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1 Differentiability of functions in Hilbert spaces

Let B, C be real Hilbert spaces, and let U ⊂ B be open. As in standard finite
dimensional analysis, a function f : U → C is said to be differentiable at z ∈ U ,
if there exists a linear bounded opearator L such that

lim
h→0

f(z + h)− [f(z) + Lh]
‖h‖

= 0 (1)

In this case L is said to be the differential of f at z and will be denoted by df(z).
Iterating the construction one defines in the usual way functions of class Ck.
We recall that also in this context Lagrange mean value theorem holds, and also
Lagrange formula for the remainder of the Taylor expansion of a differentiable
function (some recalls will be given in the appendix ??). In this book we will
not consider the case of functions with finite smoothness, so, whne we will say
that a function is smooth we will mean that it is of class C∞.

A function f : U → C, U ⊂ B, C Hilbert space is said to be analytic if it
is C∞ and, for any z ∈ U there exists an open neighborhood of z where its
Taylor series is convergent. Then such a function extends uniquely to smooth
function from an open neighborhood of U in the complexification of B to the
complexification of C. The differential of an analytic function fulfills Cauchy
inequality (for a precise statement see appendix ??).

If B is a real Hilbert space with scalar product 〈.; .〉 sometimes we will con-
sider its complexification BC ≡ B ⊗ C. We will extend the scalar product 〈.; .〉
to a bilinear pairing in BC, so that the norm of an element u ∈ BC will be
‖u‖2 = 〈u; ū〉. By abuse of language we such a bilinear pairing will be called
scalar product also in the complex case.

2 Scales of Hilbert spaces

Definition 2.1. Let {Bs}s∈N be a sequence of separable real Hilbert spaces with
Hs compactly embedded in Bs′ if s > s′. Denote B∞ := ∩sBs and B−∞ := ∪sBs.

Let 〈z; z′〉s be the scalar product in Bs. We will assume that
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i) the space B∞ is dense in each of the spaces Ps.

ii) For any s and for z ∈ B∞ the norm

‖z‖∗s := sup
z′∈B∞

|〈z; z′〉0|
‖z′‖s

(2)

is equivalent to the norm of B−s.

Then Bs is called a scale of Hilbert spaces.

Remark 2.2. By property ii), the bilinear form 〈z; z′〉0 extends to a continuous
bilinear form on B−s × Bs;

The above definition naturally extends to the case of complex Hilbert spaces.

Example 2.3. For s ≥ 0 consider the Sobolev spaces Hs(T,R), T := R/2πZ of
the square integrable real valued functions having s weak derivatives which are
square integrable. For s = 0 in H0 ≡ L2 we will use the standard L2 scalar
product and in Hs, s 6= 0 we will use the scalar product

〈u; v〉Hs :=
∫

T
(u(x)v(x) + ∂su(x)∂sv(x)) dx (3)

The spaces H−s are the duals of the spaces Hs with respect to the pairing
〈.; .〉H0 .

More generally one can consider the scale of Hilbert spaces Hs(Sd,R), Sd

being the d dimensional sphere or the scale of the Hilbert spaces Hs(Td,R).
Analogously we will use the spaces Hs(Td,C) of the complex valued Hs

functions. Sometimes we will omit the specification of the field R or C.
An obvious extension is obtaining by taking the spaces Hs(Sd) := Hs(Sd)×

Hs(Sd).

Example 2.4. Sometimes it is usefull to consider Hs(Td,C) as a real Hilbert
space. In such a case the space L2 will be endowed by the scalar product

〈u; v〉B0 := <
(∫

T
u(x)v̄(x)dx

)
, (4)

and similarly the higher Sobolev norms.

Example 2.5. A related example, which is usefull in order to study equations
with Dirichlet boundary conditions is given by the susbspaces Hs

o(T) ⊂ Hs(T)
composed by the skew–symmetric functions, namely those fulfilling u(x) =
−u(−x). Correspondingly we will use the spaces Hso := Hs

o ×Hs
o

Example 2.6. For any s ∈ N, consider the space `2s(R) of the sequences q ≡
{qj}j≥1 with qj ∈ R such that

‖q‖2s :=
∑
j

|j|2s|qj |2 <∞ (5)
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endowed by the scalar products

〈z, z′〉s :=
∑
j

j2szjz
′
j . (6)

