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1. About The Matlab Run

Remark 1. There are some checks that can be made already during this step: the polynomial
p(x) must be kept if and only if it is constructed by symmetric functions which satisfy the
followings restraints:

If a1 = 0, then S3 ≥ 0.
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S4 ≥ −2(U2 − S2)
2.

The inequality (1) was used in [1] with the term (U2−S2) multiplied by 1. However, the inequal-
ity was claimed to be proved by means of the Cauchy-Schwartz inequality, but this technique
leads to the appearance of the factor 2, which seems not avoidable with this elementary method.

Remark 2. Here we expose some detail on the technical aspects of the algorithm:

• The values of the initial parameters S1 and N must be chosen between the following
(independently from the values of p(1) modulo 2):

S1 N
0 1
1 1
2 1
3 1,7,8
4 1, 7, 8 or 9.

Thus there are 40 lists to study and verify.
• Steps from 0 up to 4 were executed using Matlab. The polynomials survived to these

processes were saved in .mat files which were translated in .gp files, so that Step 5 could
be run in PARI/GP.
• Many other checks could have been set during Step 3 of the algorithm, but they were

avoided in order to guarantee a reasonable amount of computational time: the checks
that must be made for each one of the 40 lists take among 10 minutes and 4 hours on a
conventional PC.

2. Remarks on the results

The algorithm presented in Section 5 was run for every list given by the choice of a1 and a8,
leading to the compilation of the 40 lists.
For any list, the polynomials survived to the algorithmic steps were saved in a vector on
PARI/GP: it has to be noticed that almost every polynomial which satisfies the requested
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conditions comes from a list constructed with N = 1 and p(1) odd (the few other exceptions
arise when N = 1 and p(1) even: no polynomials were displayed when N > 1).
All these vectors are gathered within a unique vector, called pol, which has length 2949.
The following step consisted in calculating the discriminants of the number fields generated by
the polynomials in pol; this was done via the command nfdisc(p(x)) and ranging over the
polynomials p(x) in pol.
The discriminants displayed were collected in a vector, denoted as dv: it resulted that there are
only 55 possible values less than 5726300 for the discriminants.
Then, we tried to verify if these discriminants determine completely the number fields up to
isomorphism: for every number in dv we selected a polynomial in pol which has that number
as number field discriminant, and we collected these polynomials in a new vector poliso. Fi-
nally, for every polynomial in pol, we verified if its number field was isomorphic to the number
field generated by some element of poliso. This was done implementing a cycle and using the
command nfisisom(p(x),q(x)).
The check gave a positive answer, except for the discriminant −5365963: this exceptional case
was studied by gathering all the polynomials in pol with this number field discriminant in a
new vector pol-d and by applying again the command nfisisom to the elements of this smaller
vector.
The procedure showed that there exactly two number fields of degree 8 and signature (2,3), up
to isomorphism, with discriminant equal to −5365963.
Finally, for each number field we found, we computed its subfields (via the command polred(p(x))),
the Galois group G of its Galois closure (polgalois(p(x))) and its Class Group (using bn-
finit(p(x)).clgp ).

3. Final Considerations

Remark 3. There are some facts related to the computations which must be emphasized:

• Actually every field in the list was already known, being contained in the Number Fields
Database http://galoisdb.math.upb.de provided by Jüergen Klüners and Gunter
Malle. Nonetheless, no assumption of completeness for these fields was made, while
this work proves that these number fields are in fact the only ones existing in the given
range for |dK | and with degree 8 and signature (2, 3).
• The data were originally computed setting 5000000 as upper bound for |dK |: the algo-

rithmic procedure is the same, just substitute every time 5726300 with 5000000.
There were 36 lists (because of the absence of the case S1 = 3, N = 8) and the first 31
fields of the list were found.
Only in a second moment of our research the upper bound was pushed to 5726300:
the construction of the new lists from the previous ones just required that at least
one absolute symmetric function was greater than the similar symmetric function for
|dK | ≤ 5000000.
The polynomials defining the remaining 25 fields were found by inspection of both the
older and the new lists in PARI/GP.
• The computation of the new lists was not necessary in practice, even if it was required

by theoretical considerations: actually, the few polynomials from the new lists (less than
200) which passed the tests generate the same number fields detected by the polynomials
of the older lists.
This phenomenon gives us the suspicion that the number geometric estimates used are
somehow too rough and that the same amount of information could be recovered through

http://galoisdb.math.upb.de
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a lighter computational effort, if one is able the improve in an effective way the inequal-
ities involving the symmetric functions.
• In the vector pol are included polynomials generating all the non-primitive number fields

with degree 8, signature (2, 3) and |dK | ≤ 5726300, and so the fact mentioned in the
beginning of section 4 (i.e. the hypothetical non existence, in some non-primitive number
field, of primitive elements described by Theorem ??) never happened.
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