
A Birkhoff normal form theorem for some
semilinear PDEs

D. Bambusi

Abstract In these lectures we present an extension of Birkhoff normal form theo-
rem to some Hamiltonian PDEs. The theorem applies to semilinear equations with
nonlinearity of a suitable class. We present an application to the nonlinear wave
equation on a segment or on a sphere. We also give a complete proof of all the
results.

1 Introduction

These lectures concern some qualitative features of the dynamics of semilinear
Hamiltonian PDEs. More precisely we will present a normal form theorem for such
equations and deduce some dynamical consequences. In particular we will deduce
almost global existence of smooth solutions (in the sense of Klainerman [Kla83])
and a result bounding the exchange of energy among degrees of freedom with dif-
ferent frequency. In the case of nonresonant systems we will show that any so-
lution is close to an infinite dimensional torus for times longer than any inverse
power of the size of the initial datum. The theory presented here was developed in
[Bam03, BG06, DS06, BDGS07, Gré06].

In order to illustrate the theory we will use as a model problem the nonlinear
wave equation

utt −∆u+ µ
2u = f (u) , µ ∈ R , (1)

on ad dimensional sphere or on[0,π] with Neumann boundary conditions. In eq.
(1), f is a smooth function having a zero of order 2 at the origin and∆ is the Laplace
Beltrami operator.
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The theory of Birkhoff normal form is a particular case of the theory of close
to integrable Hamiltonian systems. Concerning the extension to PDEs of Hamil-
tonian perturbation theory, the most celebrated results are the KAM type theo-
rems due to Kuksin [Kuk87], Wayne [Way90], Craig–Wayne [CW93], Bourgain
[Bou98, Bou05], Kuksin-P̈oschel [KP96], Eliasson–Kuksin [EK06], Yuan [Yua06].
All these results ensure the existence of families of quasiperiodic solutions, so they
only describe solutions lying on finite dimensional manifolds in an infinite dimen-
sional phase space. On the contrary the result on which we concentrate here allows
one to describeall small amplitude solutions of the considered systems. The price
we pay is that the description turns out to be valid only over long but finite times.

A related research stream is the one carried on by Bourgain [Bou96a, Bou96b,
Bou97, Bou00] who studied intensively the behavior of high Sobolev norms in close
to integrable Hamiltonian PDEs. In particular he gave some lower estimates show-
ing that in some cases high Sobolev norm can grow in an unbound way, and also
some upper estimate showing that the nonlinearity can stabilize resonant systems,
somehow in the spirit of Nekhoroshev’s theorem.

The paper is organized as follows. First we present the classical Birkhoff normal
form theorem for finite dimensional systems and we recall its proof (see sect. 2).
Then we pass to PDEs. Precisely, in sect. 3 we first show that the nonlinear wave
equation is an infinite dimensional Hamiltonian system (subsection 3.1) and then
we present the problem met in trying to extend the normal form theorem to PDEs.
Subsequently we give a heuristic discussion on how to solve such difficulties (see
subsection 3.2). Then we give a precise formulation of our Birkhoff normal form
theorem (sect. 4). This part contains only the statements of the results and is split
into three subsection, in the first (subsection 4.1) we introduce the class of functions
to which the theory applies and we study its properties. In the second subsection
(subsection 4.2) we give the statement of the normal form theorem and deduce the
main dynamical consequences. In the third subsection 4.3 we give the application
to the considered model. Then, in sect. 5 we give a short discussion presenting the
main open problems of the domain.

Finally sect. 6 contains the proofs of all the results. The subsections of this sec-
tion are independent each other. We made an effort to give a paper which is essen-
tially self contained. We also mention that the method introduced here in order to
prove the property of localization of coefficients (the property defining our class of
functions) is original.
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2 Birkhoff’s theorem in finite dimension

2.1 Statement.

On the phase spaceR2n consider a smooth Hamiltonian systemH having an equi-
librium point at zero.

Definition 1. The equilibrium point is said to beelliptic if there exists a canonical
system of coordinates(p,q) (possibly defined only in a neighborhood of the origin)
in which the Hamiltonian takes the form

H(p,q) := H0(p,q)+HP(p,q) , (2)

where

H0(p,q) =
n

∑
l=1

ωl
p2

l +q2
l

2
, ωl ∈ R (3)

andHP is a smooth function having a zero of order 3 at the origin.

Remark 1.The equations of motion of (2) have the form

ṗl =−ωl ql −
∂HP

∂ql
(4)

q̇l = ωl pl +
∂HP

∂ pl
(5)

SinceHP has a zero of order three, its gradient starts with quadratic terms. Thus, in
the linear approximation the equations (4), (5) take the form

ṗl =−ωl ql

q̇l = ωl pl
=⇒ q̈l +ω

2
l ql = 0 (6)

namely the system consists ofn independent harmonic oscillators.

Definition 2. The vector field

XH(p,q) :=
(
−∂H

∂q
,

∂H
∂ p

)
(7)

is called the Hamiltonian vector field ofH.

Theorem 1. (Birkhoff) For any positive integer r≥ 0, there exist a neighborhood
U (r) of the origin and a canonical transformationTr : R2n ⊃ U (r) → R2n which
puts the system (2) in Birkhoff Normal Form up to order r, namely

H(r) := H ◦Tr = H0 +Z(r) +R(r) (8)

where Z(r) is a polynomial of degree r+2 which Poisson commutes with H0, namely{
H0;Z(r)

}
≡ 0 andR(r) is small, i.e.
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|R(r)(z)| ≤Cr ‖z‖r+3 , ∀z∈U (r) ; (9)

moreover, one has

‖z−Tr(z)‖ ≤Cr ‖z‖2 , ∀z∈U (r) . (10)

An inequality identical to(10) is fulfilled by the inverse transformationT −1
r .

If the frequencies are nonresonant at order r+2, namely if

ω ·k 6= 0 , ∀k∈ Zn , 0 < |k| ≤ r +2 (11)

the function Z(r) depends on the actions

I j :=
p2

j +q2
j

2

only.

Remark 2.The remainderR(r) is very small in a small neighborhood of the origin.
In particular, it is of orderε r+3 in a ball of radiusε. It will be shown in sect. 4.2 that
in typical casesR(r) might have a relevant effect only after a time of orderε−r .

2.2 Proof

The idea of the proof is to construct a canonical transformation putting the system
in a form which is as simple as possible. More precisely one constructs a canonical
transformation pushing the non normalized part of the Hamiltonian to order four
followed by a transformation pushing it to order five and so on. Each of the trans-
formations is constructed as the time one flow of a suitable auxiliary Hamiltonian
function (Lie transform method). We are now going to describe more precisely this
method.

Definition 3. We will denote byH j the set of the real valued homogeneous poly-
nomials of degreej +2.

Remark 3.Let g∈ H j be a homogeneous polynomial, then there exists a constant
C such that

|g(z)| ≤C‖z‖ j+2 . (12)

The Hamiltonian vector fieldXg of g is a homogeneous polynomial of degreej +1
and therefore one has ∥∥Xg(z)

∥∥≤C′ ‖z‖ j+1 (13)

with a suitable constantC′. The best constant such that (13) holds is usually called
the norm ofXg and is denoted by

∥∥Xg
∥∥. Similarly one can define the norm of the

polynomialg.
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Remark 4.If the phase space is infinite dimensional then equations (12) and (13) are
not automatic. They hold if and only if the considered polynomial are smooth.

Remark 5.Let f ∈Hi andg∈H j then, by the very definition of Poisson Brackets
one has{ f ,g} ∈Hi+ j .

2.2.1 Lie Transform

Let χ ∈ H j be a polynomial function, consider the corresponding Hamilton equa-
tions, namely

ż= Xχ(z) ,

and denote byφ t the corresponding flow.

Definition 4. The time one mapφ := φ t
∣∣
t=1 is called theLie transform generated

by χ. It is well known thatφ is a canonical transformation.

We are now going to study the way a polynomial transforms when the coordinates
are subjected to a Lie transformation.

Lemma 1. Let g∈Hi be a polynomial and letφ be the Lie transform generated by
a polynomialχ ∈H j with j ≥ 1. Define

g0 := g, gl =
1
l
{χ;gl−1} , l ≥ 1 , (14)

then the Taylor expansion of g◦φ is given by

g(φ(z)) = ∑
l≥0

gl (z) , (15)

for all z small enough.

Proof. Compute the Taylor expansion ofg◦ φ t with respect to time. Iterating the
relation

d
dt

g◦φ
t = {χ,g}◦φ

t (16)

one has
dl

dtl
g◦φ

t = {χ, ...{χ,︸ ︷︷ ︸
l times

g}◦φ
t (17)

which gives
g◦φ

t = ∑
l≥0

t l gl . (18)

Evaluating att = 1 one gets (15). Since remark 5 impliesgl ∈Hi+l j , eq. (15) is
the Taylor expansion ofg◦φ as a function of the phase space variables z. ut

Remark 6.Corollary 4 below shows that the series (15) is convergent in a neighbor-
hood of the origin small enough.
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2.2.2 The homological equation

We are now ready to construct a canonical transformation normalizing the system
up to terms of fourth order. Thus letχ1 ∈ H1 be the generating function of the
Lie transformφ1, and considerH ◦φ1, with H given by (2). Using (15) and (14) to
compute the first terms of the Taylor expansion ofH ◦φ one gets

H ◦φ = H0 +{χ1,H0}+H1 +h.o.t

whereH1 is the Taylor polynomial of degree three ofHP and h.o.t. denotes higher
order terms.