Analogously we will consider the space `2s(C) of the complex sequences such that
(5) holds. Sometimes we will simply write `2s for `2s(R) or `2s(C). Again it will
be usefull to define also the spaces Ps := `2s⊕`2s ≡ z. For a point z = (p, q) ∈ Ps
we will use the notation

z−j := pj , zj := qj j ≥ 1 , (7)

and Z̄ := Z− {0}, so that the set of all the variables is given by z ≡ (zj)j∈Z̄.
Example 2.7. For any fixed d ≥ 1 and any j ≥ 1 define

l∗(j) :=
(
j + d− 1

d

)
, (8)

and consider the space of the real sequences {qjl} with j ≥ 1 and 1 < l < l∗(j),
such that

‖q‖2s :=
∑
j,l

j2s|qjl|2 <∞ (9)

endowed by the corresponding scalar product. Such a space (which is closely
related to the space Hs(Sd)) will be denoted by `2s(d,R). The corresponding
complex space will be denoted by `2s(d,C); sometimes we will omitt the spec-
ification of the field (R or C), thus writing simply `2s(d). We will also denote
`2s(0) := `2s.

Moreover we will make use of the spaces Ps(d) := `2s(d)× `2s(d), in which we
will use a notation similar to (7).

Definition 2.8. Two scales of Hilbert spaces Bs and Cs are said to be isomorphic
if there exists a linear invertible operator I : B∞ → C∞ such that

i) it extends to a linear opearator from Bs → Cs wich is continuous together
with its inverse.

ii) One has
〈z; z′〉B0

= 〈Iz; Iz′〉C0 (10)

Example 2.9. Consider the scale Hs(T,C) considered as a real Hilbert space.
It is isomorphic to H(T,R). The isomorphism simply consists in mapping a
complex valued function to the couple of functions constituted by its real and
its imaginary parts.
Example 2.10. The scale `2s is isomorphic to the scale Hs

o of the Sobolev spaces of
skew symmetric functions c.f. example 2.5. To define the isomorphism consider
an orthonormal basis {ej}j≥1 of L2 with the further property that ej ∈ H∞.
Expand u on such a basis:

u(x) =
∑
j≥1

qjej (11)
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Then the map u 7→ qj is an isomorphism. A concrete example is obtained by
taking the Fourier basis ej := 1√

π
sin(jx).

Example 2.11. The scale of Hilbert space Hs(Sd) is isomorphic to the scale
`2s(d).

Consider the Laplace Beltrami operator ∆g on the sphere. We recall that in
any coordinate system it is defined by

−∆gu =
1
√
g

∑
kl

∂k(
√
g∂lu) (12)

and that its eigenvalues are given by

λj = (j − 1)(j + d− 2) ; j ≥ 1 (13)

with the jth eigenvalue having multiplicity

l∗(j) :=
(
j + d− 1

d

)
.

We will denote by ejl a basis of eigenfunctions of the Laplacian, which is or-
thonormal in L2 and such that

−∆ejl = λjejl , j ≥ 1 , l = 1, ..., l∗(j) . (14)

For example they can be chosen to be the spherical harmonics. In the case d = 1
one can take

êj1 :=
1√
π

cos jx , êj2 :=
1√
π

sin jx , j ≥ 2 (15)

ej1 =
1√
2π

(16)

Then define qjl by expanding on such a basis, namely by writing

u =
∑
jl

qjlejl ; (17)

the map u 7→ {qjl} is the wonted ismorphism.

Example 2.12. One can realize a different isomorphism by taking a different
orthonormal basis. A further explicit interesting example of isomorphism be-
tween Hs(T) and Ps(1) is constructed as follows: let V ∈ C∞(T) and consider
the Sturm Liouville operator

L = −∂xx + V , (18)

it is well known that its eigenvalues form a sequence λi with the property that

λ1 < λ2 ≤ λ3 < λ4 ≤ λ5 < ... (19)
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(notice that the symbols < and ≤ do exactly alternate). Thus the iegenvalues
come in couples. Relabel the eigenvalues by a couple of indexes jl, j ≥ 1,
l = 1, 2, 2j − l > 0 by

λjl := λ2j−l . (20)

Denote by ϕjl the corresponding normalized eigenfunctions. Then the isomor-
phism is u 7→ qjl with qjl defined by

u =
∑
jl

qjlϕjl . (21)

