +Hp(p,q) , (2)
where . by
P +q
Ho(p,a) =) o , @ €eR 3)
292

andHp is a smooth function having a zero of order 3 at the origin.
Remark 1 The equations of motion of (2) have the form

p=-o0— =5 (4)
q=wop+ T (5)
SinceHp has a zero of order three, its gradient starts with quadratic terms. Thus, in

the linear approximation the equations (4), (5) take the form

P =—mq L2
: = =0 6
G =op 4 +ofq (6)

namely the system consistsmfndependent harmonic oscillators.

Definition 2. The vector field

JoH &H) @

XH(p7q) = (_aq 9 Tp
is called the Hamiltonian vector field éf.

Theorem 1. (Birkhoff) For any positive integer P 0, there exist a neighborhood
7 ") of the origin and a canonical transformatiof; : R?" > % (7 — R?" which
puts the system (2) in Birkhoff Normal Form up to order r, namely

HO :—Ho .7 =Hy+2Z" + 2 (8)

where Z") is a polynomial of degree+ 2 which Poisson commutes withyHhamely
{Ho; Z(r)} =0and2" is small, i.e.
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120 <C iz, vzew"; 9)
moreover, one has
lz—= Z@| <C |2, vzew ™. (10)

An inequality identical tq10)is fulfilled by the inverse transformatiof; 1.
If the frequencies are nonresonant at ordef 2, namely if

®-k#0, VkeZ', 0<[k <r+2 (11)
the function Z) depends on the actions

. Pt
lj = 5

only.

Remark 2The remaindeZ(") is very small in a small neighborhood of the origin.
In particular, it is of ordee" 2 in a ball of radiuse. It will be shown in sect. 4.2 that
in typical casesZ(") might have a relevant effect only after a time of ordef.

2.2 Proof

The idea of the proof is to construct a canonical transformation putting the system
in a form which is as simple as possible. More precisely one constructs a canonical
transformation pushing the non normalized part of the Hamiltonian to order four
followed by a transformation pushing it to order five and so on. Each of the trans-
formations is constructed as the time one flow of a suitable auxiliary Hamiltonian
function (Lie transform method). We are now going to describe more precisely this
method.

Definition 3. We will denote by.7Z the set of the real valued homogeneous poly-
nomials of degreg + 2.

Remark 3Let g € 4] be a homogeneous polynomial, then there exists a constant
C such that s
l9(2)| <C|i7I"™* . (12)

The Hamiltonian vector fiel&y of g is a homogeneous polynomial of degriee 1
and therefore one has .
%@ <c'jlz™* (13)

with a suitable constar@’. The best constant such that (13) holds is usually called
the norm ofXy and is denoted byjXy||. Similarly one can define the norm of the
polynomialg.
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Remark 4If the phase space is infinite dimensional then equations (12) and (13) are
not automatic. They hold if and only if the considered polynomial are smooth.

Remark 5Let f € 74 andg € 7] then, by the very definition of Poisson Brackets
one had{ f,g} € 74, ;.

2.2.1 Lie Transform

Let x € s be a polynomial function, consider the corresponding Hamilton equa-
tions, namely

z2=Xy(2),
and denote by the corresponding flow.

Definition 4. The time one map = ¢t|t:1 is called thelie transform generated
by x. It is well known that¢ is a canonical transformation.

We are now going to study the way a polynomial transforms when the coordinates
are subjected to a Lie transformation.

Lemma 1. Let g€ J# be a polynomial and led be the Lie transform generated by
a polynomialy € J# with j > 1. Define

1
%:=9, a=y{x9-1}, 121, (14)
then the Taylor expansion obg is given by

9(¢(2) = I;@n (2, (15)

for all z small enough.

Proof. Compute the Taylor expansion gb ¢! with respect to time. Iterating the
relation

d
§t9°0" = {x,g} o ¢’ (16)
one has |
d
G909 = {x{x, gt o ¢’ (17)
——
| times
which gives
go¢'=Stg . (18)

Evaluating at = 1 one gets (15). Since remark 5 impligisc J4,;, eq. (15) is
the Taylor expansion ajo ¢ as a function of the phase space variablesz O

Remark 6 Corollary 4 below shows that the series (15) is convergent in a neighbor-
hood of the origin small enough.
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2.2.2 The homological equation

We are now ready to construct a canonical transformation normalizing the system
up to terms of fourth order. Thus lgl € 27 be the generating function of the

Lie transform¢;, and consideH o ¢1, with H given by (2). Using (15) and (14) to
compute the first terms of the Taylor expansiorHaf ¢ one gets

Ho¢ =Ho+{x1,Ho} +Hi+h.ot

whereH; is the Taylor polynomial of degree threeldf and h.o.t. denotes higher
order terms.
We wont to construcg; in such a way that

Z1.= {xl,H0}+H1 (29)

turns out to be as simple as possible. Obviously the simplest possible form would
bez; = 0. Thus we begin by studying the equation

{x1,Ho} +H1 =0 (20)

for the unknown polynomiaj;. To study this equation define th@mological op-
erator

Lo — I (21)

X — Lox ={Ho, 2} (22)
and rewrite equation (20) apx1 = Hi, which is a linear equation in the finite
dimensional linear space of polynomials of degree 3. Thus, if one is able to diago-

nalize the operatofy; it is immediate to understand whether the equation (20) is
solvable or not.

Remark 7The operatorfo can be defined also on any one of the spa#gsj > 1,

it turns out that£o maps polynomials of a given degree into polynomials of the
same degree. This is important for the iteration of the construction. For this reason
we will study £9 in 2] with an arbitraryj.

It turns out that it is quite easy to diagonalize the homological operator in anyone
of the spaces?]. To this end consider the complex variables

S :=\%(p|+iq|); Ul :=%(p|—iq|) I>1. (23)

in which the symplectic form takes the forghi d& Admn, 2

Remark 8In these complex variables the actions are given by

1 This means that the transformation is not canonical, however, in these variables all the theory
remains unchanged except for the fact that the equations of motions have to be substituted by
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h=3&m .

and

Ho@,n)iméml

Remark 9Consider a homogeneous polynomfabf the variablegp,q), then it is
a homogeneous polynomial of the same degree also when expressed in terms of the
variables(&,n).

Remark 10The monomial€'n" defined by
£t =gk, gk
form a basis of the space of the polynomials.

Lemma 2. Each element of the basisn" is an eigenvector of the operatdly, the
corresponding eigenvalue iéw - (L — J)).

