arXiv:1005.0478v1 [math.AG] 4 May 2010

EXAMPLES OF CALABI-YAU THREEFOLDS PARAMETRISED BY SHIMURA VARIETIES

ALICE GARBAGNATI AND BERT VAN GEEMEN

Abstract. These are notes from talks of the authors on some explicit examples of families of Calabi-Yau threefolds which are parametrised by a Shimura variety. We briefly review the periods of Calabi-Yau threefolds and we discuss a recent result on Picard-Fuchs equations for threefolds which are hypersurfaces with many automorphisms. Next various examples of families parametrised by Shimura varieties are given. Most of these are due to J.C. Rohde. The examples with an automorphism of order three are given in some detail. We recall that such families do not have maximally unipotent monodromy and that the Shimura varieties in these cases are ball quotients.

Calabi-Yau threefolds have been intensively studied in the context of Mirror Symmetry, which originated in theoretical physics. The most basic version of Mirror Symmetry states that given a CY threefold X, there should exist a CY threefold Y , the Mirror of X, with h^{1,1}(X) = h^{2,1}(Y ) and h^{2,1}(X) = h^{1,1}(Y ). A further requirement is that the variation of Hodge structures on the third cohomology group in the deformations of X is related, in specific way, to the Kähler cone in the second cohomology group of the deformations of Y . There are now quite a few cases where such Mirror pairs have been found and where profound aspects of Mirror Symmetry, like the relation with Gromow-Witten invariants, have been verified.

As CY threefolds are assumed to be projective (or at least Kähler), in case h^{2,1}(X) = 0 there cannot exist a Mirror of X. Quite a few of such (rigid) threefolds X are known and a modification of Mirror Symmetry, in one specific case, was proposed in [CDP]. The expected relation between deformations of X and the Kähler cone of Y requires that there exist boundary points in the (complex structure) moduli space of X where the variation of Hodge structures on the H^3 has maximally unipotent monodromy. It was recently pointed out by J.C. Rohde [R2] that there do exist families of CY threefolds which do not admit such boundary points. The moduli spaces of the families in question are Shimura varieties. No modification of Mirror Symmetry in these cases is known to us.

Having a base which is a Shimura variety is otherwise a quite desirable property because then one has a very good control over the variation of the Hodge structures. Moreover, the so-called CM points (cf. [Bo1], [R1]) will be dense in the moduli space. Physicists expect the field theory on the corresponding CY threefolds to be simpler [GV].

In these notes, we give various examples of CY threefolds whose moduli space is a Shimura variety. A very simple example, where the Shimura variety is the moduli space of elliptic curves, is given in section 2.4. The CY threefolds are of Borcea-Voisin type and it is easy to see that the family does not have maximally unipotent monodromy. In section 3 we discuss various examples, due to J.C. Rohde, of CY threefolds with an automorphism of order three. Their moduli spaces are Shimura varieties which are ball quotients and they do not have maximally unipotent monodromy. We show, in all cases but one, that Rohde’s CY threefolds are desingularisations of a quotient of a product of two fixed elliptic curves with another curve of higher genus. These curves of higher genus also have an automorphism of order three. The moduli space of CY threefolds is, locally at least, the moduli space of such pairs (C, β) where C is the higher genus curve and β is its automorphism of order three. This allows one to write down the Picard-Fuchs equation for the variation of Hodge structures explicitly in one case, see section 3.3. New examples similar to these, but using an automorphism of order four, can be found in [Ga].

1. Periods of Calabi-Yau threefolds.

1.1. Good references for CY threefolds and Mirror Symmetry are the overview of M. Gross in [GHJ] and the book [CK].

1.2. Calabi-Yau threefolds. In these notes, a Calabi-Yau threefold X is a smooth, three dimensional (complex) projective variety with trivial canonical bundle,

Ω^3_X ∼= O_X , and H^1(X, O_X ) = 0,

using Serre duality one then finds H^2(O_X ) ∼= H^1(Ω^3_X )^∗ = H^1(O_X ) = 0 and H^3(O_X ) ∼= H^0(Ω^3_X )^∗ ∼= C.

Examples of CY threefolds are quintic hypersurfaces in P^4 and complete intersections of two hypersurfaces of degree three in P^5. Many more families of CY threefolds can be found as hypersurfaces in four dimensional toric varieties [KS]. There are obvious restrictions on the topology of X, in fact Hodge theory easily implies that H^1(X, C) = 0 and dim H^3(X, C) ≥ 2. As X is projective, one has dim H^2(X, C) ≥ 1. Poincaré duality implies that b_i = b_{6−i}, but no further restrictions on the Betti numbers b_i := dim H^i(X, C) of X are known.

In analogy with the case of curves, abelian varieties and K3 surfaces, one studies the Hodge structures on the cohomology groups in order to understand these varieties better. For CY threefolds, only H^3 is of interest, as H^2(X, C) = H^{1,1}(X).