Example 2.13. Define a scale of Hilbert spaces by Bs := `2ds(d) and `2s(0), d 6= 0
are isomorphic. To realize the isomorphism simply order the elements of a
sequence qjl in lexicographic order: qjl preceed qj′l if j < j′ and qjl preceed
qjl′ if l < l′. Label the so obtained sequence by j ≥ 1. Thus one gets a map
I{qjl} = {q̃i}Clearly such a map preserves the scalar product of B0. We have
to show that it maps continuously Bs into `2s. To see this remark that, by Weyl
formula on the asymptotics of the eigenvalues of the Laplacian, one has that if
jl is the couple of indexes mapped into i by the procedure, then

1
C
jd ≤ i ≤ Cjd , (22)

thus one has

‖q‖2s =
∑
jl

j2sdq2
jl ≤

∑
i

C2si2sq̃i
2 = C2s ‖q̃‖2s . (23)

The converse inequality is proved in the analogous way.
Thus in some sense all the scales `2s(d) are equal. Nevertheless in applications

it will be sometimes usefull distinguish among them, in particular when dealing
with the problem of the wave equation on the sphere.

3 Gradient of a function

Definition 3.1. Fix s and consider a function f ∈ C∞(Us,R), Us ⊂ Bs open.
We will denote by ∇f(u) the gradient of f with respect to the scalar product
of B0 metric, namely the unique function such that

〈∇f(u), h〉0 = df(u)h , ∀h ∈ Bs (24)

Proposition 3.2. If f ∈ C∞(Us,R), then ∇f ∈ C∞(Us,B−s).
Proof. The scalar product of B0 defines naturally a linear injective map I : Bs →
B∗s by X 7→ 〈X; , .〉0. By property remark 2.2 and property ii) of definition 2.1,
such a map extends to a continuous map from B−s → B∗s . Moreover, if one
endows B∗s by the norm defined by property ii) of def. 2.1 such a map becomes
unitary as a map from P−s → P∗s . Thus it is continuously invertible on its
range. By the Hann Banach its range is the whole B∗s . Finally remark that
∇f(z) = I−1dH(z) which is the composition of a map dH ∈ C∞(Us,B∗s) and
of I−1 which is smooth from B∗s to B−s.
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Remark 3.3. Let B = {Bs} and C = {Cs} be two scales of Hilbert spaces. Let
I : B∞ → C∞ be an isomorphism between the two scales, and let f ∈ C∞(Us,R),
Us ⊂ Cs. Let g(z) := I∗f(z) ≡ f(I(z)) be the pull back of f to the scale B, then
one has ∇g(z) = I−1[∇f ](Iz).
Example 3.4. In the scale `2s consider a smooth function f : `2s → R, with some
fixed s. One has

df(q)h =
∑
k

∂f

∂qk
(q)hk =

and thus in this case one has

∇f =
(
∂f

∂qk

)
.

Example 3.5. In the scale of the Sobolev spaces Hs(T) consider the function

f(u) :=
∫ π

−π

u2
x

2
dx , (25)

which is differentiable as a function from H1 → R. One has

df(u)h =
∫ π

−π
uxhxdx =

∫ π

−π
−uxxhdx = 〈−uxx, h〉0 (26)

and therefore in this case one has ∇f(u) = −uxx.
Consider the higher diemsnional extension of the function (25), namely

f(u) :=
∫
Sd

−u∆gu

2
ddx , (27)

then one has ∇f(u) = −∆gu.
Example 3.6. Let F : R2 → R be a smooth function and define

f(u) =
∫ π

−π
F(u, ux)dx (28)

then the gradient of f coincides with the so called functional derivative of F :

∇f ≡ δF
δu

:=
∂F
∂u
− ∂

∂x

∂F
∂ux

. (29)

Remark 3.7. In a scale of Hilbert spaces B consider a smooth linear operator
A : Bs → Bs−d, for some s ≥ 0. Assume that it is self adjoint with respect
to the scalar product 〈.; .〉0. The gradient of the function f(u) := 1

2 〈z;Az〉0 is
given by ∇f(z) = Az.
Example 3.8. Consider a function F : C2 → C with the property that F(z, z̄) ∈
R for all z ∈ C, and, in the scale of real Hilbert spaces Hs(T,C) consider the
function

f(ψ) :=
∫

T
F(ψ, ψ̄)dx (30)
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then one has

df(ψ)h =
∫

T

(
∂F
∂ψ

h+
∂F
∂ψ̄

h̄

)
dx = 2<

∫
T

(
∂F
∂ψ̄

h

)
dx (31)

from which
∇f(ψ) = 2

∂F
∂ψ̄

. (32)

4 Scales of Symplectic Hilbert spaces

In the scale of Hilbert spaces Bs let J : B∞ → B∞ be a linear operator skewsym-
metric with respect to 〈.; .〉0. We also assume that J extends to a bounded
operator from Bs to itself, for any s and that it is invertible.