We wont to constructχ1 in such a way that

Z1 := {χ1,H0}+H1 (19)

turns out to be as simple as possible. Obviously the simplest possible form would
beZ1 = 0. Thus we begin by studying the equation

{χ1,H0}+H1 = 0 (20)

for the unknown polynomialχ1. To study this equation define thehomological op-
erator

£0 : H1 → H1 (21)

χ 7→ £0χ := {H0,χ} (22)

and rewrite equation (20) as£0χ1 = H1, which is a linear equation in the finite
dimensional linear space of polynomials of degree 3. Thus, if one is able to diago-
nalize the operator£0; it is immediate to understand whether the equation (20) is
solvable or not.

Remark 7.The operator£0 can be defined also on any one of the spacesH j , j ≥ 1,
it turns out that£0 maps polynomials of a given degree into polynomials of the
same degree. This is important for the iteration of the construction. For this reason
we will study£0 in H j with an arbitraryj.

It turns out that it is quite easy to diagonalize the homological operator in anyone
of the spacesH j . To this end consider the complex variables

ξl :=
1√
2
(pl + iql ) ; ηl :=

1√
2
(pl − iql ) l ≥ 1 . (23)

in which the symplectic form takes the form∑l i dξl ∧dηl ,1

Remark 8.In these complex variables the actions are given by

1 This means that the transformation is not canonical, however, in these variables all the theory
remains unchanged except for the fact that the equations of motions have to be substituted by
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Il = ξl ηl .

and

H0(ξ ,η) =
n

∑
l=1

ωl ξl ηl

Remark 9.Consider a homogeneous polynomialf of the variables(p,q), then it is
a homogeneous polynomial of the same degree also when expressed in terms of the
variables(ξ ,η).

Remark 10.The monomialsξ JηL defined by

ξ
J
η

L := ξ
J1
1 ξ

J2
2 ...ξ Jn

n η
L1
1 ....ηLn

n

form a basis of the space of the polynomials.

Lemma 2. Each element of the basisξ JηL is an eigenvector of the operator£0, the
corresponding eigenvalue isi(ω · (L−J)).

Proof. Just remark that in terms of the variablesξ ,η , the action of£0 is given by

£0 f = {H0, f} := ∑
l

i
∂ f
∂ξl

∂H0

∂ηl
− i

∂ f
∂ηl

∂H0

∂ξl

=

(
i ∑

l

ωl

(
ηl

∂

∂ηl
−ξl

∂

∂ξl

))
f .

Then

ηl
∂

∂ηl
ξ

J
η

L = Ll ξ
J
η

L

and thus
£0ξ

J
η

L = iω · (L−J)ξ L
η

J

which is the thesis. ut

Thus we have that for eachj the spaceH j decomposes into the direct sum of the
kernelK of £0 and its rangeR. In particular the Kernel is generated by theresonant
monomials, namely

K = Span(ξ J
η

L ∈Hi : (J,L) ∈ RS) (24)

ξ̇l = i
∂H
∂ηl

, η̇l =−i
∂H
∂ξl

,

and therefore the Poisson Brackets take the form

{ f ,g} := i ∑
l

(
∂g
∂ξl

∂ f
∂ηl

− ∂g
∂ηl

∂ f
∂ξl

)
.
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and
RS := {(J,L) : ω · (L−J) = 0} (25)

is the set of the resonant indexes. Obviously the range is generated by the space
monomialsξ JηL with J,L varying in the complement of the resonant set.

Thus it is easy to obtain the following important lemma.

Lemma 3. Let f ∈H j be a polynomial, write

f (ξ ,η) = ∑
J,L

fJLξ
J
η

L (26)

and define

Z(ξ ,η) := ∑
(J,L)∈RS

fJLξ
J
η

L , χ(ξ ,η) := ∑
(J,L)6∈RS

fJL

iω · (L−J)
ξ

J
η

L (27)

then one has
Z = {χ,H0}+ f . (28)

and
{Z,H0} ≡ 0 . (29)

Motivated by the above lemma we give the following definition.

Definition 5. A function Z will be said to be in normal form if, when written in
terms of the variablesξ ,η , it contains only resonant monomials, i.e. if writing

Z(ξ ,η) := ∑
(J,L)

ZJLξ
J
η

L , (30)

one has
ZJL 6= 0 =⇒ ω · (L−J) = 0 . (31)

Remark 11.A property which is equivalent to (31) is{Z,H0} = 0, which has the
advantage of being coordinate independent.

Remark 12.If the frequencies are nonresonant, namely if eq. (11) holds, then the
set of the indexes(J,L) such thatω · (L−J) = 0 reduces to the setJ = L. Thus the
resonant monomials are only the monomials of the form

ξ
J
η

J = (ξ1η1)J1...(ξnηn)Jn ≡ IJ1
1 ...IJn

n . (32)

It follows that in the nonresonant case a functionZ is in normal form if and only if
it is a function of the actions only.

2.2.3 Proof of Birkhoff’s theorem.

We proceed by induction. The theorem is trivially true forr = 0. Supposing it is
true forr we prove it forr +1. First consider the Taylor polynomial of degreer +3
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of R(r) and denote it byH(r)
r+1 ∈ Hr+1. Let χr+1 ∈ Hr+1 be the solution of the

homological equation

{χr+1;H0}+H(r)
r+1 = Zr+1 (33)

with Zr+1 in normal form. By lemma 3 such aχr+1 exists. By corollary 4 below,χr+1

generates an analytic flow. Use it to generate the Lie transformφr+1 and consider
H(r+1) := H(r) ◦φr+1 and write it as follows

H(r) ◦φr+1 = H0 +Z(r) (34)

+ Zr+1 (35)

+ (Z(r) ◦φr+1−Z(r)) (36)

+ H0◦φr+1− (H0 +{χr+1;H0}) (37)

+ (R(r)−H(r)
r+1)◦φr+1 (38)

+ H(r)
r+1◦φr+1−H(r)

r+1 . (39)

defineZ(r+1) := Z(r) + Zr+1. To prove that the terms (36-39) have a vector field
with a zero of order at leastr + 3 use lemma 1 which ensures that each line is the
remainder of a Taylor expansion (in the space variables) truncated at orderr +3.

It remains to show that the estimate (10) of the deformation holds. Denote by

Rr+1 a positive number such thatB2Rr+1 ⊂ U
(r)

s , and remark that, by lemma 6,
possibly reducingRr+1, one has

φr+1 : Bρ → B2ρ , ∀ρ ≤ Rr+1

and
sup
Bρ

‖z−φr+1(z)‖ ≤Cρ
r+2 . (40)

DefineTr+1 := Tr ◦φr+1 then one has

Id−Tr+1 = Id−Tr ◦φr+1 = Id−Tr +Tr −Tr ◦φr+1

and thus, for anyz∈ Bρ with ρ small enough, we have

‖z−Tr+1(z)‖ ≤ ‖z−Tr(z)‖+‖Tr(z)−Tr(φr+1(z))‖
≤Crρ

2 + sup
z∈B2ρ

‖dTr(z)‖ sup
z∈Bρ

‖z−φr+1(z)‖

≤Crρ
2 +Cρ

r+2 ≤Cr+1ρ
2

from which the thesis follows.
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3 The case of PDEs

3.1 Hamiltonian formulation of the wave equation

Consider the nonlinear wave equation (1).
It is well known that the energy is a conserved quantity for (1). It is given by

H(u,v) :=
∫

D

(
v2

2
− u∆u

2
+

µ2u2

2

)
ddx+

∫
D

F(u)ddx (41)

wherev := ut andF is such that−F ′ = f , andD is eitherSd (d-dimensional sphere)
or [0,π]. The functionH is also the Hamiltonian of the system and the corresponding
Hamilton equations are given by

u̇ = ∇vH , v̇ =−∇uH (42)

where∇uH is theL2 gradient ofH with respect tou, defined by

〈∇uH;h〉L2 = duHh ∀h∈C∞(D) (43)

where du is the differential with respect to theu variables.∇v is defined similarly.
To write (1) in the form (2) we have to introduce the basis of the eigenfunctions

of the Laplacian.
In the case of[0,π] the eigenfunctions are given by

e1 :=
1√
π

, ej :=
1√
π/2

cos(( j−1)x) , j ≥ 2 (44)

and the corresponding eigenvalues of−∆ areλ j = ( j−1)2.
In the case of thed dimensional sphere the eigenvaluesλ j of −∆ are given by

λ j = ( j−1)( j +d−2) ; (45)

moreover thej th eigenvalue has multiplicity

l∗( j) :=
(

j +d−1
d

)
.