1.3. The polarised Hodge structure on H^3. The Hodge structure on H^3(X, Z)/torsion is the decomposition of its complexification:

H^3(X, C) = H^{3,0}(X)

F^3

⊕ H^{2,1}(X)

F^2 ⊕ H^{1,2}(X) ⊕ H^{0,3}(X), H^{p,q}(X) = H^{q,p}(X).

From the F^2 of the Hodge filtration, one recovers H^3(X, C) = F^2 ⊕ F^2. The intersection form on H^3(X, Z), which factors over H^3(X, Z)/torsion, defines a polarisation Q_X on this Hodge 2

structure:

Q_X : (H^3(X, Z)/torsion) × (H^3(X, Z)/torsion) −→ Z, Q_X (θ_1, θ_2) := i^3 ∫ X θ_1 ∧ θ_2

where i = √ −1 ∈ C and we identified H^3(X, Z)/torsion with the image of H^3(X, Z) in H^3(X, R) ∼= H^3_{DR}(X), the de Rham cohomology group. The polarisation Q_X is a symplectic form (so it is non-degenerate, unimodular and alternating). It extends to a Hermitian form H_X := iQ_X on H^3(X, C) for which the Hodge decomposition is orthogonal: H_X (v, w) = 0 if v ∈ H^{p,q}(X), w ∈ H^{r,s}(X) and (p, q) ≠ (r, s) and which is positive/negative definite on the H^{p,q}(X):

H_X := iQ_X is { > 0 on H^{3,0}(X), (< 0 on H^{0,3}(X)), < 0 on H^{2,1}(X), (> 0 on H^{1,2}(X)).

1.4. The Period domain. Let N = b_3 be the rank of H^3(X, Z) and let Q be a (fixed) symplectic form on V_Z := Z^N . Then we consider the period space D = D_N of all polarized weight three Hodge structures on (V_Z, Q) of CY-type. An element of D is a decomposition

V_C := V_Z ⊗_Z C = V^{3,0} ⊕ V^{2,1} ⊕ V^{1,2} ⊕ V^{0,3}, V^{p,q} = V^{q,p}

such that the Hermitian form H(v, w) := iQ(v, w), with v, w ∈ V_C and where Q is extended C-linearly, is positive definite on V^{3,0}, V^{1,2} and negative definite on V^{2,1}, V^{0,3}. Moreover we require dim V^{3,0} = 1 and we denote q := dim V^{2,1} (so N = 2 + 2q).

The q + 1-dimensional subspaces W of V_C on which H is positive are parametrized by a (q + 2)(q + 1)/2 dimensional variety (it is isomorphic to the Siegel half space of (q + 1) × (q + 1) complex symmetric matrices with positive definite imaginary part). The one dimensional subspaces W_1 of such a subspace W are the points of PW and thus are parametrized by a q-dimensional variety. Given W_1 ⊂ W , let W^⊥_1 be the orthogonal complement of W_1 in W . Then we obtain a polarized Hodge structure on V_Z by defining:

V^{3,0} := W_1, V^{2,1} := W^⊥_1 , V^{1,2} := W^⊥_1 , V^{0,3} := W_1.

Conversely, any polarized Hodge structure on (V_Z, Q) defines a complex line W_1 in a positive (q + 1)-dimensional subspace W , hence we get

dim D = q + (q + 2)(q + 1)/2 = (q^2 + 5q + 2)/2, q := dim V^{2,1}.

1.5. The Period map. A marking of the CY threefold X is a symplectic isomorphism (H^3(X, Z)/torsion) → V_Z. The C-linear extension of this isomorphism maps the Hodge decomposition of H^3(X, C) to a decomposition of V_C. In this way we obtain a polarized Hodge structure on V_Z. In particular, we get a point P(X) ∈ D, the period point of X. 3

1.6. Deformations of X. An important result, due to Bogomolov, Tian and Todorov, on CY varieties is that the deformations are unobstructed. The first order deformations of a complex variety are parametrised by the cohomology group H^1(X, T_X ), where T_X is the holomorphic tangent bundle of X. As X is a CY threefold, the cup product pairing Ω^1_X × Ω^2_X → Ω^3_X ∼= O_X gives a duality T_X ∼= (Ω^1_X )^∗ ∼= Ω^2_X and thus H^1(X, T_X ) ∼= H^1(X, Ω^2_X ) ∼= H^{2,1}(X). The unobstructedness asserts that there is a neighbourhood B of 0 ∈ H^1(X, T_X ) and there is a family of CY threefolds π : X → B with fiber π^{−1}(0) = X, such that the period map P : B → D has an injective differential:

(dP)_0 : T_0B = H^1(X, T_X ) ∼= H^{2,1}(X) −→ T_{P(X)}D is injective.