Definition 4.1. The symplectic form of the scale of Hilbert spaces Bs is the
skewsymmetric bilinear form

Ω(X;Y ) :=
〈
J−1X;Y

〉
0

(33)

The operator J is called the Poisson tensor.

As in the finite dimensional case the Hamiltonian vector field of a function
H : C∞(Us,R), Us being an open neighborhood of the origin in Bs, is formally
defined by the relation

Ω(XH , Y ) = dHY , ∀Y ∈ Bs . (34)

Correspondingly the Hamilton equaitons of a Hamiltonian function H are ż =
XH(z).
Remark 4.2. Explicitely one has

XH = J∇H , (35)

and thus, for H : C∞(Us,R) one has XH ∈ C∞(Us,B−s).
Example 4.3. Consider the scale of Hilbert spaces H(Sd). Define the operator
J by H∞ 3 (v, u) 7→ J(v, u) := (−u, v) ∈ Hs, which generates the standard
symplectic structure. Thus the Hamilton equations of a function H(v, u) take
the form

v̇ = −∇uH , u̇ = ∇vH (36)

where ∇u (resp. ∇v) is the gradient with respect to the variables u (resp. v)
only.

More explicitely consider the Hamiltonian function

H(u, v) :=
∫

T

(
v2

2
− u2

x

2
+
V u2

2

)
ddx+

∫
T

F (u)ddx (37)
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where V is a smooth real valued function, and F is a smooth function. By
examples 3.5 and 3.6 one has that the corresponding Hamilton equations are{

v̇ = uxx − V u− F ′(u)
u̇ = v

, ⇐⇒ utt − uxx + V u = −F ′(u) . (38)

Exactly the same equations can be studied in the scale Hso. In such a case the
equations fulfills Dirichlet boundary conditions.
Example 4.4. In the scale of Hilbert spaces H(T,C) define the operator J by
J(ψ) := i

2ψ. It follows that, given a smooth function H(ψ) the corresponding
Hamilton equations are given by

ψ̇ =
i
2
∇ψ̄H (39)

A concrete example is given by the Hamiltonian function

H(ψ,ϕ) :=
∫

T

(
|ψx|2 + F (|ψ|2)

)
dx (40)

where F is a real valued smooth function. The corresponding Hamilton equa-
tions are

ψ̇ = i(−ψxx + F ′(|ψ|2)ψ) , (41)

namely the nonlinear Schrödinger equation.
Example 4.5. In the scale Ps ≡ P(0,R) consider the Poisson operator J by
P∞ 3 (p, q) 7→ J(p, q) := (−q, p) ∈ Ps, so that the Hamilton equations of a
smooth function is given by

ṗj = −∂H
∂qj

, q̇j =
∂H

∂pj
. (42)

Example 4.6. Working in the scale Ps ≡ P(0,C) it is usefull to introduce also
variables similar to teh variables ξ, η of the first chapter. To this end consider
the Poisson opearator given by J(ξ, η) := i(−η, ξ). With this definition the
HAmilton equations of given hamiltonian function H are given by

ξ̇j = −i
∂H

∂ηj
, η̇j = i

∂H

∂ξj
. (43)

Definition 4.7. Two scales of symplectic Hilbert spaces (B,Ω) and (C,W )
are said to be canonically isomorphic if they are isomorphic as scales and the
isomorphism I preserves the symplectic structure. Precisely if, for any couple
of vectors X,Y ∈ B∞ one has

Ω(X;Y ) = W (IX; IY ) . (44)

Remark 4.8. Equivalently the isomorphism has to preserve the Poisson tensor.
This means that, if J1 is the poisson tensor of B and J2 the poisson tensor of
C, one has IJ1 = J2I. check.
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Remark 4.9. Canonical isomorphisms map Hamilton equations into Hamilton
equations. Precisely the following holds true. Let (B,Ω) and (C,W ) be two
scales of symplecticHilbert spaces. Let I : B∞ → C∞ be a canonical iso-
morphism between the two scales, and let H ∈ C∞(Us,R), Us ⊂ Cs. Let
K(z) := I∗H(z) ≡ H(I(z)) be the pull back of H to the scale B, then one has
XK(z) = I−1XK(Iz). check
Example 4.10. The two scales Hs(0) and Ps(0) endowed by the above symplec-
tic structures are isomorphic. The isomorphism being the one induced by the
introduction of an orthonormal basis in Hs(0) as shown in examples 2.10 and
2.11.