Proof. Just remark that in terms of the variablegy, the action of£ is given by

.df dHy . df dHg
£Lof ={Ho, f} i=Fiop =2 —i—— =2
of = tHo. f} Z & o I 9§

(zaliy-sig))

Then 5
N N I
nlamé n 1&°n
and thus
£o&'nt =i (L-J)En’
which is the thesis. a

Thus we have that for eaglthe space’?] decomposes into the direct sum of the
kernelK of £ and its rangd. In particular the Kernel is generated by tesonant
monomialsnamely

K = SpariéInt e # : (J,L) €RS) (24)

g_;: — i‘l_' o= i oH
| 37]| , M aél )
and therefore the Poisson Brackets take the form

. dg d dg o
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and
RS={(J,L): o-(L-J)=0} (25)

is the set of the resonant indexes. Obviously the range is generated by the space
monomialsEInt with J, L varying in the complement of the resonant set.
Thus it is easy to obtain the following important lemma.

Lemma 3. Let f € 77| be a polynomial, write

f(&,n) = ; fa&in* (26)
and define

f
Z(&,n) = &b, x(Em) = — &gt (27
(&.m) (JMZERS wen-, x(&,m) <J,L)Z¢Rs'ﬂ"('-—3)é n (27)

then one has
Z={y,Ho}+f. (28)

and
{Z,Hp} =0. (29)

Motivated by the above lemma we give the following definition.

Definition 5. A function Z will be said to be in normal form if, when written in
terms of the variable§, 1, it contains only resonant monomials, i.e. if writing

ZEm) =y Zu&n", (30)
(L)

one has
ZJL#0:>CO-(L—J):0. (31)

Remark 11A property which is equivalent to (31) i&Z,Hop} = 0, which has the
advantage of being coordinate independent.

Remark 12If the frequencies are nonresonant, namely if eq. (11) holds, then the
set of the indexe§J, L) such thaiw - (L — J) = O reduces to the sdt= L. Thus the
resonant monomials are only the monomials of the form

&) = (&) G P = 1 (32)

It follows that in the nonresonant case a functibis in normal form if and only if
it is a function of the actions only.

2.2.3 Proof of Birkhoff's theorem.

We proceed by induction. The theorem is trivially true foe 0. Supposing it is
true forr we prove it forr 4+ 1. First consider the Taylor polynomial of degre¢ 3
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of Z") and denote it by—lfi)l € Hi,1. Let yr1 € .1 be the solution of the
homological equation

{Xr+1;Ho} + Hr(i)l =71 (33)
with Z; 1 in normal form. By lemma 3 suchyg .1 exists. By corollary 4 below, 1

generates an analytic flow. Use it to generate the Lie transfprmand consider
HI+D .= H(" o ¢, 1 and write it as follows

HO 0@ g = Ho+2" (34)
+Zra (35)
+ (200 —20) (36)
+ Hoo ¢r+1— (Ho+ {Xr+1;Ho}) (37)
+ (2" - Hr(jr)l) oPri1 (38)
+ Hr(r+>1 °Pri1— Hr(r+)1 : (39)

definez(*1 := z( 1 7, .,. To prove that the terms (36-39) have a vector field
with a zero of order at least+ 3 use lemma 1 which ensures that each line is the
remainder of a Taylor expansion (in the space variables) truncated atrorder

It remains to show that the estimate (10) of the deformation holds. Denote by

Rr1 a positive number such th&r , C %S(r), and remark that, by lemma 6,
possibly reducindr 1, one has

Ory1:Bp =By, Vo<Rn
and

suplz— ¢r41(2)|| <Cp" 2. (40)

Bp

Define Z; .1 := 9 o ¢r 1 then one has
ld—J=ld—Zoprp1=l1d-F+ % - Fopri1
and thus, for ang € B, with p small enough, we have

12— T2 < 2= Z D+ 1% (2) = Z (¢r11(2) |
< Cp?+ sup||dZ (2)| supliz— r+1(2)]

2eBy, 2€Bp
<Cp2+Cpt2<Cryp?
<Gp~+Cp S Grap

from which the thesis follows.
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3 The case of PDEs

3.1 Hamiltonian formulation of the wave equation

Consider the nonlinear wave equation (1).
It is well known that the energy is a conserved quantity for (1). It is given by

2 2,2
H(u,v) ::/ <V2 — uA2u+/.L2u> ddx+/ F (u)d%x (41)
D D

wherev := u; andF is such that-F’ = f, andD is eithers (d-dimensional sphere)
or [0, ]. The functiorH is also the Hamiltonian of the system and the corresponding
Hamilton equations are given by

where,H is thelL? gradient ofH with respect tai, defined by
(OuH;h) 2 =dyHh YheC®(D) (43)

where q is the differential with respect to thevariables[]y is defined similarly.

To write (1) in the form (2) we have to introduce the basis of the eigenfunctions
of the Laplacian.

In the case of0, n] the eigenfunctions are given by

&= =, ei=—— cog(j-1x), =2 (44)

v T x)2

and the corresponding eigenvalues-of areldj = (j — 1)2.
In the case of the dimensional sphere the eigenvalugf —A are given by

Aj=(-1(i+d=-2); (45)

moreover thg™ eigenvalue has multiplicity

1(j) == (”3‘1) .

We will denote bye; a basis of eigenfunctions of the Laplacian, which is orthonor-
mal inL? and such that

—Agj :Aje” , =1, 1=100%()) . (46)

For example they can be chosen to be the spherical harmonics.
In both cases defin@;, p; andq; by
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j = A a2 (47)

U—Z i eJ|, V_er”ejl (48)

with the convention thalt takes only the value 1 in the case[06fx] (and that, in
such a case it will not be written).
Then the Hamiltonian (41) takes the form (2) with

m_zz

andHp is given by the second integral in (41) considered as a functiar of

W+% (49)

3.2 Extension of Birkhoff’s theorem to PDEs: Heuristic ideas

In this section we will concentrate on the case of the nonlinear wave equation on
[0, 7].

The main difficulty one meets in order to extend the theory of Birkhoff normal
form to infinite dimensional systems rests in the denominators one meets in solving
the homological equation, namely in the second of equations (27). Indeed, while
in the finite dimensional case one has that the set of vectors with integer compo-
nents having modulus smaller than a givea finite, this is no more true in infinite
dimensions.

It turns out that typically the denominators in (27) accumulate to zero al-
ready at order 4. An example of such a behavior is the following one. Consider
wj+1:= /j2+u2. Forl > 1 consider the integer vecté!) whose only compo-
nents different from zero are given by = —2, K|_; = 1 K|, 1 = 1; such a vector
has modulus 4, and one has

K(I).w:m+l+@71_2m _ /|2+H2+\/(|—2)2+#2—2\/(|—1)2+N2

Thus Birkhoff theorem does not trivially extend to infinite dimensional systems.