We will denote byejl a basis of eigenfunctions of the Laplacian, which is orthonor-
mal inL2 and such that

−∆ejl = λ jejl , j ≥ 1 , l = 1, ..., l∗( j) . (46)

For example they can be chosen to be the spherical harmonics.
In both cases defineω j , p jl andq jl by
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ω j :=
√

λ j + µ2 (47)

u = ∑
jl

q jl√
ω j

ejl , v = ∑
jl

√
ω j p jl ejl (48)

with the convention thatl takes only the value 1 in the case of[0,π] (and that, in
such a case it will not be written).

Then the Hamiltonian (41) takes the form (2) with

H0 = ∑
j
∑
l

ω j
p2

jl +q2
jl

2
(49)

andHP is given by the second integral in (41) considered as a function ofq jl .

3.2 Extension of Birkhoff’s theorem to PDEs: Heuristic ideas

In this section we will concentrate on the case of the nonlinear wave equation on
[0,π].

The main difficulty one meets in order to extend the theory of Birkhoff normal
form to infinite dimensional systems rests in the denominators one meets in solving
the homological equation, namely in the second of equations (27). Indeed, while
in the finite dimensional case one has that the set of vectors with integer compo-
nents having modulus smaller than a givenr is finite, this is no more true in infinite
dimensions.

It turns out that typically the denominators in (27) accumulate to zero al-
ready at order 4. An example of such a behavior is the following one. Consider
ω j+1 :=

√
j2 + µ2. For l ≥ 1 consider the integer vectorK(l) whose only compo-

nents different from zero are given byKl = −2, Kl−1 = 1 Kl+1 = 1; such a vector
has modulus 4, and one has

K(l) ·ω = ωl+1 +ωl−1−2ωl =
√

l2 + µ2 +
√

(l −2)2 + µ2−2
√

(l −1)2 + µ2

∼ µ2

l3 → 0

Thus Birkhoff theorem does not trivially extend to infinite dimensional systems.
However it turns out that in the case of PDEs the nonlinearity has a particular

structure. As a consequence it turns out that most of the monomials appearing in the
nonlinearity are small and do not need to be eliminated through the normalization
procedure. To illustrate this behavior consider the map

Hs([0,π]) 3 u 7→ u2 ∈ Hs([0,π]) , (50)
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which is the first term of the nonlinearity of the nonlinear wave equation (1). The
use of Leibniz formula together with interpolation inequality allows one to prove
the so called Tame inequality, namely∥∥u2

∥∥
s≤Cs‖u‖s‖u‖1 . (51)

The key point is that, ifu has only high frequency modes then itsH1 norm is much
smaller than theHs norm. Indeed, assume that, for some largeM one has

u = ∑
k≥M

ûkek (52)

then one has

‖u‖2
1 = ∑

k≥M

k2 |ûk|2 = ∑
k≥M

k2s

k2(s−1) |ûk|2 ≤
1

M2(s−1) ‖u‖
2
s . (53)

Collecting (53) and (51) one gets∥∥u2
∥∥

s≤Cs
1

Ms−1 ‖u‖
2
s , (54)

which is very small ifM ands are large. In order to exploit such a condition one
can proceed as follows: givenu∈ Hs split it into high frequency and low frequency
terms, namely write

uS := ∑
|k|<M

ûkek , uL := ∑
|k|≥M

ûkek (55)

then one has
u2 = (uS)2 +2uSuL +(uL)2 , (56)

the norms of these terms are bounded respectively by

‖u‖2
s , ‖u‖2

s ,
1

Ms−1 ‖u‖
2
s

from which one sees that the last term can be considered small and is not relevant
to the dynamics. Thus one could avoid to eliminate such a term from the nonlin-
earity. Correspondingly one will not have to consider small denominators involving
frequencies with many small indexes.

To be able to exploit the tame property one has to ensure that it persists under the
operations involved in the construction of the normal form, namely the computation
of Poisson Brackets and the solution of the Homological equation. Now the stability
of the tame property under Poisson Brackets is easy to check, while the verification
of the stability under solution of the Homological equation is difficult and at present
not known. For this reason one has to perform a more careful analysis. It turns out
that it is convenient to understand the structure of the coefficients of the nonlinearity
that ensure the Tame property, and to show that such a structure is invariant under
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the construction. The theory we develop is a variant of that developed by Delort and
Szeftel in [DS06].

4 A Birkhoff normal form theorem for semilinear PDEs

4.1 Maps with localized coefficients and their properties

Having in mind the case of the nonlinear wave equation inSd, consider the spacè2s
of the sequencesq≡ {q jl }

1≤l≤l∗( j)
j≥0 , such that

‖q‖2
s := ∑

1≤ j

| j|2s
l∗( j)

∑
l=1

|q jl |2 < ∞ , (57)

with a suitablel∗( j).
Then define the projectorsΠ j by

Π jq := ∑
l

q jl ejl (58)

(sum only overl ), and the spacesE j := Π j`
2
s, which are independent ofs.

The spacesPs := `2
s× `2

s 3 (p,q) will be used as phase spaces. We will also use
the spacesP∞ := ∩sPs andP−∞ := ∪s∈RPs. It is useful to treat thep’s and the
q’s exactly on an equal footing so we will use the notation

zjl = q jl , z− jl := p jl , j ≥ 1 ,

correspondingly we will denote byz the set of all the variables and we will use the
projector

Π− jz := ∑
l

p jl ejl , j ≥ 1 . (59)

Given an elementz∈Ps, one can write it as

z= ∑
j 6=0

Π jz , (60)

so that one has
‖z‖2

s = ∑
j 6=0

| j|2s
∥∥Π jz

∥∥2
(61)

where we defined ∥∥Π jz
∥∥2

:=
l∗( j)

∑
l=1

z2
jl . (62)
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Let f : P∞ → R be a smooth polynomial functions homogeneous of degreer.
We can associate tof a symmetric multilinear map̃f , defined by the property

f (z) = f̃ (z, ...,z︸ ︷︷ ︸
r−times

) (63)

then we can write
f (z) = ∑

j1,..., jr

f̃ (Π j1z, ...,Π jr z) . (64)

We will assume suitable localization properties of the norm off̃ (Π j1z, ...,Π jr z)
as a function of the indexesj1, ..., jr .

Definition 6. Given a multi-indexj ≡ ( j1, ..., jr), let ( j i1, j i2, j i3..., j ir ) be a reorder-
ing of j such that

| j i1| ≥ | j i2| ≥ | j i3| ≥ ...≥ | j ir | .

We defineµ( j) := | j i3| and

S( j) := µ( j)+ || j i1|− | j i2|| . (65)

Definition 7. Let f : P∞ → R be a homogeneous polynomial of degreer. Let f̃ be
the associated multilinear form. We will say thatf has localized coefficients if there
existsν ∈ [0,+∞) such that∀N ≥ 1 there existsCN such that∀z∈ P∞ and any
choice of the indexesj1, ..., jr the following inequality holds∣∣∣ f̃ (Π j1z, ...,Π jr z)

∣∣∣≤CN
µ( j)ν+N

S( j)N

∥∥Π j1z
∥∥ ...

∥∥Π jr z
∥∥ . (66)

Definition 8. A function f ∈C∞(U ,R) with U ⊂P∞ will be said to have localized
coefficients if

i) all the terms of its Taylor expansion have localized coefficients.
ii) for anys large enough there exists a neighborhoodU (s) of the origin inPs such

thatXf ∈C∞(U (s),Ps).

Remark 13.In the case of[0,π] the property (7) turns out to really be a property
of the coefficients of the expansion of the nonlinearity on the basis in which the
quadratic part is diagonal. To understand this point consider the case of a homoge-
neous polynomial dependent onq only. Writeq = ∑ j q jej , then one has

f (q) = ∑
j

f̃ (ej1, ...,ejr )q j1...q jr =: ∑
j

f j1,..., jr q j1...q jr (67)

then (66) is equivalent to

∣∣ f j1,..., jr

∣∣≤CN
µ( j)ν+N

S( j)N , ∀N≥ 1 (68)



A Birkhoff normal form theorem for some semilinear PDEs 15

It is useful to extend the definition to polynomial maps taking value inPs.

Definition 9. Let F : P∞ →P−∞ be a polynomial map of degreer and letF̃ be the
associated multilinear form. We will say thatF has localized coefficients if there
existsν ∈ [0,+∞) such that

‖ΠiF̃(Π j1z, ...,Π jr z)‖ ≤CN
µ(i, j)ν+N

S(i, j)N

∥∥Π j1z
∥∥ ...

∥∥Π jr z
∥∥ , (69)

∀z∈P∞ , ∀N≥ 1 (70)

Here we denoted by(i, j) the multi-index(i, j1, ..., jr).