Using the isomorphism one can rewrite the Hamiltonian of the wave equation
in a coordinate frame. Thus consider the Hamiltonian (37) of the wave equation,
introduce the basis of the eigenfunctions ϕjl of the Sturm Liouville opearator
−∂xx + V as in the example 2.12, denote by λjl the corresponding eigenvalues,
then the Hamiltonian takes the form

H(p, q) =
∑

j≥1,l=1,2

p2
jl + λjlq

2
jl

2
+HP (q) (45)

where
HP (p, q) =

∫
T

F (
∑
jl

qjlϕjl)dx . (46)

By example ?? the equations of motion in terms of the variables (pjl, qjl) are
given by (42), thus in the linear approximation they reduce to infinitely many
harominc oscillatros with frequencies

ωjl =
√
λjl . (47)

Example 4.11. Similarly the scale H(T,C) endowed by the symplectic form of
example ?? is isomorphic to the scale P(1,C) endowed by the syplectic form
of example ??. This allows to write in a suitable form the Hamiltonian of the
nonlinear Schrödinger equation. To see this explicitely consider the Fourier basis
(15), and introduce the coordinates ξ, η by

ψ =
∑
jl

ξjlêjl , ϕ =
∑
jl

ηjlêjl (48)

then the Hamiltonian takes the form∑
jl

ξjl(j − 1)2ηjl +HP (ξ, η) , (49)

where

HP (ξ, η) =
∫

T
F

(
∑
jl

ηjlêjl)(
∑
jl

ξjlêjl)

 dx (50)
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so that the equations of motions of the linearized part of the Hamiltonian turn
out to be

ξ̇jl = −i(j − 1)2ξjl , η̇jl = −i(j − 1)2ηjl , (51)

which are again harmonic oscillators written in complex form. They can be
reduced to the real form by introducing the variables p, q by

ξjl =
pjl + iqjl√

2
, ηjl =

pjliiqjl√
2

(52)

which of course is an isomorphism between the scale Ps(1,C) endowed by the
complex symplectic form and the same scale enodowed by the standard sym-
plectic form.

5 Poisson Brackets, canonical transformations
and Lie transform

Definition 5.1. The Poisson Bracket of two smooth functions H1, H2 is for-
mally defined by

{H1;H2} := dH1XH2 ≡ 〈∇H1; J∇H2〉 (53)

Example 5.2. In the scale Ps with the standard symplectic structure cf. example
?? the Poisson Brackett of two functions is formally defined by∑

j

(
∂H1

∂qj

∂H2

∂pj
− ∂H1

∂pj

∂H2

∂qj

)
. (54)

Similarly in the same scale with the complex symplectic structure of example
?? the Poisson Brackett of two functions is given by∑

j

i
(
∂H1

∂ξj

∂H2

∂ηj
− ∂H1

∂ηj

∂H2

∂ξj

)
. (55)

Remark 5.3. In the scale Ps with the standard symplectic structure cf. example
?? consider the two functions H1 =

∑
j jqj , H2 :=

∑
j jpj . It is clear that theyr

Poisson Bracket is not defined.
For this reason a crucial role is played by the functions whose vector field is

smooth.

Definition 5.4. A function H ∈ C∞(Us,R), Us ⊂ Bs open, is said to be of
class Gens, if the corresponding Hamiltonian vector field XH is a smooth map
from Us → Bs. In this case we will write H ∈ Gens

Remark 5.5. Consider the finite dimensional projector ΠNz = (z−N , ..., zN ) and
the truncated functions HN (z) = H(ΠNz). Let H ∈ C∞(Us), then one has

XHN = ΠNXH(ΠNz) (56)

which shows that as N →∞ one has XHN → XH .
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Proposition 5.6. Let H1 ∈ Gens. If H2 ∈ C∞(Us,R) then {H1, H2} ∈
C∞(Us,R). If H2 ∈ Gens then {H1, H2} ∈ Gens.