However it turns out that in the case of PDEs the nonlinearity has a particular
structure. As a consequence it turns out that most of the monomials appearing in the
nonlinearity are small and do not need to be eliminated through the normalization
procedure. To illustrate this behavior consider the map

HS([0,7]) > u— u? € H([0, @] , (50)
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which is the first term of the nonlinearity of the nonlinear wave equation (1). The
use of Leibniz formula together with interpolation inequality allows one to prove
the so called Tame inequality, namely

12| < Cs]lullg]lull; - (51)

The key point is that, ifi has only high frequency modes thenkt$ norm is much
smaller than thédS norm. Indeed, assume that, for some ldwjene has

u= ) Oxe& (52)
then one has
U= 5 KJa? P el (53)
= kIl — KI > T o1 .
1 i Ly Kk2(s-1) M2(s—1) s

Collecting (53) and (51) one gets

1
U2l < Cspge Il (54)

which is very small ifM ands are large. In order to exploit such a condition one
can proceed as follows: givanc HS split it into high frequency and low frequency
terms, namely write

us:= PUCE ut = Y Ok (55)
[k|<m k=M™
then one has
W2 = (uS)?+ 20Ut 4 (Uh)2, (56)

the norms of these terms are bounded respectively by

1
2 2 2
ulls 5 lulls , WHUHS

from which one sees that the last term can be considered small and is not relevant
to the dynamics. Thus one could avoid to eliminate such a term from the nonlin-
earity. Correspondingly one will not have to consider small denominators involving
frequencies with many small indexes.

To be able to exploit the tame property one has to ensure that it persists under the
operations involved in the construction of the normal form, namely the computation
of Poisson Brackets and the solution of the Homological equation. Now the stability
of the tame property under Poisson Brackets is easy to check, while the verification
of the stability under solution of the Homological equation is difficult and at present
not known. For this reason one has to perform a more careful analysis. It turns out
that it is convenient to understand the structure of the coefficients of the nonlinearity
that ensure the Tame property, and to show that such a structure is invariant under
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the construction. The theory we develop is a variant of that developed by Delort and
Szeftel in [DS06].

4 A Birkhoff normal form theorem for semilinear PDEs

4.1 Maps with localized coefficients and their properties

Having in mind the case of the nonIinear wave equatio®irconsider the spadg

of the sequences= {q”}Jl <I=P0) such that

1*(j)
lall2 = 2 1% S lapl? <, (57)
<J =1

with a suitabld*(j).
Then define the projectois; by

qu2: Zq“eﬂ (58)

(sum only ovet), and the spacds; := Hjég, which are independent sf

The spaces?s := (2 x (2 5 (p,q) will be used as phase spaces. We will also use
the spaces’s = Ns s and ¥ _, 1= U ¥s. It is useful to treat thg's and the
g's exactly on an equal footing so we will use the notation

Zy=dj, Zj:=pj, j=>1,

correspondingly we will denote Igthe set of all the variables and we will use the
projector

I'LjZZ:ZDnejl , J=1. (59)

Given an elemerz € Z, one can write it as

z= )Y Iz, (60)

123 = ‘ZOUFSHH,:HZ (61)
J

so that one has

where we defined

2% = Z 22 (62)
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Let f : Z» — R be a smooth polynomial functions homogeneous of degree
We can associate tbha symmetric multilinear map, defined by the property

f(29="1(z...,2) (63)
\\-,-/
r—times
then we can write B
f(z) = ‘ Z f(Ij,z,...,ITj, 2) . (64)
]l?"‘7Jr

We will assume suitable localization properties of the norni dt}, z,..., IT;, 2)
as a function of the indexgs, ..., jr.

Definition 6. Given a multi-indexj = (j1,..., jr), et (jiy, iy, Jiz---» Jir) b€ a reorder-
ing of j such that
isl = 1iol 2 il = - = i | -

We defineu(j) := |ji,| and
S(j) = w(d) + i = il - (65)

Definition 7. Let f : %, — R be a homogeneous polynomial of degreéet f be
the associated multilinear form. We will say tHalhas localized coefficients if there
existsv € [0,+w) such thatVN > 1 there exist£y such thatvz e #., and any
choice of the indexef, ..., j; the following inequality holds

= (i)™
f(II},z,....ITj,z)| <Cn SHL

Definition 8. A function f € C*(% ,R) with 7 C . will be said to have localized
coefficients if

2. |1, 2] (66)

i) all the terms of its Taylor expansion have localized coefficients.
i) for anyslarge enough there exists a neighborh@bt? of the origin in. %5 such
thatX; € C*(% ¥, 2s).

Remark 13In the case of0, ] the property (7) turns out to really be a property

of the coefficients of the expansion of the nonlinearity on the basis in which the
quadratic part is diagonal. To understand this point consider the case of a homoge-
neous polynomial dependent gronly. Writeq = 3 ; g;e;j, then one has

(@) =3 Fley, )00 =0 Y fipeo e iz (67)
J J

p(j)rn
..... S(J)N

. UN>1 (68)
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Itis useful to extend the definition to polynomial maps taking valugin

Definition 9. LetF : 2., — &_., be a polynomial map of degreend letF be the
associated multilinear form. We will say thethas localized coefficients if there
existsv € [0,+) such that

()™

HHiIE(Hle,.‘.,erZ)H <Gy .US(I’ N HHhZH ||er2H ) (69)

Vze Yw, YN2>1 (70)
Here we denoted b, j) the multi-index(i, j1, ..., jr)-

Remark 141t is easy to see that if a polynomial function has localized coefficients,
then its Hamiltonian vector field has localized coefficients.

Remark 15By the very definition of the property of localization of coefficients it is
clear that any (finite) linear combination of functions or maps with localized coeffi-
cients has localized coefficients.

Remark 16As it will be clear from the theory of sects. 4.3, and 6.3 it is quite easy
to verify the property of localization of the coefficients.

The main properties of polynomials with localized coefficients are their smooth-
ness, their stability under composition, linear combination and solution of the ho-
mological equation. In this subsection we will just state the corresponding results
that will be proved in the appendix.

First one has that the vector field of a polynomial with localized coefficients has
the tame property.

Theorem 2.Let F: &, — &_ be a polynomial of degree r with localized coeffi-
cients, then there existg such that for any & 5 it extends to a smooth map from
P to itself, moreover the following estimate holds

IF@)ls < CllzlsllZlg ™" - (71)

Corollary 1. Let f be a function with localized coefficients, then the result of theo-
rem 2 holds for its vector field.