Here we used Ehresmann’s theorem which asserts that, if B is chosen small enough, there is a diffeomorphism ϕ : X → B × X such that π_B ϕ = π. As ϕ induces isomorphisms H^3(X_b, Z) ∼= H^3(X, Z) for any X_b := π^{−1}(b), we can extend the marking on X to a marking (H^3(X_b, Z)/torsion) → V_Z and thus we get the period map P : B → D.

Any family of CY threefolds which contains X is locally near X obtained as the pull-back from the family X → B. Therefore the image of the period map of any family has dimension at most q = dim H^{2,1}(X) and the image of B has codimension (q + 2)(q + 1)/2 in D. Recent studies of the geometry of D and these subvarieties are [CGG] and [LSY].

1.7. The Picard-Fuchs equation. In this section we will assume for simplicity that q = dim H^{2,1}(X) = 1. With the notation of section 1.6, the diffeomorphism ϕ : X → B × X induces an isomorphism of sheaves R^3π_∗Z^{∼=}→ H^3(X, Z)_B on B, where the last sheaf is just the locally constant sheaf defined by the abelian group H^3(X, Z). Using the marking H^3(X, Z)/torsion ∼= V_Z and the Hodge decomposition of H^3(X_t, C) for each deformation X_t of X, we obtain a (trivial) vector bundle V_C × B over B with holomorphic subbundles

F^3 ⊂ F^2 ⊂ F^1 ⊂ F^0 ∼= V_B := V_C × B, F^3_t = H^{3,0}(X_t),

where we identify V_C × {t} with H^3(X_t, C).

The period map P describes the variation of these subbundles inside the trivial bundle V_C × B. Another way to describe this variation is to take a non-vanishing section ω of the rank one bundle F^3, so ω(t) is a basis of H^{3,0}(X_t) for all t ∈ B. The trivial bundle V_B comes with the Gauss-Manin connection ∇ which maps the horizontal sections s_v := t → (v, t) to zero, where v ∈ V_C: ∇ = ∇_{∂/∂t} : V_C × B −→ V_C × B. Applying the connection i times to the section ω, we get a section ∇^iω. As dim V_C = 2+2q = 4, there must be a linear relation, with coefficients p_i(t) which will be holomorphic in t:

D ω = 0, D := 4∑ i=0 p_i(t)∇^i. This linear relation is known as the Picard-Fuchs equation. 4

Instead of considering this rank four bundle with its section ω, one can also choose a basis γ_1, . . . , γ_4 of H_3(X, Z)/torsion and define four holomorphic functions φ_i(t) := ∫ γ_i ω(t) on B,

where γ_i is identified with a cycle in H_3(X_t, Z)/torsion using the diffeomorphism ϕ. These four functions are a basis of the solutions of the degree four differential operator

∑_4 i=0 p_i(t)(d/dt)^i which is also called the Picard-Fuchs equation for the family X → B.

1.8. An example. The Dwork pencil of quintic threefolds in P^4 is defined by the equation

X_t : X^5_1 + . . . + X^5_5 − 5tX_1X_2 · · · X_5 = 0.

For general t ∈ C, the variety X_t is a CY threefold with h^{1,1}(X_t) = 1 and q = h^{2,1}(X_t) = 101. However, there is a finite subgroup G ∼= (Z/5Z)^3 acting on P^4 which induces automorphisms on each X_t and the third cohomology group splits under this action:

H^3(X_t, Q) = T_t ⊕ S_t, T_t := H^3(X_t, Q)^G ∼= Q^4, H^{3,0}(X_t) ⊂ T_t ⊗_Q C.

Thus the G-invariant part of the cohomology gives a four dimensional variation of polarised Hodge structures and thus it gives a degree four Picard-Fuchs equation.

In the context of Mirror Symmetry, it was observed that the (singular) quotient variety X_t/G has a resolution of singularities M_t which is a CY threefold, moreover its Hodge numbers are:

h^{1,1}(M_t) = 101, h^{2,1}(M_t) = 1, M_t := ~X_t/G.

Note that h^{p,q}(M_t) = h^{3−p,q}(X_t), which is one of the requirements for the (101-dimensional) family of quintic CY threefolds and the one parameter family of M_t’s to be Mirror CY families.

The quotient map induces an isomorphism T_t ∼= H^3(M_t, Q). In particular, the degree four Picard Fuchs equation obtained from the variation of the T_t is the Picard-Fuchs equation of the one parameter family of CY threefolds M_t. A spectacular result from Mirror Symmetry is that a certain solution of this Picard-Fuchs equation defines a power series in one variable whose coefficients a_d allow one to compute the Gromow-Witten invariants of a quintic threefold, that is, roughly, the number of rational curves of degree d on a quintic threefold.