Remark 14.It is easy to see that if a polynomial function has localized coefficients,
then its Hamiltonian vector field has localized coefficients.

Remark 15.By the very definition of the property of localization of coefficients it is
clear that any (finite) linear combination of functions or maps with localized coeffi-
cients has localized coefficients.

Remark 16.As it will be clear from the theory of sects. 4.3, and 6.3 it is quite easy
to verify the property of localization of the coefficients.

The main properties of polynomials with localized coefficients are their smooth-
ness, their stability under composition, linear combination and solution of the ho-
mological equation. In this subsection we will just state the corresponding results
that will be proved in the appendix.

First one has that the vector field of a polynomial with localized coefficients has
the tame property.

Theorem 2.Let F : P∞ →P−∞ be a polynomial of degree r with localized coeffi-
cients, then there exists s0 such that for any s≥ s0 it extends to a smooth map from
Ps to itself, moreover the following estimate holds

‖F(z)‖s≤C‖z‖s‖z‖
r−1
s0

. (71)

Corollary 1. Let f be a function with localized coefficients, then the result of theo-
rem 2 holds for its vector field.

The composition of maps with localized coefficients has localized coefficients.
Precisely

Theorem 3.Let f : P∞ → R be a polynomial of degree r1 with localized coeffi-
cients, and let G: P∞ → P−∞ be a polynomial of degree r2 with localized coeffi-
cients, then the polynomial

d f (z)G(z) (72)

has localized coefficients.
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Thus the strategy in order to verify the property of localization of the coefficients
is to verify it for a few simple maps and then to use the composition (72) to show
that it holds for more general maps. The precise example we have in mind is that
where f (u) =

∫
u3 andG(u) = u2, in which df (u)G(u) = 3

∫
u4. Hence by iteration

one gets that all polynomials inu have localized coefficients if
∫

u3 has.
Moreover the following corollary holds.

Corollary 2. The Poisson Bracket of two functions with localized coefficients has
localized coefficients.

In order to develop perturbation theory we need a suitable nonresonance condi-
tion. This is given by the following definition.

Definition 10. Fix a positive integerr. The frequency vectorω is said to fulfill the
property (r–NR)if there existγ > 0, andα ∈ R such that for anyN large enough
one has ∣∣∣∣∣∑j≥1

ω jK j

∣∣∣∣∣≥ γ

Nα
, (73)

for anyK ∈ Z∞, fulfilling 0 6= |K| := ∑ j |K j | ≤ r +2, ∑ j>N |K j | ≤ 2.

It is easy to see that under this condition one can solve the Homological equation.
The precise statement is given by the following lemma.

Lemma 4. Let f be a homogeneous polynomial of degree less or equal than r having
localized coefficients. Let H0 be given by(49)and assume that the frequency vector
fulfills the condition r-NR. Consider the Homological equation

{H0,χ}+ f = Z . (74)

Its solutionχ,Z defined by(27)has localized coefficients. In particularχ has local-
ized coefficients.

4.2 Statement of the normal form theorem and its consequences

Using the above results it is very easy to prove a version of the Birkhoff normal
form theorem for PDEs.

Definition 11. With reference to a system of the form (2) withH0 given by (49), the
quantity

Jj := ∑
l

p2
jl +q2

jl

2
(75)

is called the total action of the modes with frequencyω j .
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Theorem 4.Fix r ≥ 1, assume that the nonlinearity HP has localized coefficients
and that the frequencies fulfill the nonresonance condition (r-NR), then there exists

a finite sr a neighborhoodU (r)
sr of the origin inPsr and a canonical transformation

T : U
(r)

sr →Psr which puts the system in normal form up to order r+3, namely

H(r) := H ◦T = H0 +Z(r) +R(r) (76)

where Z(r) andR(r) have localized coefficients and

(i) Z(r) is a polynomial of degree r+2 which Poisson commutes with Jj for all j’s,

namely
{

Jj ;Z(r)
}
≡ 0;

(ii)R(r) has a small vector field, i.e.∥∥XR(r)(z)
∥∥

sr
≤C‖z‖r+2

sr
, ∀z∈U

(r)
sr ; (77)

(iii)one has
‖z−Tr(z)‖sr

≤C‖z‖2
sr

, ∀z∈U
(r)

sr . (78)

An inequality identical to(10) is fulfilled by the inverse transformationT −1
r .

(iv)For any s≥ sr there exists a subsetU (r)
s ⊂ U

(r)
sr open inPs such that the re-

striction of the canonical transformation toU (r)
s is analytic also as a map from

Ps→Ps and the inequalities(77)and (78)hold with s in place of sr .

The proof is deferred to sect. 6.2.
In order to deduce dynamical consequences we fix the numberr of normalization

steps; moreover, it is useful to distinguish between the original variables and the
variables introduced by the normalizing transformation. So, we will denote byz=
(p,q) the original variables and byz′ = (p′,q′) the normalized variables, i.e.z =
Tr(z′). More generally we will denote with a prime the quantities expressed in the
normalized variables.

Proposition 1. Under the same assumptions of theorem 4,∀s≥ sr there existsε∗s
such that, if the initial datum fulfills

ε := ‖z0‖s < ε∗s

then one has

(i)

‖z(t)‖s≤ 4ε for |t| ≤ 1
ε r (79)

(ii)

∑
j

j2s
∣∣J′j(t)−J′j(0)

∣∣≤Cε
M+3 for |t| ≤ 1

ε r−M , M < r (80)

and
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∑
j

j2s
∣∣Jj(t)−Jj(0)

∣∣≤Cε
3 for |t| ≤ 1

ε r . (81)

(iii)If for each j the space Ej is one dimensional, then there exists a smooth torusT0

such that,∀M ≤ r

ds(z(t),T0)≤Cε
(M+3)/2 , for |t| ≤ 1

ε r−M (82)

where ds(., .) is the distance inPs.

4.3 Application to the nonlinear wave equation.

The aim of this section is to verify the assumptions of theorem 4 in the model prob-
lems we are considering.

We start by the property of localization of the coefficients. The main step consists
in verifying the property for the Hamiltonian function

f (u) :=
∫

D
u3(x)dx ; (83)

the corresponding multilinear form is given by

f̃ (u1,u2,u3) :=
∫

D
u1(x)u2(x)u3(x)dx , (84)

so we have to estimate such a quantity whenu j ∈En j , namely the eigenspace of−∆

corresponding to the eigenvalueλn j . We have the following theorem.

Proposition 2. Let En be the eigenspace of−∆ associated to the eigenvalueλn, then
for any N≥ 1 there exists CN such that one has∣∣∣∣∫

D
un1(x)un2(x)un3(x)dx

∣∣∣∣≤CN
µ(n)N+ν

S(n)N ‖un1‖L2 ‖un2‖L2

∥∥un3

∥∥
L2 (85)

for all un j ∈ En j .

A simple strategy to obtain the proof consists in considering the quantity (84) as
the matrix elements of indexn1,n2 (on the basis of the eigenvectors of the Laplacian)
of the operator of multiplication byun3. The actual proof is deferred to sect.6.3.

Corollary 3. The nonlinearity given by the second integral in(41) has localized
coefficient.

Proof. This is a consequence of proposition 2 and of theorem 3. Indeed a term in
the Taylor expansion of

∫
D F(u)dx is a multiple of

tk(u) :=
∫

Sd
uk(x)dx (86)
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and one hastk(u) = Cdt2(u)Tk−1(u), whereTk−1(u) = uk−1. Then such a quantity
has localized coefficients by theorem 3. ut

In order to apply theorem 4 to the nonlinear wave equation (1) there remains to
verify the nonresonance condition(r−NR). To this end consider the frequencies

ω j+1 =
√

j( j +d−1)+ µ2 (87)

then we have the following

Theorem 5.There exists a zero measure set S⊂ R such that, ifµ ∈ R−S, then the
frequencies(87) fulfill the condition(r−NR) for any r.

The proof was given in [Bam03] (see also [BG06]), and for the sake of complete-
ness it is repeated in Appendix 6.4.

Thus the main theorem and its corollaries apply to the nonlinear wave equation
both in the case of [0,π] and in the case of thed dimensional sphere.

Remark 17.A particular consequence of this theory is that it allows one to ensure
existence of smooth solutions of the nonlinear wave equation on the sphere for times
of orderε−r . It has to be emphasized that whend > 1 local existence is ensured only
in Hs, with s> 1, so that the energy norm is useless in order to deduce estimate of
the existence times of solutions. At present the method of Birkhoff normal form is
the only one allowing one to improve the times given by the local existence theory.

5 Discussion

First I would like to mention that, as shown in [BG06], theorem 4 is a theorem that
allows one to deal with quite generalsemilinearequations inone space dimension.

The limitation to semilinear equation is evident in theorem 4. Thus in partic-
ular all the equations with nonlinearity involving derivatives are excluded from
the present theory. It would be of major interest to have a theory valid also for
some quasilinear equations, since most physical models have nonlinearities involv-
ing derivatives. Very little is known on quasilinear problems. At present the only
known result is that of [DS04] (and a recent extension by Delort), where only one
step of normal form was performed for the quasilinear wave equation. It would be
very interesting to understand how to iterate the procedure developed in such papers.