The composition of maps with localized coefficients has localized coefficients.
Precisely

Theorem 3.Let f: &, — R be a polynomial of degree with localized coeffi-
cients, and let G £, — &_., be a polynomial of degree mwith localized coeffi-
cients, then the polynomial

df(2)G(2) (72)

has localized coefficients.
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Thus the strategy in order to verify the property of localization of the coefficients
is to verify it for a few simple maps and then to use the composition (72) to show
that it holds for more general maps. The precise example we have in mind is that
wheref (u) = [u® andG(u) = u?, in which df (u)G(u) = 3 [ u*. Hence by iteration
one gets that all polynomials imhave localized coefficients ifu® has.

Moreover the following corollary holds.

Corollary 2. The Poisson Bracket of two functions with localized coefficients has
localized coefficients.

In order to develop perturbation theory we need a suitable nonresonance condi-
tion. This is given by the following definition.

Definition 10. Fix a positive integer. The frequency vectaw is said to fulfill the
property (r—NR)if there existy > 0, anda € R such that for anyN large enough
one has

> 7 (73)

for anyK € Z%, fulfilling 0 # |K| =5 [Kj| <r+2, ¥ j-n[Kj| < 2.

Itis easy to see that under this condition one can solve the Homological equation.
The precise statement is given by the following lemma.

Lemma 4. Let f be a homogeneous polynomial of degree less or equal than r having
localized coefficients. Letgbe given by{49) and assume that the frequency vector
fulfills the condition r-NR. Consider the Homological equation

{Ho,x}+f=2. (74)

Its solutiony, Z defined byi27) has localized coefficients. In particulgrhas local-
ized coefficients.

4.2 Statement of the normal form theorem and its consequences

Using the above results it is very easy to prove a version of the Birkhoff normal
form theorem for PDEs.

Definition 11. With reference to a system of the form (2) witlg given by (49), the
quantity
v I
Py + i
=) — 7
Jj Z > (75)

is called the total action of the modes with frequengy
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Theorem 4.Fix r > 1, assume that the nonlinearitypthas localized coefficients
and that the frequencies fulfill the nonresonance condition (r-NR), then there exists

afinite s a neighborhood?/sfm of the origin in%s, and a canonical transformation
T %sfr) — P which puts the system in normal form up to orde¥ 3, namely

HD :=HoZ =Hy+2" + 2" (76)

where 2" and 2" have localized coefficients and

(i) Z" is a polynomial of degree+ 2 which Poisson commutes with for all j's,
namely{Jj;Zm} =0
(i)2") has a small vector field, i.e.

X0 @l <ClZE? . vze 7" 77
(iione has
lz= Z@lly <Cl2 . vze " . (78)

An inequality identical tq10)is fulfilled by the inverse transformatioff 1.
(ivFor any s> s there exists a subs@’s(r) - %sf” open in s such that the re-

striction of the canonical transformation @s(” is analytic also as a map from
Ps — Psand the inequalitie$77) and (78) hold with s in place of,s

The proof is deferred to sect. 6.2.

In order to deduce dynamical consequences we fix the nundferormalization
steps; moreover, it is useful to distinguish between the original variables and the
variables introduced by the normalizing transformation. So, we will denote=by
(p,q) the original variables and by = (p’,d) the normalized variables, i.e=
Z(Z). More generally we will denote with a prime the quantities expressed in the
normalized variables.

Proposition 1. Under the same assumptions of theoremvgl> s there exists,s
such that, if the initial datum fulfills

e 1= ||z < s
then one has
0] L
l|z(t)||s < 4e for |t\§E (79)
(ii)
Zj23|Jj(t)ij(0)|§CeM+3 for |t|gi M<r (80)

ST*M ’
J

and
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S i=[3() - 3(0)] <Ce* for |t|§;1r. (81)
]

(ii)if for each j the space s one dimensional, then there exists a smooth tailus
such thatyM <r

ds(z(t), To) < CeM+3/2 " for |t| < (82)

grfM

where d(.,.) is the distance in%s.

4.3 Application to the nonlinear wave equation.

The aim of this section is to verify the assumptions of theorem 4 in the model prob-
lems we are considering.

We start by the property of localization of the coefficients. The main step consists
in verifying the property for the Hamiltonian function

f(u) = /D W(x)dx ; 83)

the corresponding multilinear form is given by

f(u,up, u3) ::/Dul(x)uz(x)U3(x)dx, (84)

so we have to estimate such a quantity whea E,;, namely the eigenspace efA
corresponding to the eigenvalidg . We have the following theorem.

Proposition 2. Let E, be the eigenspace efA associated to the eigenvalidg, then
for any N> 1 there exists § such that one has

u(n)N+V
|

’ /D Un, (X)Un, (X)Ung (X)dX| < Cn s

|Un1|||_2||un2|||_2HUH3HL2 (85)

for all Un; € En;.

A simple strategy to obtain the proof consists in considering the quantity (84) as
the matrix elements of index, n; (on the basis of the eigenvectors of the Laplacian)
of the operator of multiplication byn,. The actual proof is deferred to sect.6.3.

Corollary 3. The nonlinearity given by the second integral(#1) has localized
coefficient.

Proof. This is a consequence of proposition 2 and of theorem 3. Indeed a term in
the Taylor expansion ofy F (u)dx is a multiple of

ti(U) = /Sd K(x)dx (86)
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and one hag(u) = Cdto(u)Te_1(u), whereT,_1(u) = u“L. Then such a quantity
has localized coefficients by theorem 3. O

In order to apply theorem 4 to the nonlinear wave equation (1) there remains to
verify the nonresonance conditign— NR). To this end consider the frequencies

o1 =1/j(j+d=1)+p? (87)
then we have the following

Theorem 5. There exists a zero measure set 8 such that, ifu € R — S, then the
frequencieg87) fulfill the condition(r — NR) for any r.

The proof was given in [BamO03] (see also [BG06]), and for the sake of complete-
ness it is repeated in Appendix 6.4.

Thus the main theorem and its corollaries apply to the nonlinear wave equation
both in the case of [@] and in the case of the dimensional sphere.

Remark 17A particular consequence of this theory is that it allows one to ensure
existence of smooth solutions of the nonlinear wave equation on the sphere for times
of ordere™". It has to be emphasized that wheép 1 local existence is ensured only

in HS, with s> 1, so that the energy norm is useless in order to deduce estimate of
the existence times of solutions. At present the method of Birkhoff normal form is
the only one allowing one to improve the times given by the local existence theory.

5 Discussion

First | would like to mention that, as shown in [BGO06], theorem 4 is a theorem that
allows one to deal with quite geneisgmilinearequations irone space dimension

The limitation to semilinear equation is evident in theorem 4. Thus in partic-
ular all the equations with nonlinearity involving derivatives are excluded from
the present theory. It would be of major interest to have a theory valid also for
some quasilinear equations, since most physical models have nonlinearities involv-
ing derivatives. Very little is known on quasilinear problems. At present the only
known result is that of [DS04] (and a recent extension by Delort), where only one
step of normal form was performed for the quasilinear wave equation. It would be
very interesting to understand how to iterate the procedure developed in such papers.