In the paper [GPR], Greene, Plesser and Roan verify that there is an action of the group H ∼= Z/41Z on P^4 such that each member of the pencil of quintic threefolds

Y_t : X_1X^4_2 + X_2X^4_3 + . . . + X_5X^4_1 − 5tX_1X_2 · · · X_5 = 0

is invariant under H. This leads, as above, to a splitting

H^3(Y_t, Q) = T^′_t ⊕ S^′_t, T^′_t := H^3(Y_t, Q)^H ∼= Q^4, H^{3,0}(Y_t) ⊂ T^′_t ⊗_Q C.

Moreover, the degree four Picard-Fuchs equation defined by the variation of the Hodge structures T^′_t is the same as the Picard-Fuchs equation obtained from the variation of the T_t ∼= H^3(M_t, Q). In [DGJ] more such examples are given. A possible explanation would be that the CY threefold M_t is birationally isomorphic to a desingularisation of Y_t/H.

This is indeed the case. Using results of Shioda, in the recent paper [BGK] it is shown that there is a commutative diagram, where the arrows are rational maps which are quotients by 5

certain finite groups on suitable Zariski open subsets: X̃_{dI,t} ↙ ↘ X_t Y_t, ↘ ↙ M_t X̃_{dI,t} : X^d_1 + . . . + X^d_5 − 5t(X_1X_2 · · · X_5)^{d/5} = 0,

where d = 5^2 · 41 = 1025. Using the full diagram, one can show that the map Y_t → M_t has degree 41 and factors over Y_t/H. Thus there is a birational isomorphism between Y_t/H and M_t.

More generally, one can replace Y_t by a family with an equation 5∑ j=1 5∏ i=1 X^{aij}_i − 5tX_1 · · · X_5 for suitable 5 × 5 matrices with integer coefficients a_{ij} . This again can be generalised to any number of variables. A further generalisation to weighted projective spaces is given in [Bi].

2. CY threefolds parametrised by Shimura varieties

2.1. The period space D = D_N parametrises the polarized weight three Hodge structures of CY-type on (V_Z ∼= Z^N , Q). Given a CY threefold X and a marking, the unobstructedness of the deformations of X implies that the period points of all deformations of X are the points of a q = (N − 2)/2-dimensional subvariety B of D.

On the other hand, there are many Hermitian symmetric domains which parametrise Hodge structures of CY-type. Such a domain is of the form G(R)/K, where G(R) is a real reductive Lie group which is the group of real points of an algebraic group defined over Q, and K is maximal compact subgroup of G(R). Given (V_Z, Q), there is a fixed representation of G(R) on V_R such that the image of G(R) is contained in the symplectic group Sp(Q, R). One considers the homomorphisms of real Lie groups

h : S^1 = {z ∈ C : |z| = 1 } −→ G(R)

such that the eigenvalues of h(z) are z^pz̄^q with non-negative integers p, q such that p + q = 3. Each such homomorphism gives a Hodge structure of weight three on V_Z by defining V^{p,q} to be the eigenspace with eigenvalue z^pz̄^q. The group G(R) acts on the set of such Hodge structures by conjugation h → ghg^{−1} with g ∈ G(R). See for example [R1], Chapter 1.

Changing the marking corresponds to an action of an element of Γ := Sp(V_Z, Q) on D. The moduli space of the Hodge structures of deformation of X is thus the quotient of B by the subgroup Γ_B of Γ which maps B into itself. Not much is known about the subgroups Γ_B, see however [DM], [R3] for a study in the case N = 4. In case B is a Hermitian symmetric domain and Γ_B is an arithmetic subgroup of G(Q) one obtains a Shimura variety Γ_B \B = Γ_B\G(R)/K which parametrises the deformations of X. 6

Below we will review various examples from [R1]. In general it is not easy to decide if the deformations of a CY threefold are parametrised by a Shimura variety. See [GMZ] for a family of CY threefolds which are not parametrised by a Shimura variety.

2.2. Example. ([Bo1], §3) Let E_i, i = 1, 2, 3 be elliptic curves and let ι_i : E_i → E_i be the inversion z → −z for the group law on E_i. Let

G_4 := ⟨ ι_1 × ι_2 × 1_{E3} , ι_1 × 1_{E2} × ι_3 ⟩ ⊂ Aut(E_1 × E_2 × E_3).

Then the (singular) variety (E_1 × E_2 × E_3)/G_4 has a resolution of singularieties which is a CY threefold X with h^{2,1} = 3 (and h^{1,1} = 51). Thus the deformation space of X is three dimensional. Obviously, it contains the CY varieties obtained by deforming the three elliptic curves. Thus the period points of deformations of X are in B = H^3_1 , where H_1 is the upper half plane which parametrises elliptic curves. Thus these CY’s are parametrised by a Shimura variety.

2.3. Examples of Borcea-Voisin type. Let S be a K3 surface admitting an involution α_S such that H^{2,0}(S) is in the eigenspace of the eigenvalue −1 for the action of α^∗_S on H^2(S, C). We will assume moreover that the fixed locus of the involution α_S is made up of k rational curves. The dimension of the family of K3 surfaces admitting an involution acting non trivially on H^{2,0} and fixing k rational curves is 10 − k and such a family is parametrised by a Shimura variety associated to SO(2, 10 − k).