The limitation to 1-space dimension is more hidden. Actually it is hidden in the
nonresonance condition. Indeed its verification is based on the asymptotic behavior
of the frequencies: the nonresonance condition is typically satisfied only if the fre-
quencies grow at infinity at least asω j ∼ j. As it was shown in the example of the
nonlinear wave equation on the sphere, the possible multiplicity of the frequencies is
not a problem. The theory easily extends to the case where the differences between
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couples of frequencies accumulate only at a discrete subset ofR. The understanding
of the structure of the frequencies in higher dimension is surely a key point for the
extension of the theory to higher dimensions.

Finally I would like to mention the fact that all known applications of the con-
sidered theory pertain equations on compact manifolds, however in principle the
theory applies to smooth perturbations of linear system with discrete spectrum. A
nice example of such a kind of systems is the Gross Pitaevskii equation. It would be
interesting to show that such an equation fulfills the assumption of theorem 4. This
could be interesting also in connection with the study of the blow up phenomenon.

6 Proofs

6.1 Proof of the properties of functions with localized coefficients

Lemma 5. Let z∈Ps with s> ν +1/2 then there exists a constant Cs such that

∑
j 6=0

| j|ν
∥∥Π jz

∥∥≤Cs‖z‖s (88)

Proof. One has

∑
j 6=0

| j|ν
∥∥Π jz

∥∥≤∑
j
| j|s
∥∥Π jz

∥∥
| j|s−ν

≤
√

∑
j

1

| j|2(s−ν)

√
∑

j
| j|2s

∥∥Π jz
∥∥2

which is the thesis. ut

Proof of theorem 2.Write explicitly the norm ofF(z). One has

‖F(z)‖2
s = ∑

l

|l |2s

∥∥∥∥∥ ∑
j1,..., jr

Πl F̃(Π j1z, ...,Π jr z)

∥∥∥∥∥
2

. (89)

In what follows, to simplify the notation we will write

a j :=
∥∥Π jz

∥∥ .

One has∥∥∥∥∥ ∑
j1,..., jr

|l |sΠl F̃(Π j1z, ...,Π jr z)

∥∥∥∥∥≤C ∑
j1,..., jr

|l |sµ( j, l)ν+N

S( j, l)N a j1...a jr (90)

Since this expression is symmetric inj1, ... jr the r.h.s. of (90) is estimated by a
constant times the sum restricted to ordered multi-indexes, namely indexes such that
| j1| ≤ | j2| ≤ ...≤ | jr |. Moreover, in order to simplify the notationswe will restrict to
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the case of positive indexes. To estimate (90) remark that for ordered multi-indexes
one has

l
µ( j, l)
S( j, l)

≤ 2 jr . (91)

Indeed, ifl ≤ 2 jr this is obvious (µ/S< 1 by the very definition), while, ifl > 2 jr
one hasS( j, l)≥ |l − jr |> l/2, and therefore

l
µ( j, l)
S( j, l)

≤ µ( j, l)≤ 2 jr .

Remark now that, by the definition ofSone has

S( j, l)≥
{

1+ | jr − l | if l ≥ jr−1

µ( j, l)+ jr − jr−1 ≥ l + jr − jr−1 if l < jr−1

Thus definêS( j, l) := min{1+ | jr− l |, l + jr− jr−1} and remark thatS( j, l)≥ Ŝ( j, l).
Remark also thatµ( j, l) ≤ jr−1. So it follows that (90) is smaller than (a constant
times)

∑
j1,..., jr

jsr
µ( j, l)N′+ν

Ŝ( j, l)N′ a j1...a jr ≤ ∑
j1,..., jr

jsr
jN

′+ν

r−1

Ŝ( j, l)N′ a j1...a jr (92)

≤ ‖z‖r−2
s1 ∑

jr−1, jr

jsr
jN

′+ν

r−1

Ŝ( j, l)N′ a jr−1 a jr (93)

where we denotedN′ := N− s and we used lemma 5; we denoted bys1 a number
such thats1 > 1/2. Inserting in (89) one gets

‖F(z)‖2
s ≤ ‖z‖2(r−2)

s1 ∑
l

(
∑

jr−1, jr

jsr
jN

′+ν

r−1

Ŝ( j, l)N′ a jr−1 a jr

)2

= ‖z‖2(r−2)
s1 ∑

l

(
∑
jr−1

jN
′+ν

r−1 a jr−1 ∑
jr

jsr
a jr

Ŝ( j, l)N′/2

1

Ŝ( j, l)N′/2

)2

≤ ‖z‖2(r−2)
s1 ∑

l

∑
jr−1

jN
′+ν

r−1 a jr−1

√√√√∑
jr

j2s
r

a2
jr

Ŝ( j, l)N′

√
∑
jr

1

Ŝ( j, l)N′

2

Now the last sum injr is finite providedN′ > 1. Remark now that̂S( j, l)≥ Š( jr , l) :=
min{1+ |l − jr |, l} (independent ofjr−1), and therefore the above quantity is esti-
mated by a constant times
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‖z‖2(r−2)
s1 ∑

l

∑
jr−1

jN
′+ν

r−1 a jr−1

√√√√∑
jr

j2s
r

a2
jr

Š( j, l)N′

2

(94)

= ‖z‖2(r−2)
s1 ∑

jr

j2s
r a2

jr ∑
l

1

Š( j, l)N′

(
∑
jr−1

jN
′+ν

r−1 a jr−1

)2

(95)

≤C‖z‖2
s ‖z‖

2(r−2)
s1

‖z‖2
s0

(96)

wheres0 is such thats0 > N′+ν +1/2. Choosings1 ≤ s0 and estimating‖z‖s1
with

‖z‖s0
one gets the thesis. ut

Proof of theorem 3.First remark that the multilinear form associated to the poly-
nomial df (z)G(z) is given by the symmetrization of

r1 f̃ (z(1), ...,z(r1−1),G̃(z(r1), ...,z(r1+r2−1))) . (97)

We will estimate the coefficients of this multilinear function. This will give the
result. Forgetting the irrelevant constantr1, the quantity to be estimated is

f̃ (Π j1z, ...,Π jr1−1z,G̃(Πi1z, ...,Πir2
z)) (98)

= ∑
l

f̃ (Π j1z, ...,Π jr1−1z,Πl G̃(Πi1z, ...,Πir2
z)) (99)

≤CN,N′ ∑
l

µν1+N( j, l)
S( j, l)N

µν2+N′
(i, l)

S(i, l)N′

∥∥Π j1z
∥∥ ...

∥∥∥Πir2
z
∥∥∥ (100)

Thus it is enough to estimate

∑
l

µν1+N( j, l)
S( j, l)N

µν2+N′
(i, l)

S(i, l)N′ (101)

This is the heart of the proof.
In order to simplify the notation we will restrict to he caser1−1= r2 = r. Due to

the symmetry of this estimate we will restrict the case of ordered indexes, that can
also be assumed to be positive, so that one hasjr ≥ jr−1 ≥ ...≥ j1 and similarly for
i.

All along this proof we will use the notation

S̃( j) := jr − jr−1 ≡ S( j)−µ( j)

We have to distinguish two cases.
First case jr ≥ ir ≥ jr−1.

The proof of this first case is (up to minor changes) equal to that given in [Gré06].
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TakeN′ = N, then before estimating (101), we need to estimate the general term
of the sum. So we collect a few facts on it.

The main relation we need is

S̃(i, j)≤ S̃(i, l)+ S̃( j, l) . (102)

This will be established by writing explicitly all the involved quantities asl varies.
So, first remark that̃S(i, j) = jr − ir . Then one has

S̃(i, l) =
{

ir − ir−1 if l ≤ ir−1

|ir − l | if l > ir−1
, S̃( j, l) =

{
jr − jr−1 if l ≤ jr−1

| jr − l | if l > jr−1

which gives

S̃(i, l)+ S̃( j, l) =


ir − ir−1 + jr − jr−1 ≥ jr − jr−1 ≥ jr − ir if l ≤ ir−1

l − ir + jr − jr−1 ≥ jr − jr−1 ≥ jr − ir if ir−1 < l ≤ jr−1

|ir − l |+ | jr − l | ≥ | jk− l | ≥ jk− ik if jk−1 < l ≤ ir
|ir − l |+ | jr − l |= jr − l + l − ir if ir < l ≤ jr
|ir − l |+ | jr − l | ≥ l − ir ≥ jr − ir if jr ≤ l

from this (102) follows.
One also has

µ( j, l)≤ µ(i, j) , µ(i, l)≤ µ(i, j) . (103)

Thus

S(i, j)
µ(i, j)

= 1+
S̃(i, j)
µ(i, j)

≤ 1+
S̃(i, l)+ S̃( j, l)

µ(i, j)
≤ 1+

S̃(i, l)
µ(i, l)

+
S̃(l , j)
µ(l , j)

<
S(i, l)
µ(i, l)

+
S(l , j)
µ(l , j)

From this one has
µ(i, j)
S(i, j)

≤ 1
2

min

{
µ(i, l)
S(i, l)

,
µ(l , j)
S(l , j)

}
. (104)

Separate the sum over thosel such thatµ(i,l)
S(i,l) > µ(l , j)

S(l , j) and that over its complement.
Let L1 be the first set. Then one has

∑
l∈L1

µν1+N( j, l)
S( j, l)N

µν2+N(i, l)
S(i, l)N ≤ ∑

l≥1

2N−1−ε
µ( j, l)ν1

µ(i, j)N−1−ε

S(i, j)N−1−ε

µ(i, l)1+ε+ν2

S(i, l)1+ε

≤C
µ(i, j)N+ν1+ν2

S(i, j)N−1−ε
.