The limitation to 1-space dimension is more hidden. Actually it is hidden in the
nonresonance condition. Indeed its verification is based on the asymptotic behavior
of the frequencies: the nonresonance condition is typically satisfied only if the fre-
guencies grow at infinity at least ag ~ j. As it was shown in the example of the
nonlinear wave equation on the sphere, the possible multiplicity of the frequencies is
not a problem. The theory easily extends to the case where the differences between
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couples of frequencies accumulate only at a discrete subBefldfe understanding
of the structure of the frequencies in higher dimension is surely a key point for the
extension of the theory to higher dimensions.

Finally | would like to mention the fact that all known applications of the con-
sidered theory pertain equations on compact manifolds, however in principle the
theory applies to smooth perturbations of linear system with discrete spectrum. A
nice example of such a kind of systems is the Gross Pitaevskii equation. It would be
interesting to show that such an equation fulfills the assumption of theorem 4. This
could be interesting also in connection with the study of the blow up phenomenon.

6 Proofs

6.1 Proof of the properties of functions with localized coefficients

Lemma 5. Let ze &5 with s> v + 1/2 then there exists a constang 8uch that

; 1" [[T2]| < Gslizlls (88)
j#0

Proof. One has

;m \!HJz|!<z|J\S|J|S_ ,/ z|1|ZSHHJzH

which is the thesis. a

Proof of theorem 2.Write explicitly the norm ofF(z). One has

||F<z>\|§=z|l|25 |
J1

In what follows, to simplify the notation we will write

2
(89)

S OF(Iz..IT;,2)

3 = ||z

One has

S PIF (M2, ... T, 2)

J15eeesir

i 1\V+N
<c'y it T A (©0)

Since this expression is symmetricjin ... j; the r.h.s. of (90) is estimated by a
constant times the sum restricted to ordered multi-indexes, namely indexes such that
[i1] <ljz2| < ... <|jr|- Moreover, in order to simplify the notatiomse will restrict to
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the case of positive indexeko estimate (90) remark that for ordered multi-indexes
one has )
(101
SO
Indeed, ifl <2j, this is obvious (/S < 1 by the very definition), while, if > 2,
one hass(j,1) > |l — ji| >1/2, and therefore

<2jy . (91)

Remark now that, by the definition &one has

. 1+ [jr =] if 1> jr-1
S(L)_{[.L(],l)‘i’]r]r12|+1r]r1|f|<1r1

Thus definé(j, 1) := min{1+|jr —I|,1 + jr — jr_1} and remark tha®(j,1) > §(j,I).
Remark also that(j,l) < jr_1. So it follows that (90) is smaller than (a constant
times)

> isiﬂ(J’l)Nwa- aj, < Z ir= [y aj,...a; (92)
Wei SN b T as Sy S
JN/+v
S||Z|| z JS r N’ ]r 1aJ (93)

Jr—1,Jr

where we denotetl’ := N — s and we used lemma 5; we denoteddpya number
such that; > 1/2. Inserting in (89) one gets

, - JN+V 2
wwm<MJ”Z<ZJSﬂN”Mm>

Jr—1:0r

2
ai 1
= ||z 2 iNtvay Y it ;
a2\ 2 3 g &g e

2(r—2 N
9N§>ZQ;mT@” Z“au V%au )

Now the last sum irj; is finite provided\’ > 1. Remark now tha(j, 1) > §(j,1) :=
min{1+ |l — j;|,I} (independent of,_1), and therefore the above quantity is esti-
mated by a constant times
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2
2
Hzlli}“zi (Jz Niva,,, zjr sm ) (94)

2
= HZHslr 2 JZS ; ; < :\Ilivajr1> (95)
z ZS( N lr 1
<ClZ3 12152 123 (96)

wheres is such thaty > N’ +v +1/2. Choosings < s and estimatingz||s with
|Zl|s, one gets the thesis. O

Proof of theorem 3.First remark that the multilinear form associated to the poly-
nomial df (z)G(z) is given by the symmetrization of

rif(zZY, ..., 21 G, ... A"t 1y) (97)

We will estimate the coefficients of this multilinear function. This will give the
result. Forgetting the irrelevant constantthe quantity to be estimated is

f(IT,2,.... I, _,2.G(IT, 2., I%; ,2)) (98)
= Z f(I1;,z, ...,n,—,rlz,mé(mlg 0 ) (99)
(J ) u¥2*
< '
oo 3 Ui M Imal-m oo

Thus it is enough to estimate

prN (LD NG
SG,ON sV

(101)

This is the heart of the proof.
In order to simplify the notation we will restrict to he cage-1=r, =r. Due to
the symmetry of this estimate we will restrict the case of ordered indexes, that can
also be assumed to be positive, so that onejhasj,_1 > ... > j1 and similarly for
i.
All along this proof we will use the notation

S() = Jr =2 =Sj) — u(j)

We have to distinguish two cases.
First casejr > ir > jr_1.
The proof of this first case is (up to minor changes) equal to that given &0@3r
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TakeN’ = N, then before estimating (101), we need to estimate the general term
of the sum. So we collect a few facts on it.
The main relation we need is

S, j) < S+, - (102)

This will be established by writing explicitly all the involved quantitied agiries.
So, first remark tha¥(i, j) = j; —ir. Then one has

&i I):{i,_—irl if1<irs &) = {jr__jrl ifl<ji1

lir =11 if I >0 [ir =1 if1>jr—1
which gives
ir—ir—l‘i‘jr_jr—l > jr _jr—12 jr—ir if | < ir—l
. . I —ir+jr—Jr—1> jr— jr—1 > jr —irif ir—1 <1 < jrog
S, +S(j,1) = lir =+ 1jr =1 > k=1 > jk—ik if ko<l <ip
lir =1+ 1ir =l =jr =141 =i ifir <1 <
lip =1 +]jr =1 =1 =ir > jr =i if jr <I
from this (102) follows.
One also has
p(i) < j),  wdl) <ud,j). (103)
Thus
S(, j) S(9) SERSIR) Si.) &L sih | sL)
=1+ —< <1+ — <1+ ——=+ =~ < —=+ -
u(,j) u(,j) u(,j) p( ) pd i) ) o udg)

From this one has

} . (104)

Separate the sum over thdsguch tha t‘é( S((— and that over its complement.
Let L, be the first set. Then one has

.UV1+N(j’|)‘uvz+N(i7|) 1 vl.u(i J)Nflfs‘u(u)lﬂﬂ/z
I;l 5(j7|)N 5(i7|)N SI;ZN 1- u(j,!) s, )N 1-¢ S(i’l)l—',-g
,u( J)N+v1+vz

CW'

Acting in the same way for the caseldf one concludes the proof in the first case.