Let E be an elliptic curve and let ι be the involution z → −z on E. The quotient threefold (S × E)/(α_S × ι) admits a desingularisation which is a CY threefold X (this construction is called Borcea-Voisin construction). In [V], [Bo2] the Hodge numbers of X are computed:

h^{1,1}(X) = 15 + 5k, h^{2,1}(X) = 11 − k.

Hence the dimension of the family of the Calabi-Yau threefolds determined by X is the sum of the dimension of the family of the K3 surfaces with involution and the dimension of the family of elliptic curves. Thus these CY threefolds are parametrised by the product of the Shimura varieties parametrising these two families, see [R1], section 11.3.

The Example 2.2 is a particular case of this construction, indeed the desingularisation of the quotient (E_1 × E_2)/(ι_1 × ι_2) is a K3 surface S (in fact, it is a Kummer surface). The automorphism α_S induced on S by 1_E × ι acts non trivially on H^{2,0}(S) and fixes 8 rational curves. Hence (S × E_3)/(α_S × ι) is birational to (E_1 × E_2 × E_3)/G_4. For the Shimura varieties, one should remember that the real Lie groups SO(2, 2)^0 and SL(2, R)×SL(2, R) are isogeneous and thus the Shimura variety associated to SO(2, 2) is indeed a quotient of H_1 × H_1 .

2.4. The easiest case. Another particular case of the Borcea-Voisin construction is obtained by choosing S to be the unique K3 surface with an automorphism α_S which fixes k = 10 rational curves. This K3 surface S is well known. It is described, for example, in [SI] as the desingularisation of the quotient

(E^√_{−1} × E^√_{−1})/(γ_E × γ^3_E), with E^√_{−1} := C/(Z + √ −1Z) 7

and γ_E is the automorphism of E^√_{−1} defined by z → √ −1z. The third cohomology group of X is:

H^3(X, Q) ∼= ( T_S ⊗ H^1(E, Q) )_{αS ×ι} ∼ = TS ⊗ H^1(E, Q), TS := H^2(S, Q)^{αS =−1} ∼= Q^2.

As S, and thus the Hodge structure on T_S , is fixed, the variation of Hodge structures in H^3(X, Z) comes from the variation of Hodge structures on H^1(E, Z). This rank N = 4 variation is the direct sum of two (identical) rank two deformations, and is parametrised by H_1 . In particular, this variation of Hodge structures does not have maximally unipotent monodromy, instead the monodromy operators have 2 × 2 diagonal blocks in a suitable basis, cf. [R2], Example 2.7. We will see more examples of variations without maximally unipotent monodromy in section 3.2.

Any CY threefold from this family is also birationally isomorphic to a double cover of P^3 branched along the union of eight planes As such it appears as entry no. 13 in the table in section 4.2.5 of the book [M]. To obtain this double cover, one uses that S is a double cover of P^2 branched over six lines. Putting one line ‘at infinity’ in P^2, a birational model of S is (cf. [GT], 5.1, 5.2):

S : s^2 = xy(x − 1)(y − 1)(x − y).

An elliptic curve E can be defined by t^2 = u(u − 1)(u − λ) for a suitable λ ∈ C. Hence X, a desingularisation of S × E by the involution which fixes x, y, u and maps s, t → −s, −t, has a birational model defined by X : w^2 = xyu(x − 1)(y − 1)(u − 1)(x − y)(u − λ). A suitable coordinate transformation on P^3 will map the banch locus to the one in Meyer’s book [M].

2.5. CY-type Hodge structures parametrised by Shimura varieties. There are many Shimura varieties which do parametrise variations of Hodge structures of CY-type, but where it is not known if these Hodge structures come from CY threefolds.

For example, let A be an abelian threefold and let L ∈ H^2(A, Z) be an ample divisor class. Note that A is not a CY since h^{1,0} = h^{2,0} = 3. One has H^3(A, Z) = ∧^3H^1(A, Z) and the primitive cohomology

H^3(A, Z)_{prim} ∼= H^3(A, Z)/ ( L ∧ H^1(A, Z) ) (∼= Z^{14})

is a polarized Hodge structure of CY type with q = h^{2,1}_{prim} = 9−3 = 6. The moduli space A_{3,L} of polarized abelian threefolds with the same polarization type as (A, L) (these are all deformations of A) is the quotient Γ_L\H_3 of the Siegel half space by a discrete subgroup Γ_L ⊂ Sp(6, Q). The image of H_3 in D_{14} parametrizes the polarized Hodge structures of CY-type H^3(A_t, Z)_{prim} for deformations (A_t, L_t) of (A, L), so these Hodge structures are parametrised by a Shimura variety. To the best of our knowledge, it is not known if there exists a family of CY threefolds X_t such that H^3(A_t, Z)_{prim} ∼= H^3(X_t, Z)/torsion for t in an open, dense, subset of H_3 . 8

A family of polarised CY-type Hodge structures, with h^{2,1} = 27, parametrised by the Hermitian symmetric domain associated to the Lie group of type E_7 is defined in [Gr]. It is not yet known if there is a family of CY threefolds with these Hodge structures.