Acting in the same way for the case ofLc
1 one concludes the proof in the first case.

Second casejr ≥ jr−1 > ir . Here it is easy to see that (102) still holds. However, in
some cases it happens that the equation

µ( j, l)≤ µ(i, j) (105)
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is violated. When (105) holds the proof of the first case extends also to the present
case. So let us consider only the case where (105) is violated. We claim that in this
case one has

µ( j, l)
S̃(i, l)

≤ 2µ(i, j) . (106)

To prove (106) we distinguish two cases

i) jr−2 ≤ ir ≤ jr−1 ≤ jr .
Then (105) is violated whenir < l ≤ jr−1. In this case one has

S̃(i, l) = l − ir (107)

It follows that
µ( j, l)
S̃(i, l)

1
µ(i, j)

=
l

l − ir

1
ir

which is easily seen to be smaller than 2 (for example writel = ir + δ , then the
relation becomes evident).

ii) ir < jr−2 ≤ jr−1 ≤ jr . Here (105) is violated whenjr−2 < l ≤ jr−1. It is easy to
see that also in this case (107) holds. Then

µ( j, l)
S̃(i, l)

1
µ(i, j)

=
l

l − ir

1
jr
≤ l

l − ir

1
ir

from which (106) still follows.

It is now easy to conclude the proof. TakeN′ = 2N+ν2, then, using (106) one has

µ(i, l)ν1+2N+ν2

S(i, l)2N+ν2

µ( j, l)N+ν2

S( j, l)N

≤ µ(i, l)ν1+2N+ν2

S(i, l)N

(
µ( j, l)
S(i, l)

)N+ν2 1
S( j, l)N

≤ µ(i, l)ν1+2N+ν2

S(i, l)N

µ(i, j)N+ν2

S( j, l)N

From this, following the proof given in the first case it is easy to prove that

S(i, j)
µ(i, j)

≤ S(i, l)
µ(i, l)

+
S( j, l)
µ(i, j)

and to conclude the proof in the same way as in the first case. ut

Proof of lemma 4. Consider the polynomialf and expand it in Taylor series. Intro-
duce now the complex variables (23). Remark that this is a linear change of variable
so it does not change the degree of a polynomial. Remark that the change of vari-
ables does not mix the different spacesE j ×E j . It follows that if a polynomial has
localized coefficients in terms of the real variablesp,q it has also localized coef-
ficients when written in terms of the complex variables, i.e. it fulfills (66) withzj
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which is eitherξ j or η j . Remark that the converse is also true. Now,Z is the sum of
some of the coefficients off so it is clear that its coefficients are still localized. In
order to estimateχ, remark first that, in the particular case where

f (z)≡ f̃ (Π j1ξ , ...,Π jr1
ξ ,Πl1η , ...,Πlr2

η)

(no summation overj, l ) one has

{H0, f}= i(ω j1 + ...+ω jr1
−ωl1 − ...−ωlr2

) f (108)

It follows that in the case of generalf the functionχ solving the homological equa-
tion can be rewritten as

χ(ξ ,η) := ∑
jl

f̃ (Π j1ξ , ...,Π jr1
ξ ,Πl1η , ...,Πlr2

η)

i(ω j1 + ...+ω jr1
−ωl1 − ...−ωlr2

)
(109)

where the sum runs over the indexes such that the denominators do not vanish. Now,
it is easy to verify that by condition (r-NR) the denominators are bounded from
below byγ/µ( j, l)α . Soχ fulfills the estimate (66) withν substituted byν + α, if
f does withν . ut

6.2 Proof of the Birkhoff normal form theorem 4 and of its
dynamical consequences.

In this section we will fixs large enough and work inPs. Here BR ⊂ Ps will
denote the open ball of radiusR with center at the origin inPs. Moreover all along
this sectionH j will denote the set of homogeneous polynomials of degreej + 2
having a Hamiltonian vector field which is smooth as map fromPs to itself.
Finally, along this section we will omit the indexs from the norm, thus we will
simply denote‖.‖ := ‖.‖s.

First we estimate the domain where the Lie transform generated by a polynomial
χ ∈H j , ( j ≥ 1) is well defined.

Lemma 6. Let χ ∈H j , ( j ≥ 1) be a polynomial. Denote byφ t the flow of the cor-
responding vector field. Denote also

t̄ = t̄(R,δ ) := inf
z∈BR

sup
{

t > 0 : φ
t(z) ∈ BR+δ and φ

−t(z) ∈ BR+δ

}
(minimum escape time ofφ t(z) from BR+δ ). Then one has

t̄ ≥ δ

2
∥∥Xχ

∥∥Rj+1
(110)
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where
∥∥Xχ

∥∥ is the norm defined in remark 3. Moreover for any t, such that|t| ≤ t̄
and any z∈ BR one has ∥∥φ

t(z)−z
∥∥≤ |t|Rj+1

∥∥Xχ

∥∥ (111)

Proof. First remark that, by the definition of̄t one has that there exists ¯z∈ BR such
that

∥∥φ±t̄(z̄)
∥∥= R+δ . Assume by contradiction̄t < δ

2‖Xχ‖Rj+1 , then, since for any

t with |t|< t̄ one hasφ t(z̄) ∈ BR+δ . It follows that∥∥∥φ
t̄(z̄)
∥∥∥≤ ‖z̄‖+

∥∥∥φ
t̄(z̄)− z̄

∥∥∥= ‖z̄‖+
∥∥∥∥∫ t̄

0

d
ds

φ
s(z̄)ds

∥∥∥∥
≤ R+

∫ t̄

0

∥∥Xχ(φ s(z̄))ds
∥∥≤ R+ |t̄|Rj+1

∥∥Xχ

∥∥ ,

from whichR+δ ≤ R+δ/2 which is absurd. ut

Sinceχ is analytic together with its vector field (it is a smooth polynomial), then
one has the following corollary.

Corollary 4. Fix arbitrary R andδ , then the map

φ : Bσ ×BR → BR+δ , σ :=
δ

2
∥∥XχRj+1

∥∥
(t,z) 7→ φ

t(z)

is analytic. Here, by abuse of notation, we denoted by Bσ also the ball of radiusσ
containedC.

Proof of theorem 4. The proof proceeds as in the finite dimensional case. The
only fact that has to be ensured is that at any step the functions involved in the
construction have localized coefficients. By lemma 4 the solutionχr+1 of the homo-
logical equation (33) has localized coefficients. Thus, by theorem 2 its vector field
is smooth on a spacePsr+1. This determines the indexsr+1 of the space with min-
imal smoothness in which the transformationTr+1 is defined. By corollary 4χr+1

generates an analytic flow. As in the finite dimensional case we use it to generate
the Lie transform. ThenH(r+1) is still given by eqs. (36-39). Remark now that given
a Hamiltonian functionf , the Hamiltonian vector field off ◦φr+1 is given by

Xf◦φr+1(z) = dφ
−1
r+1(φr+1(z))Xf (φr+1(z)) (112)

so that the Hamiltonian vector fields of the terms (35), (36), (38), (39) are smooth.
To ensure the smoothness of the vector field of (37) write

`(z) := H0◦φ −H0−{χr+1,H0}

and remark that
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H0(φr+1(z))−H0(z) =
∫ 1

0

d
dt

H0(φ t
r+1(z))dt

=
∫ 1

0
{χr+1,H0}(φ t

r+1(z))dt =
∫ 1

0
(H(r)

r+1(φ
t
r+1(z))−Zr+1(φ t

r+1(z))dt ,

where we used the homological equation to calculate{χr+1,H0}. Denote againG :=
H(r)

r+1−Zr+1, then one has

`(z) =
∫ 1

0
(G(φ t

r+1(z))−G(z))dt ,

from which the smoothness of the vector field of (37) immediately follows. Since
the Taylor expansion of the terms (36-39) can be computed using (14), by corollary
15 one has that all these functions have localized coefficients. Then, as in the finite
dimensional case the terms (36-39) have a vector field with a zero of order at least
r +3 which ensures the estimate of the remainder.