Second casg; > j,_1 > i;. Here it is easy to see that (102) still holds. However, in
some cases it happens that the equation

u(jh) < u(i,j) (105)
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is violated. When (105) holds the proof of the first case extends also to the present

case. So let us consider only the case where (105) is violated. We claim that in this

case one has )
K1)
i, 1)

To prove (106) we distinguish two cases

i) jr—2 < ir < jr—l < jr-

Then (105) is violated wheip < | < j;_4. In this case one has

<2u(i,j) - (106)

Si,) =1—i (107)
It follows that
pg,h) 111
S0y uli, i) =i

which is easily seen to be smaller than 2 (for example write, + §, then the
relation becomes evident).
i) ir < jr—2<jr—1 < jr. Here (105) is violated whep_» < | < j,_1. It is easy to
see that also in this case (107) holds. Then
pG) 11111
é('a') nu(laj) |—|r Jr7|—|r |r
from which (106) still follows.
It is now easy to conclude the proof. Také= 2N + v, then, using (106) one has

‘u(i’|)vl+2N+v2 “(j7|)N+v2
S, A2 §(j, DN
u(i, )Y <u(j,l)>N+V2 1

<
- SN (1) S(j,HN
p(i, VA2 i, N2
- SN S(j, N
From this, following the proof given in the first case it is easy to prove that
Si.J)  SGD | SG.
u(i,§) = ouds) o oudj)
and to conclude the proof in the same way as in the first case. O

Proof of lemma 4. Consider the polynomidl and expand it in Taylor series. Intro-
duce now the complex variables (23). Remark that this is a linear change of variable
so it does not change the degree of a polynomial. Remark that the change of vari-
ables does not mix the different spadgsx E;. It follows that if a polynomial has
localized coefficients in terms of the real variables it has also localized coef-
ficients when written in terms of the complex variables, i.e. it fulfills (66) veith
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which is eitheré; or nj. Remark that the converse is also true. NAvs the sum of
some of the coefficients df so it is clear that its coefficients are still localized. In
order to estimatg, remark first that, in the particular case where

f(Z) = f(Hh&,...,erli,mln,...,mrzn)
(no summation ovey,l) one has
{Ho, f} =i(@j, +.. + @j, —o, —... — oy ) f (108)

It follows that in the case of generélthe functiony solving the homological equa-
tion can be rewritten as

x(é n) I f(Hjlé’"'7erl€am1n7---7mr2n)
,n): ]Zi(w11+"'+wjr1_a)ll_"'_a)lrz)

(109)

where the sum runs over the indexes such that the denominators do not vanish. Now,
it is easy to verify that by conditionr{NR) the denominators are bounded from
below byy/u(j,1)*. Soy fulfills the estimate (66) witlv substituted bw + ¢, if

f does withv. O

6.2 Proof of the Birkhoff normal form theorem 4 and of its
dynamical consequences.

In this section we will fixs large enough and work if”s. Here B C &5 will
denote the open ball of radilswith center at the origin i”s. Moreover all along
this section’z] will denote the set of homogeneous polynomials of degree?
having a Hamiltonian vector field which is smooth as map fromZs to itself.
Finally, along this section we will omit the indexfrom the norm, thus we will
simply denotd].|| := ||.||.-

First we estimate the domain where the Lie transform generated by a polynomial
x € 7, (j > 1) is well defined.

Lemma 6.Lety € 74, (j > 1) be a polynomial. Denote by the flow of the cor-
responding vector field. Denote also

t=t(RJ):= ZiEanRsup{t >0:9'(2) €Brsand ¢ '(2) € Bris}

(minimum escape time ¢f(z) from Bz, 5). Then one has

— 0
2R o
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where||X, || is the norm defined in remark 3. Moreover for angtich thatt| <t
and any z Bg one has

16°@ —2l| < IR X | (111)

Proof. First remark that, by the definition 6fone_ has that there exists Bgr such
that||¢*(Z)|| = R+ 8. Assume by contradiction< W, then, since for any
— v

t with [t| <t one has)!(zZ) € Br, 5. It follows that

o] < 121+ o 2| = 121+ [ Gpo°mes

F .
<R [ [ (0%@)as] < R IRV,

from whichR+ 6 < R+ /2 which is absurd. O

Sincey is analytic together with its vector field (it is a smooth polynomial), then
one has the following corollary.

Corollary 4. Fix arbitrary R andé, then the map

)

¢:BGXBR—>BR+87 G:W

(t,2) — ¢'(2)

is analytic. Here, by abuse of notation, we denoted pyaBo the ball of radius>
containedC.

Proof of theorem 4. The proof proceeds as in the finite dimensional case. The
only fact that has to be ensured is that at any step the functions involved in the
construction have localized coefficients. By lemma 4 the solytjqa of the homo-
logical equation (33) has localized coefficients. Thus, by theorem 2 its vector field
is smooth on a spac#’s . ,. This determines the index, ; of the space with min-

imal smoothness in which the transformatiéh, ; is defined. By corollary 411
generates an analytic flow. As in the finite dimensional case we use it to generate
the Lie transform. Thenl "1 s still given by egs. (36-39). Remark now that given

a Hamiltonian functiorf, the Hamiltonian vector field of o ¢ is given by

Xfog,.1(2) = db 5 (0r41(2)Xs (9r41(2)) (112)

so that the Hamiltonian vector fields of the terms (35), (36), (38), (39) are smooth.
To ensure the smoothness of the vector field of (37) write

{(2) :=Hoo ¢ —Ho— {xr+1,Ho}

and remark that
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1d
Hol0r-2(2) ~ Ho(d) = | StHo(ol 1 (@)l
1 1
= [ Hob (@ a@)dt = [ (HD1(081(2) ~ Zesa(9ha@)et,

where we used the homological equation to calculgte 1, Ho }. Denote agails :=

Hr(r+)1 —Zr11, then one has

1
(2= [ (66ta(@)-G@)d.

from which the smoothness of the vector field of (37) immediately follows. Since
the Taylor expansion of the terms (36-39) can be computed using (14), by corollary
15 one has that all these functions have localized coefficients. Then, as in the finite
dimensional case the terms (36-39) have a vector field with a zero of order at least
r + 3 which ensures the estimate of the remainder.

We show now that the normal for@") commutes with all the;. To this end
remark that, by construction, the normal form contains only resonant monomials,
i.e. monomialsttn? with

OZJZ(DJ'(\]“—L“):;(DJ' (Z(J“—L“)) . (113)

Now the nonresonance condition implies
(Z(J“ Lj|)> =0 Vj.