3. Examples with automorphisms of order three

3.1. Rohde’s construction. In the paper [R2], J.C. Rohde constructs families of CY threefolds with q = h^{2,1} = 6 − k, for 0 ≤ k ≤ 6, which are parametrised by a q-dimensional Shimura variety, in this case a ball quotient. They are obtained as the desingularisation of the quotient of a product E × S by an automorphism of order three, where E is a certain elliptic curve and S is a K3 surface which admits an automorphism of order three which fixes k rational curves and k + 3 isolated points. These K3 surfaces were classified in [AS]. A similar construction with an automorphism of order four is discussed in [Ga], and various examples are given.

Let ξ ∈ C be a primitive cube root of unity and consider the elliptic curve E := C/Z + Zξ, End(E) = Z[ξ]. We let α_E be the automorphism of E defined by z → ξz. A Weierstrass equation of E is y^2 = x^3 − 1 and α_E : (x, y) → (ξx, y). The automorphism α_E gives the decomposition into eigenspaces, with eigenvalues ξ and ξ respectively:

H^1(E, C) = H^{1,0}(E)_ξ ⊕ H^{0,1}(E)_ξ.

For any integer k with 0 ≤ k ≤ 6, there exist K3 surfaces S with an automorphism of order three α_S such that the second cohomology group splits as:

H^2(S, Q) = T_S ⊕_⊥ N_S , N_S := H^2(S, Q)^{αS} ∼= Q^{8+2k}, H^{2,0}(S) ⊂ T_S ⊗ C.

As dim H^2(S, Q) = 22, it follows that dim T_S = 14 − 2k and the Hodge numbers of the weight two polarized Hodge structure T_S are h^{2,0}(T_S ) = 1, h^{1,1}(T_S ) = 12 − 2k = 2q. The action of α^∗_S on T_S defines a structure of Q(ξ)-vector space on T_S . The eigenspaces for this action are T_S ⊗ C = T^{2,0}_{S,ξ} ⊕ T^{1,1}_{S,ξ} T_{S,ξ} ⊕ T^{1,1}_{S,ξ} ⊕ T^{0,2}_{S,ξ} T_{S,ξ} , dim T^{1,1}_{S,ξ} = dim T^{1,1}_{S,ξ} = 6 − k = q.

The moduli space of such K3 surfaces is q-dimensional, and it is a quotient of the q-ball in C^q, see section 3.5, and it is a Shimura variety.

The weight three polarised rational Hodge substructure of α := α_S × α_E -invariants in the tensor product H^2(S, Q) ⊗ H^1(E, Q) is then of CY-type. Rohde shows that it is isomorphic to the third cohomology group of a CY threefold X_S which is a desingularisation of the (singular) quotient variety (S × E)/(α_S × α_E ):

H^3(X_S , Q) ∼= ( H^2(S, Q) ⊗ H^1(E, Q) )_α = ( T_S ⊗ H^1(E, Q) )_{αS ×αE} . Here it is important that the fixed point locus of the automorphism α_S on S consists of (smooth) rational curves and isolated points. 9

The CY threefold X_S still has an automorphism α_{XS} of order three which is induced by 1_S × α_E (or, equivalently α^{−1}_S × 1_E). As the eigenspaces of α_E on H^1(E, Q) are H^{1,0}(E) and H^{0,1}(E) we obtain the decomposition into α_{XS} -eigenspaces:

H^3(X_S , C) ∼= ( T_{S,ξ} ⊗ H^{1,0}(E)_ξ ) ⊕ ( T_{S,ξ} ⊗ H^{0,1}(E)_ξ ) = F^2 ⊕ F^2

where the last equality follows by inspection of the Hodge decomposition of T_S :

H^{3,0}(X_S ) ∼= T^{2,0}_{S,ξ} ⊗ H^{1,0}(E)_ξ ⊂ T_{S,ξ} ⊗ H^{1,0}(E)_ξ,

and similarly

H^{2,1}(X_S ) ∼= T^{1,1}_{S,ξ} ⊗ H^{1,0}(E)_ξ and thus dim H^{2,1}(X_S ) = q.

As the moduli of S already provide a q-dimensional deformation space of X_S , one finds that all the deformations of X_S are of this type. Therefore these CY threefolds are parametrised by the same Shimura variety as the K3 surfaces S.