We show now that the normal formZ(r) commutes with all theJj . To this end
remark that, by construction, the normal form contains only resonant monomials,
i.e. monomialsξ LηJ with

0 = ∑
jl

ω j(Jjl −L jl ) = ∑
j

ω j

(
∑
l

(Jjl −L jl )

)
. (113)

Now the nonresonance condition implies(
∑
l

(Jjl −L jl )

)
= 0 ∀ j .

It follows {
Jj ,ξ

L
η

J}= i

[
∑
l

(Jjl −L jl )

]
ξ

L
η

J = 0 (114)

which is the wonted property.
Finally the estimate (78) of the deformation can be obtained exactly as in the

finite dimensional case. ut
Proof of proposition 1. We start by (i). Assume thatε is so small thatB3ε ⊂U

(r)
s ;

perform the normalizing transformation. Remark that, by (78), one hasz′0 ∈ B2ε ⊂
U

(r)
s . DefineF(z) := ∑ j | j|2sJj ≡ ‖z‖2

s, then, as far as‖z′(t)‖s≤ 3ε one has

∣∣F(z′(t))−F(z′0)
∣∣= ∣∣∣∣∫ t

0

{
H(r),F

}
(z′(s))ds

∣∣∣∣
≤
∫ t

0

∣∣∣{R(r),F
}

(z′(s))
∣∣∣ds≤ |t|Cε

r+3 ≤Cε
3 (115)

where the last inequality holds for the times (79). To conclude the proof of (79) it is
enough to show that, for the considered times one actually hasz′(t) ∈ B3ε . To this
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end we follow the scheme of the proof of Lyapunov’s theorem: define

t̄ := sup
{

t > 0 :
∥∥z′(t)

∥∥
s < 3ε and

∥∥z′(−t)
∥∥

s < 3ε
}

To fix ideas assume that the equality is realized fort = t̄ Assume by contradiction
that t̄ < ε−r , then one can use (115) which gives∥∥z′(t̄)

∥∥2 = 9ε
2 = F(t̄)≤ F(z′0)+

∣∣F(z′(t))−F(z′0)
∣∣≤ 4ε

2 +Cε
3 , (116)

which is impossible forε small enough.
We come to (ii). First remark that

J̇′j = ∑
l

(
−p′jl

∂R(r)

∂q′jl
+q′jl

∂R(r)

∂ p′jl

)
,

so that

∑
j

j2s
∣∣J̇′j ∣∣= ∑

jl

j2s

∣∣∣∣∣−p′jl
∂R(r)

∂q′jl
+q′jl

∂R(r)

∂ p′jl

∣∣∣∣∣ (117)

≤

(
∑
jl

j2s(p′jl
2 +q′jl

2)

)1/2
∑

jl

j2s

∣∣∣∣∣∂R(r)

∂q′jl

∣∣∣∣∣
2

+

∣∣∣∣∣∂R(r)

∂ p′jl

∣∣∣∣∣
2
1/2

(118)

≤
∥∥z′
∥∥

s

∥∥XR(r)(z′)
∥∥

s≤C
∥∥z′
∥∥r+3

s (119)

which implies (80).
To prove (81) write∣∣Jj(t)−Jj(0)

∣∣≤ ∣∣Jj(z(t))−Jj(z′(t))
∣∣+ ∣∣J′(t)−J′(0)

∣∣+ ∣∣Jj(z0)−Jj(z′0)
∣∣ . (120)

The contribution of the middle term is estimated by (80). To estimate the contribu-
tion of the first and the last term write

j2s
∣∣q2

jl −q′jl
2
∣∣≤ j2s(2|q′jl | |q jl −q′jl |+ |q jl −q′jl |2

)
(121)

adding the corresponding estimate for thep variables and summing overjl one gets
the thesis.

We come to (iii). In the considered caseJj reduces toI j , so the actions are in-
dividually conserved. In this proof we omit the indexl which would take only the

value 1. DenotēI j
′ :=

p′j
2(0)+q′j

2(0)
2 and define the torus

T′
0 :=

{
z′ ∈Ps : I j(z′) = Ī j

}
One has

d(z′(t),T′
0)≤

[
∑

j
j2s

∣∣∣∣√I ′j(t)−
√

Ī j

∣∣∣∣2
]1/2

(122)
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Notice that fora,b≥ 0 one has,∣∣∣√a−
√

b
∣∣∣≤√|a−b| .

Thus, using (119), one has that[
d(z′(t),T′

0)
]2 ≤∑

j
j2s|I ′j(t)− Ī j | ≤Cε

M+3

Define nowT0 := Tr(T′
0) then, sinceTr is Lipschitz one has

d(z(t),T0) = d(Tr(z′(t)),Tr(T′
0))≤Cd(z′(t),T′

0)≤Cε
M+3

2 .

ut

6.3 Proof of proposition 2 on the verification of the property of
localization of coefficients

In this subsection we will prove the property of localization of coefficients for the
function u 7→

∫
u3 in the case where the basis used for the definition (66) is the

basis of the eigenfunction of general second order elliptic operator. Thus the present
theory directly applies also to the case of the equation

utt −uxx+Vu= f (x,u)

with Neumann boundary conditions on[0,π]. The case of Dirichlet boundary con-
ditions can also be covered by a minor variant (indeed in such a case the function
u 7→

∫
u3 has to be substituted by the functionu 7→

∫
u4.

Thus consider a second order elliptic operatorP, which isL2 self adjoint. This
means that we assume that in any coordinate system there exist smooth functions
Vα(x), α ∈ Nd such thatP = ∑|α|≤2Vα ∂ α , where we used a vector notation for the
derivative. Moreover we will assume that

‖u‖s+2 ≤ ‖Pu‖s .

Then, byL2 symmetry, one gets

‖u‖s≤
∥∥∥Ps/2u

∥∥∥
0

, (123)

(wherePs/2 is defined spectrally). We will denote byD(Pk) the domain ofPk. Fi-
nally, denote byλn the sequence of the eigenvalues ofP counted without multiplicity
(i.e. in such a way thatλn+1 > λn). We will assume that the eigenvalues ofP behave
asλn ∼ n2. We will denote byEn the eigenspace ofP relative toλn.
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Let A be a linear operator which mapsD(Pk) into itself for all k≥ 0, and define
the sequence of operators

AN := [P,AN−1] , A0 := A . (124)

Lemma 7. Let P be as above and let uj ∈ En j . Then, for any N≥ 0 one has

|〈Au1;u2〉| ≤
1

|λn1 −λn2|N
|〈ANu1;u2〉| (125)

Proof. One has

〈A1u1;u2〉= 〈[A,P]u1;u2〉= 〈APu1;u2〉−〈PAu1;u2〉
= λn1 〈Au1;u2〉−〈Au1;Pu2〉= (λn1 −λn2)〈Au1;u2〉

Eq. (125) follows applying the above equality to the operatorAN := [P,AN−1] and
using an induction argument. ut

To conclude the proof we have to estimate the matrix elements ofAN, i.e. the
r.h.s. of (125). To this end we need a few remarks and lemma.

Remark 18.Consider twod-dimensional multi-indexesα andβ and define(
α

β

)
:=

α!
β !(α−β )!

,

with the convention that it is 0 ifβ j > α j for somej. One has

∂
α(uv) = ∑

β

(
α

β

)
∂

β u∂
α−β v . (126)

Remark 19.Let A := a(x)∂ α andB := b(x)∂ β with a andb smooth functions. Then
one has

[A,B] = ∑
γ j≤α j+β j

[
a

(
β

γ

)
∂

γb−b

(
α

γ

)
∂

γa

]
∂

α+β−γ . (127)

Lemma 8. Choose a coordinate system, let A= a0(x) be a multiplication operator,
then one has

AN = ∑
|α|≤N

c(N)
α ∂

α (128)

with c(N)
α of the form

c(N)
α = ∑

|β |≤2N−|α|
V(N)

αβ
(x)∂ β a0 (129)

and V(N)
αβ

which are C∞ functions depending only on the functions Vα defining the
operator P.
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Proof. First remark that by (127), the operatorAN is a differential operator of order
N. By induction, using (127) one easily sees that the coefficients of such an opera-
tor are linear combinations of the derivatives ofa0. To show (129) we proceed by
induction. The result is true forN = 0. Then use equation (127) to compute[

Vα ∂
α ;c(N)

β
∂

β

]
= ∑

γ j≤α j+β j

[
Vα

(
β

γ

)
∂

γc(N)
β

−c(N)
β

(
α

γ

)
∂

γVα

]
∂

α+β−γ (130)

Consider the first term in the square bracket which is the one involving more deriva-

tives ofc(N)
β

. Sincec(N)
β

depends on∂ δ a0 with |δ | ≤ 2N−|β |, one has that∂ γc(N)
β

depends only on the derivatives∂ δ a0 with |δ | ≤ 2N−|β |+ |γ|; in order to conclude
the proof we have to show that this is smaller than 2(N + 1)− (|α|+ |β | − |γ|), a
fact which is true since|α| ≤ 2. ut

Remark 20.Let un ∈ En then by (123) one has

‖un‖s≤Cns‖un‖0

Remark 21.Let un ∈ En with ‖un‖0 = 1, andbα be a smooth function (α ∈ Nd),
then one has for anyν0 > d/2 one has

‖bα ∂
αun‖0 ≤Cν0 ‖bα‖ν0

n|α| (131)

Remark 22.Let un ∈ En with ‖un‖0 = 1, and let

bα := V(N)
αβ

(x)∂ β un (132)

(with someβ ) then one has

‖bα‖ν0
≤Cnν0+|β | (133)

with aC that depends onV(N)
αβ

.