Proof. The first statement is obvious. To prove that {H1, H2} ∈ Gens we show
that the standard formula

X{H1;H2} = [XH1 ;XH2 ] (57)

holds also in the present context. Then the smoothness of XH1 , XH2 implies the
smoothness of their commutators. To prove (57) consider the finite dimensional
truncations HN

j := Hj ◦Π. By stansdrd finite dimensional theory one has

X{HN
1 ;HN

2 } =
[
XHN

1
;XHN

2

]
; (58)

removing the regularization (i.e. taking the limit N → ∞) one gets the result.

Remark 5.7. If two scales of Hilbert spaces are isomorphic then the isomorphism
leaves invariant the Poisson Brackets.

Before giving the definition of canonical transformation it is usefull to give
a suitable notion of solution of the Hamilton equations.

Definition 5.8. For H ∈ C∞(Us) consider the corresponding Hamilton equa-
tions

ż = XH(z) . (59)

A function R ⊃ I 3 t 7→ z(t) ∈ Us is said to be a solution of (59) if there
exists a sequence of solutions zN (t) of the Hamilton equations of the truncated
Hamiltonian HN := H ◦ ΠN with the property that, for any closed J ⊂ I, zN
converges to z in C0(J,Us).

If a solution exists locally corresponding to any initial datum in Us then H
will be said to generate a flow.

Remark 5.9. In the case of semilinear equations Segal theory always ensures
local existence of solutions.

Definition 5.10. A smooth coordinate transformation T : Ps ⊃ Us → Ps is
said to be canonical if, given any Hamiltonian H which generates a flow, then
also H ◦T generates a flow, and moreover, given a solution z(t) of the Hamilton
equation of H, the map T (z(t)) solves the equations of H ◦ T .

Proposition 5.11. Let H ∈ Gens, and let ΦtH be the corresponding time t
flow (which, at least for small t exists by standard theory). Then for ΦtH is a
canonical transformation.

Proof. Let K be a Hamiltonian generating a flow, and consider the finite dimen-
sional approsimations HN and KN . By standard finite dimensional theory the
flow ΦtHN of XHN is a canonical transformation and thus transforms a solution
of KN into a solution of KN ◦ ΦtHN . Removing the regularization, using the
fact that, by standard existence and uniquness ΦtHN → ΦtH and the definition
of solution of a general Hamiltonian vector field, one gets the thesis.
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Proposition 5.12. Assume that H1 ∈ C∞(Us) generates a flow ΦtH1
, and let

H2 ∈ C∞(Us); assume that
{H1;H2} ≡ 0

then H2 ◦ ΦtH1
= H2, i.e. H2 is an integral of motion for H1.

The proof, again by finite dimensional approximation is omitted.
The Lie transform is defined as in the finite dimensional case.

Definition 5.13. Let χ ∈ Gens and let Φtχ be the flow of the corresponding
Hamilton equations, then Φχ := Φ1

χ is the Lie transform generated by χ.

We are now going to study the way a polynomial transforms when the co-
ordinate are subjected to a Lie transformation generated by a polynomial.

Let H be a smooth homomgeneous polynomial of degree i+ 2, and let φ be
the Lie transform generated by a polynomial χ ∈ Gens homogeneous of degree
j + 2, j ≥ 1. To compute the Taylor expansion of g ◦ φ first remark that

d

dt
g ◦ φt = {χ, g} ◦ φt (60)

so that, iterating one has

dl

dtl
g ◦ φt = {χ, ...{χ,︸ ︷︷ ︸

l times

g} ◦ φt (61)

Thus the Taylor expansion of g ◦ φt with respect to the time variable is given
by

g ◦ φt ∼
∑
l≥0

tlgl (62)

where the gl’s are iteratively defined by

g0 := g , gl =
1
l
{χ; gl−1} , l ≥ 1 . (63)

Evaluating at t = 1 one gets

g ◦ φ ∼
∑
l≥0

gl . (64)

Remark 5.14. Eq. (64) is the Taylor expansion of g◦φ at the origin as a function
of the phase space variables x. This is an immediate consequence of remark that
gl is a homogeneous polynomial of degree i+ lj + 2 (as one can easily check by
induction).
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