{3,¢n7}) =i [Z(le —le)] g’ =0 (114)

It follows

which is the wonted property.

Finally the estimate (78) of the deformation can be obtained exactly as in the
finite dimensional case. O
Proof of proposition 1. We start by (i). Assume thatis so small thaBgz, C 9/5“);
perform the normalizing transformation. Remark that, by (78), onezhasB,. C

. DefineF(2) := 5 |j1%; = ||z||§, then, as far a§Z (t)||s < 3¢ one has

s <

IF(Z(t) —F(z)|= /Ot{H(r),F}(z’(s))ds‘

< /Ot H%“),F}(z’(s))‘dsg lt|Ce™3 < Ce® (115)

where the last inequality holds for the times (79). To conclude the proof of (79) it is
enough to show that, for the considered times one actually'ftase Bs.. To this
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end we follow the scheme of the proof of Lyapunov’s theorem: define
t:=sup{t>0 : ||Z(t)||<3eand|[Z(-t)|| < 3¢}

To fix ideas assume that the equality is realizect fert Assume by contradiction
thatt < €', then one can use (115) which gives

1Z®)|? = 92 = F®) <F(%)+|F(Z(t) — F(z)| < 462 +Ce?, (116)

which is impossible foe small enough.
We come to (ii). First remark that

, 0#") R

JJ:Z<_pJI aq/ll +qJI ap/JI > )

so that

o#") R

(117)

j2sj{: jZS
YIEPI=2

_p’. +d
] Fogy 7 ap,

1/2 9590 2 2\ \ 1/2
< | ¥ %057+, j> (118)
<JZ e JZ I

<|Z|l{%0 @)l <C|Z|l5°  (19)

0"
Ip;

+ ‘

which implies (80).
To prove (81) write

[3(t) = 3;(0)] < [3j(z(1) = I (Z (1)) + I (1) = I(0)] +[3j(20) = Jj(2)] - (120)

The contribution of the middle term is estimated by (80). To estimate the contribu-
tion of the first and the last term write

i) 0 — 2] < %= (2d | lap —dy ]+ lap — o ?) (121)

adding the corresponding estimate for fheariables and summing ovér one gets
the thesis.

We come to (iii). In the considered cadgreduces tdj, so the actions are in-
dividually conserved. In this proof we omit the indexwhich would take only the
_ P20)+d;%(0)

-2

value 1. Denotg;’ := and define the torus

Th:={Z € Ps: 1j(Z)=1;}

o=y

One has

271/2
d(Z(1), To) < [z j ] (122)
J
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Notice that fora,b > 0 one has,

|va-vb| < via-bl.
Thus, using (119), one has that

[dZ(1),To)]* < 3§21} (t) —Tj < CeM*
J

Define nowTy := 7 (Tp) then, since is Lipschitz one has

M+3

d(z(t), To) = d(F(Z (1)), % (To)) < Cd(Z(t),Tp) < Ce 2

6.3 Proof of proposition 2 on the verification of the property of
localization of coefficients

In this subsection we will prove the property of localization of coefficients for the
functionu — [u® in the case where the basis used for the definition (66) is the
basis of the eigenfunction of general second order elliptic operator. Thus the present
theory directly applies also to the case of the equation

Ut — Uxx +Vu= f(x u)

with Neumann boundary conditions ¢@ ]. The case of Dirichlet boundary con-
ditions can also be covered by a minor variant (indeed in such a case the function
u— [ u® has to be substituted by the function- [ u*.

Thus consider a second order elliptic operdpwhich isL? self adjoint. This
means that we assume that in any coordinate system there exist smooth functions
Va(X), a € N such thaP = Y jaj<2Vad?, where we used a vector notation for the
derivative. Moreover we will assume that

[Ullsy2 < [[Pulls -

Then, byL? symmetry, one gets

Julls < |

PS/ZuHO , (123)

(whereP%? is defined spectrally). We will denote Hy(P¥) the domain ofP¥. Fi-
nally, denote by, the sequence of the eigenvalue®aiounted without multiplicity
(i.e.in such a way that,1 > Ap). We will assume that the eigenvaluesabehave
as, ~ n?. We will denote byE, the eigenspace & relative to,.
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Let A be a linear operator which mapgP¥) into itself for allk > 0, and define
the sequence of operators

Ay :=[PAN-1], Ao:=A. (124)

Lemma 7.Let P be as above and lef & En,. Then, for any N> 0 one has

|(Aug; Up) | Anuz; )| (125)

<1 i
= Ay — Any N
Proof. One has

(Aqug;u2) = ([A Plug;u2) = (APu; Uz) — (PAW; U2)
= An, (AUg; U2) — (Aug; Plp) = (An, — An, ) (Alg; U2)

Eq. (125) follows applying the above equality to the operdter= [P,Ay_1] and
using an induction argument. O

To conclude the proof we have to estimate the matrix elemengg,pf.e. the
r.h.s. of (125). To this end we need a few remarks and lemma.

Remark 18Consider twad-dimensional multi-indexeg andf and define

(5) = precpy

with the convention that it is O i; > «; for somej. One has

2%(uv) = %) 9BugePy . (126)
2 ()

Remark 19Let A:= a(x)d* andB := b(x)d? with a andb smooth functions. Then

one has
AB= Y {a <ﬁ > d’b—b ("‘) aYa} 9uth-r 127)
Yi<oj+Bj 14 4

Lemma 8. Choose a coordinate system, letAay(x) be a multiplication operator,
then one has

An = ; ) ge (128)
|a|<N
with CSXN) of the form
=Y Vi Pag (129)
B|<2N-|a|

and \ég) which are C° functions depending only on the functiong défining the
operator P.
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Proof. First remark that by (127), the operaty is a differential operator of order

N. By induction, using (127) one easily sees that the coefficients of such an opera-
tor are linear combinations of the derivativesagf To show (129) we proceed by
induction. The result is true fdd = 0. Then use equation (127) to compute

VM“;C%N)aﬁ} = 3y |:Va (ﬁ) 97y — (‘;) 87Va] 0%TF=(130)
ri<aj+pBj

Consider the first term in the square bracket which is the one involving more deriva-
tives ofcgN). SincecgN) depends o@?ag with |5| < 2N — |B], one has tha.f)Vc;jN)

depends only on the derivativé§ag with | 5| < 2N — |B|+ |y]; in order to conclude
the proof we have to show that this is smaller thaN 2 1) — (|a|+ |B| — |7]), @
fact which is true sincéx| < 2. O

Remark 20Let u, € E, then by (123) one has
[[unlls < Cr*[[unllg

Remark 21Let u, € Ep with ||ua||o = 1, andb, be a smooth functiono( € N9,
then one has for anyy > d/2 one has

1becd*tnllo < Cup lIbacly, N (131)
Remark 22Let u, € En with |lun||; = 1, and let
be ::voﬁg)(x)aﬁ Un (132)
(with somef) then one has
g, < Crvo 1Pl (133)

with aC that depends o\o{é’;).