End of the proof of proposition 2. Assume thatn3≤ n2≤ n1 so thatµ(n) = n3 and
S(n) = n3 +n1−n2. Write the l.h.s. of (85) as

|〈Aun2;un1〉| (134)

with A the multiplication operator byun3. Using (125) this is smaller than

1

|n2
1−n2

2|N
‖ANun2‖L2 ‖un1‖L2 . (135)

To estimate‖ANun2‖L2 we use (128) and estimate each term separately. By Sobolev
embedding theorem, one term is estimated by
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α ∂

αun2

∥∥∥≤C
∥∥∥c(N)

α

∥∥∥
ν0

‖∂
αun2‖

ν0 > d/2. Using (129), (131), (133) one gets∥∥∥c(N)
α

∥∥∥
ν0
≤C

∥∥un3

∥∥
2N+ν0−|α|

≤Cn2N+ν0−|α|
3

∥∥un3

∥∥
L2 .

where we used the ellipticity ofP. We thus get that the l.h.s. of (85) is estimated by

C ∑
|α|≤N

n2N+ν0−|α|
3 n|α|2

1

|n2
1−n2

2|N
‖un1‖L2 ‖un2‖L2

∥∥un3

∥∥
L2

A part from a constant, the sum of the coefficients in front of the norms is estimated
by

n2N+ν0
3

(
n2

n3

)N 1

|n2
1−n2

2|N
=
(

n2

n1 +n2

)N nν0+N
3

|n1−n2|N
≤

nν0+N
3

|n1−n2|N
(136)

To conclude the proof just remark thatn3 = µ, S= µ +(n1−n2) and that ifn3 >
n1−n2 then the inequality (85) is trivially true. On the contrary, ifn3 ≤ (n1−n2)
the r.h.s. of (136) is smaller than

nν0+N
3

2
(n3 + |n1−n2|)N

which concludes the proof. ut

6.4 Proof of theorem 5 on the nonresonance condition

The proof follows the proof of theorem 6.5 of [Bam03] (see also [BG06]). We repeat
the main steps for completeness. Fixr once for all and denote byC any constant
depending only onr. The value ofC can change from line to line. Finally we will
denotem := µ2.

Lemma 9. For any K≤ N, consider K indexes j1 < ... < jK ≤ N; consider the
determinant

D :=

∣∣∣∣∣∣∣∣∣∣∣

ω j1 ω j2 . . . ω jK
dω j1
dm

dω j2
dm . . .

dω jK
dm

. . . . . .

. . . . . .
dK−1ω j1
dmK−1

dK−1ω j2
dmK−1 . . .

dK−1ω jK
dmK−1

∣∣∣∣∣∣∣∣∣∣∣
(137)

One has
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D = C

(
∏

l

ω
−2K+1
i l

)(
∏

1≤l<k≤K

(λ j l −λ jk)

)
≥ C

N2K2 . (138)

Proof. One has
d jωi

dmj =
(2 j−1)!

2 j−1( j−1)!2 j

(−1) j

(λi +m) j− 1
2

. (139)

Substitute (139) in the r.h.s. of (9), factorize from thel − th column the term(λ j l +
m)1/2, and from thej− th row the term (2 j−3)!

2 j−2( j−2)!2 j . The determinant becomes

C

[
K

∏
l=1

ω j l

]
∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 . . . 1
x j1 x j2 x j3 . . . x jK
x2

j1
x2

j2
x2

j3
. . . x2

jK
. . . . . . .
. . . . . . .
. . . . . . .

xK−1
j1

xK−1
j2

xK−1
j3

. . . xK−1
jK

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(140)

where we denoted byx j := (λ j + m)−1 ≡ ω
−2
j . The last determinant is a Vander-

mond determinant given by

∏
1≤l<k≤K

(x j l −x jk) = ∏
1≤l<k≤K

λ jk −λ j l

ω2
j l

ω2
jk

=

(
∏

1≤l<k≤K

(λ j l −λ jk)

)
K

∏
l=1

ω
−2K
j l

. (141)

Using the asymptotic of the frequencies one gets also the second of (138).ut

Next we need the lemma from appendix B of [BGG85], namely

Lemma 10.Let u(1), ...,u(K) be K independent vectors with
∥∥∥u(i)

∥∥∥
`1
≤ 1. Let w∈RK

be an arbitrary vector, then there exist i∈ [1, ...,K], such that

|u(i) ·w| ≥ ‖w‖`1 det(u(1), . . . ,u(K))
K3/2

.

Combining Lemmas 9 and 10 we deduce

Corollary 5. Let w∈R∞ be a vector with K components different from zero, namely
those with index i1, ..., iK ; assume K≤ N, and i1 < ... < iK ≤ N. Then, for any
m∈ [m0,∆ ] there exists an index i∈ [0, ...,K−1] such that∣∣∣∣w · diω

dmi (m)
∣∣∣∣≥C

‖w‖`1

N2K2+2
(142)

whereω is the frequency vector.

From [XYQ97] we have.
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Lemma 11. (Lemma 2.1 of [XYQ97]) Suppose that g(τ) is m times differentiable on

an interval J⊂R. Let Jh := {τ ∈ J : |g(τ)|< h}, h> 0. If on J,
∣∣∣g(m)(τ)

∣∣∣≥ d > 0,

then|Jh| ≤Mh1/m, where

M := 2(2+3+ ...+m+d−1) .

For anyk∈ ZN with |k| ≤ r and for anyn∈ Z, define

Rkn(γ,α) :=

{
m∈ [m0,∆ ] :

∣∣∣∣∣ N

∑
j=1

k jω j +n

∣∣∣∣∣< γ

Nα

}
(143)

Applying lemma 11 to the function∑N
j=1k jω j + n and using corollary 5 we get

as in [Bam99] lemma 8.4

Corollary 6. Assume|k|+ |n| 6= 0, then

|Rkn(γ,α)| ≤C(∆ −m0)
γ1/r

Nς
(144)

with ς = α

r −2r2−2.

Lemma 12.Fix α > 2r3 + r2 + 5r. For any positiveγ small enough there exists a
setIγ ⊂ [m0,∆ ] such that∀m∈Iγ one has that for any N≥ 1∣∣∣∣∣ N

∑
j=1

k jω j +n

∣∣∣∣∣≥ γ

Nα
(145)

for all k ∈ ZN with 0 6= |k| ≤ r and for all n∈ Z. Moreover,∣∣[m0,∆ ]−Iγ

∣∣≤Cγ
1/r . (146)

Proof. DefineIγ :=
⋃

nkRnk(γ,α). Remark that, from the asymptotic of the fre-
quencies, the argument of the modulus in (145) can be small only if|n| ≤CrN, By
(144) one has∣∣∣∣∣⋃

k

Rnk(γ,α)

∣∣∣∣∣≤∑
k

|Rk(γ,α)|< C
Nr(∆ −m0)γ1/r

Nς
,

summing overn one gets an extra factorrN. Providedα is chosen according to the
statement, one has that the union overN is also bounded and therefore the thesis
holds. ut

Lemma 13.For any γ positive and small enough, there exist a setJγ satisfying,
|[m0,∆ ]−Jγ | → 0 whenγ → 0, and a real numberα ′ such that for any m∈ Jγ

one has for N≥ 1
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∑
j=0

ω jk j + ε1ω j + ε2ωl

∣∣∣∣∣≥ γ

Nα ′ (147)

for any k∈ ZN, εi = 0,±1, j ≥ l > N, and|k|+ |ε1|+ |ε2| 6= 0, |k| ≤ r +2.

Proof. We consider only the case now the caseε1ε2 = −1 which is the most com-
plicate. One has

ω j −ωl = j− l +a jl with
∣∣a jl
∣∣≤ C

l
(148)

So the quantity to be estimated reduces to

N

∑
j=0

ω jk j ±n±a jl , n := j− l

If l > 2CNα/γ then thea jl term represents an irrelevant correction and therefore
the lemma follows from lemma 12. In the casel ≤ 2CNα/γ one reapplies the same
lemma withN′ := 2CNα/γ in place ofN andr ′ := r +2 in place ofr. ut

To obtain theorem 5 just defineJ :=
⋂

r≥1
⋃

γ>0Jγ and remark that its com-
plement is the union of a numerable infinity of sets of zero measure.
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