3.2. No maximal unipotent monodromy. A peculiar feature of these families of CY threefolds is that they do not have a large complex structure limit. In other words, their Picard-Fuchs equations do not have singular points with maximally unipotent monodromy. To see why, recall that F^2 = H^3(X_S, C)_ξ and F^2 = H^3(X_S , C)_ξ are the eigenspaces of α_{XS} . The non-vanishing section ω of F^3 ⊂ F^2 = F^2_ξ is always in the ξ-eigenspace, which has dimension 1 + q. Therefore its derivatives under the Gauss Manin connection remain in this eigenspace. Instead of a degree 2(1 + q) Picard-Fuchs equation one now finds an equation of degree 1 + q. This implies that the ‘standard’ recipe for Mirror Symmetry cannot be applied to these families. In the case q = 1, this equation was given explicitly in [GG], see also the next section. We already saw an another example of this in section 2.4.

3.3. The case q = 1. We recall our explicit description from [GG] of the K3 surfaces from section 3.1 in the case the associated CY threefolds have q = h^{2,1} = 1.

One starts with a polynomial f = gh^2 ∈ C[t] with g, h of degree two such that f has four distinct zeroes, so up to the action of Aut(P^1) we have only one parameter. The K3 surface S_f has an elliptic fibration π : S_f → P^1 with a section. Its Weierstrass model is:

S_t : Y^2 = X^3 + f(t)^2, f = gh^2, deg(g) = deg(h) = 2,

where t is the coordinate on P^1. This surface has an automorphism of order three α_f : S_f −→ S_f , (X, Y, t) −→ (ξX, Y, t) which does act as ξ on H^{2,0}(S_f ) = Cdt ∧ dX/Y . Explicit computations show that

H^2(S_f , Q) = T_f ⊕ N_f , N_f = H^2(S_f , Q)^{αf} ∼= Q^{18}, H^{2,0}(S_f ) ⊂ T_f ⊗ C

and that α_f fixes only five rational curves and eight isolated points. The complexification of T_f splits into four one-dimensional spaces: T_f ⊗ C = T^{2,0}_{f,ξ} ⊕ T^{1,1}_{f,ξ} ⊕ T^{1,1}_{f,ξ} ⊕ T^{0,2}_{f,ξ} . 10

Rohde’s construction now produces a CY threefold X_f , the desingularisation of S_f × E by the automorphism α = α_f × α_E and

H^3(X_f , Q) ∼= (T_f × H^1(E, Q))^α = ( T^{2,0}_{f,ξ} ⊕ T^{1,1}_{f,ξ} ) ⊗ H^{1,0}(E)_ξ ⊕ ( T^{1,1}_{f,ξ} ⊕ T^{0,2}_{f,ξ} ) ⊗ H^{0,1}(E)_ξ.

The Hodge structures T_f can be understood better by observing that all the smooth fibers of the elliptic fibration π : S_f → P^1 are isomorphic (they are elliptic curves with j-invariant 0, so are isomorphic to E). Thus the elliptic fibration is isotrivial and becomes birationally isomorphic to a product after a base change. For this, we define a curve C_f which is a 3:1 cyclic cover of P^1 with covering automorphism β_f : C_f : v^3 = f(t); β_f : C_f → C_f , (t, v) −→ (t, ξv). Substituting f = v^3 in the Weierstrass equation of S_f , one finds the birational isomorphism: C_f × E −→ S_f ≈ (C_f × E)/(β_f × α_E ), ((t, v), (x, y)) −→ (X, Y, t) = (v^2x, v^3y, t). The automorphism α_f on S_f is induced by α_E . This leads to an isomorphism of Hodge structures: T_f ∼= ( H^1(C_f , Q) ⊗ H^1(E, Q) )_{βf ×αE} , which implies another isomorphism of Hodge structures:

H^3(X_f , Q) ∼= ( H^1(C_f , Q) ⊗ H^1(E, Q) ⊗ H^1(E, Q) )_H , where H ∼= (Z/3Z)^2 is generated by the automorphisms β_f × α_E × 1_E and 1_{Cf} × α_E × α^{−1}_E of C_f × E × E. This shows that the variation of the Hodge structures H^3(X_f , Q) is entirely coming from the variation of the Hodge structures of the curves C_f . Note that

H^{3,0}(X_f ) ∼= H^{1,0}(C_f , Q)_ξ ⊗ H^1(E, Q)_ξ ⊗ H^1(E, Q)_ξ.

The Picard-Fuchs equations for the variation of Hodge structures of the curves C_f is explicitly given in [GG]. One can parametrise P^1 in such a way that g(t) = t(t − 1) and h(t) = (t − λ) (and the other zero of h is at ∞), thus C_f ∼= C_λ with defining equation v^3 = t(t − 1)(t − λ)^2. The holomorphic one forms on this curve are dt/v and (t − λ)dt/v^2, note that they have distinct eigenvalues ξ, ξ for the automorphism β_f . The Picard-Fuchs equation for η := dt/v ∈ H^1(C_f , Q)_ξ turns out to be: ( λ(1 − λ) ∂^2 ∂λ^2 + (1 − 2λ) ∂ ∂λ − 2 3 ) η = 0. This is also the Picard-Fuchs equation for the holomorphic three form on the corresponding family of CY threefolds.