End of the proof of proposition 2. Assume tha; < np < n; so thatu(n) = nz and
S(n) = nz+ N1 — ny. Write the L.h.s. of (85) as

[ (Alhny; Un ) | (134)

with A the multiplication operator byi,,. Using (125) this is smaller than

1
EEr [[ANUR, [l 2 [[Uny [ 2 - (135)

To estimatg|Anun, ||, » we use (128) and estimate each term separately. By Sobolev
embedding theorem, one term is estimated by
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c,(xl\”&"‘un2 <C chN)

2%u
ot |

Vo >d/2. Using (129), (131), (133) one gets

(N)

cd N-+vo—|af Hun

§C||u”3H2N+vo—|oc\ §Cn§ 3|||_2 :

Vo
where we used the ellipticity d¥. We thus get that the I.h.s. of (85) is estimated by
1

2N+vp—|al |af
C‘ ;Nrb Ny W||Un1||Lz||Unz||L2H“nsHL2
o<

A part from a constant, the sum of the coefficients in front of the norms is estimated
by

N N 4N N
MNtvp (N2 1 n2 Ny’ ny
N3 . 22N N = N (136)
N3/ [ni—njy NL+nz2/  [ng—nyl Iy —

To conclude the proof just remark thag = 1, S= u + (N — ny) and that ifng >
n; — ny then the inequality (85) is trivially true. On the contrarynif < (n; — ny)
the r.h.s. of (136) is smaller than

vo+N 2
3 (ng+|n—nyN

which concludes the proof. O

6.4 Proof of theorem 5 on the nonresonance condition

The proof follows the proof of theorem 6.5 of [BamO03] (see also [BG06]). We repeat
the main steps for completeness. Fironce for all and denote b§ any constant
depending only om. The value ofC can change from line to line. Finally we will
denotem:= u?.

Lemma 9. For any K< N, consider K indexes; j< ... < jk < N; consider the
determinant

Wi, W, ... Ojg
dcoj1 dcoj2 doj,
dm dm et dm
D:= . . e . (137)
dK’lel dK’lez d“Laj,
dmk-1  dnK-1 - dnK-1

One has
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<|_| w.”“) ( N % —ljk)> 2 % (138)

1<lI<k<K

Proof. One has _ _
do (-1 (-1
dmi  20-1(j - 1)120 (3 4 m)i-

Substitute (139) in the r.h.s. of (9), factorize from theth column the term{A;, +

m)¥/2, and from thej — th row the term& The determinant becomes

(139)

2I=2(j-2)121*
1 1 1 ... 1
XJ21 Xéz Xé?’ RPN X%K
K Xip X X oo X
C r!w“ ST (140)
I= . . L
N B SR S
J1 12 13 JK

where we denoted by, := (1 +m)~1 = a)l-*z. The last determinant is a Vander-
mond determinant given by

Aj — A
(Xj, —Xj, ) = TR (A, — Aj,) o X (141)
1§I|<_I|<§K ok 1<ID<<K w] wjk |<_|§ i i r! g

Using the asymptotic of the frequencies one gets also the second of (138).0
Next we need the lemma from appendix B of [BGG85], namely

Lemma 10.Letu?,...,u®) be K independent vectors WIHM( ) H/l <1.Letwe RK
be an arbitrary vector, then there existi[1,...,K], such that

w2 det(u®),... uk))

lu® . w| > K372

Combining Lemmas 9 and 10 we deduce

Corollary 5. Let we R* be a vector with K components different from zero, namely
those with indexii,...,ix; assume K< N, and i < ... < ik < N. Then, for any
m e [mg, A] there exists an indexd [0, ...,K — 1] such that

i
‘W-dw m ‘ >C il (142)

dni (m) N2K2+2
wherew is the frequency vector.

From [XYQ97] we have.
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Lemma 11.(Lemma 2.1 of [XYQ97]) Suppose thatgis m times differentiable on
aninterval JCR. Let }:={r€J : |g(r)| <h},h>0.IfonJ, ’g(m)(r)‘ >d>0,
then|J,| < MhY/™, where

M:=2(2+3+..+m+d}).

For anyk € ZN with |k| < r and for anyn € Z, define

By, ) = {me Mo,4] : z

N
Z kjwj +n
=

<7 } (143)

Applying lemma 11 to the functiog?‘zlkj wj +n and using corollary 5 we get
as in [Bam99] lemma 8.4

Corollary 6. Assumeék| + |n| # 0, then

7/1/r
|Zn(7, )| <C(A — m))m (144)

withg = ¢ —2r2—2.

Lemma 12.Fix o > 2r3 4 r2 4 5r. For any positivey small enough there exists a
set.#, C [mp,A] such thatvm € .7, one has that for any N 1

N
> kjoj+n
=1

for all k € ZN with 0 # |k| < r and for all n € Z. Moreover,

Y
2 Na (145)

|[mo,A] —.7,| <CyM". (146)

Proof. Define .7, := UnZnk(7, o). Remark that, from the asymptotic of the fre-
quencies, the argument of the modulus in (145) can be small ofrly<f CrN, By
(144) one has

Nr(A _ mo)Yl/r
N¢s ’

U%nk(% OC)
k

< Z “@k(%a” <C

summing oven one gets an extra factoN. Provideda is chosen according to the
statement, one has that the union oMeis also bounded and therefore the thesis
holds. O

Lemma 13.For any y positive and small enough, there exist a g€} satisfying,
|[mo,A] — _#,| — 0 wheny — 0, and a real number’ such that for any ne _#7,
one has for N> 1
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N

Z)a)j Ki +&10j + €200 | >
=

Y
= NY

(147)

forany ke ZN, & = 0,+1, j > | > N, and|k| + |&1| +|e2| # 0, |k| <1 +2.

Proof. We consider only the case now the case, = —1 which is the most com-
plicate. One has

. . C
oj— o = j — | +a; with |aj||§|— (148)

So the quantity to be estimated reduces to
N
Z)wjkj +nta;, ni=j-I
J:

If | > 2CN%/y then thea; term represents an irrelevant correction and therefore
the lemma follows from lemma 12. In the cdse 2CN%/y one reapplies the same
lemma withN’ := 2CN®/y in place ofN andr’ :=r + 2 in place ofr. O

To obtain theorem 5 just defingZ := ;1 Uy,~0 #y and remark that its com-
plement is the union of a numerable infinity of sets of zero measure.
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