Rohde computes the Hodge numbers of these CY threefolds X_f and finds:

dim H^{1,1}(X_f ) = 73, dim H^{2,1}(X_f ) = 1.

Any CY threefold Y from the Mirror family, if it exists, should thus have h^{1,1}(Y ) = 1 and h^{2,1}(Y ) = 73. At least three families of CY threefolds with these Hodge numbers are known: 11

the complete intersections of type (3, 3) in P^5, (2, 2, 3) in P^6 and (4, 4) in the weighted projective space P^5(1, 1, 1, 1, 2, 2). But in these cases the Mirror families are known and they have maximally unipotent monodromy (cf. [CYY]), hence they cannot be the Mirrors of the family of the X_f .

3.4. The case q > 1. In case q ≤ 5, we again find that the K3 surface S has an isotrivial fibration with smooth fibers isomorphic to E, but we could not find such a fibration in case q = 6. The CY threefold X_S is then again a desingularisation of a quotient of the product of a curve C with two copies of the fixed elliptic curve E. The variation of Hodge structures of the X_S is obtained from the deformations of C.

For q ≤ 3, we consider the surface (cf.[GG])

S_f : y^2 = x^3 + f(t)^2, f = gh^2, deg(f) = 6,

such that g and h have no common zeros and no multiple zeros. The curve C_f : v^3 = f(t) has the automorphism β_f : (t, v) → (t, ξv). As in 3.3, Rohde’s CY threefold X_f is the desingularisation of (C_f × E × E) /H, where H = ⟨β_f × α_E × 1_E , 1_{Cf} × α_E × α^{−1}_E ⟩ (see [GG, Remark 1.3]). The Hodge numbers of X_f and the genus g(C_f ) of C_f are as follows:

deg(g) deg(h) g(C_f ) q = h^{2,1}(X_f ) h^{1,1}(X_f ) 6 0 4 3 51 4 1 3 2 62 2 2 2 1 73 0 3 1 0 84

The last line corresponds to a rigid CY threefold X_f where C_f ≃ E, and X_f is the desingularisation of the quotient E × E × E by the group ⟨α^{−1}_E × α_E × 1_E , 1_E × α_E × α^{−1}_E ⟩. In this case, the K3 surface S_f is described in [SI].

In case q = 4, we consider the curve

C_l : v^6 = l(t) deg(l) = 12

such that l(t) has 5 double zeros. It admits the automorphism β_l : (t, v) → (t, ξv). The quotient (C_l ×E)/(β_l ×α_E ) is the K3 surface S_l which has an elliptic fibration with Weierstrass equation Y^2 = X^3 + l(t), where X := v^2x, Y := v^3y.

The desingularisation of S_l is a K3 surface admitting an automorphism α_l of order 3 induced by α_E . The fixed locus of α_f consists of 2 rational curves and 5 points. Applying Rhode’s construction to the K3 surface S_l one obtains a CY threefold X such that h^{2,1}(X) = q = 4 and h^{1,1}(X) = 40.

In case q = 5, one needs a K3 surface S with an automorphism α_S of order 3 which fixes one rational curve and 4 points (cf. [R2]). In [AS] a projective model of such a surface is given: it 12

is a (singular) complete intersection in P^4 with equations { F_2(x_0, . . . x_3) = 0, G_3(x_0, . . . x_3) = x^3_4,

where F_2 and G_3 are homogeneous polynomials of degree 2 and 3 respectively. Moreover, the curve V (F_2) ∩ V (G_3) has 4 singular points of type A_1. The surface S is clearly a triple cover of the quadric defined F_2 = 0 in P^3 branched over the curve which is the intersection of this quadric with the cubic surface defined by G_3 = 0 in P^3. The inverse image in S of a line in a ruling of the quadric in P^3 is an elliptic curve with a covering automorphism of order three which fixes the ramification points. Hence such an elliptic curve is isomorphic to E. Thus S admits an isotrivial fibration (in general without section) with general fiber isomorphic to E. In this case Rohde’s CY threefold has h^{1,1}(X) = 29.

3.5. The complex ball. We briefly recall why the CY-type Hodge structures H^3(X_S, Z) are parametrised by a complex q-ball. More generally, with the notation from section 1.4, consider polarised weight three Hodge structures on (V_Z ∼= Z^{2(1+q)}, Q) of CY-type which, moreover, admit an automorphism of order three ϕ:

ϕ : V_Z −→ V_Z, Q(ϕx, ϕy) = Q(x, y), ϕ_C(V^{p,q}) = V^{p,q}, ϕ^3 = 1_{VZ} .

Then we have a decomposition of V_C into ϕ-eigenspaces, and we assume, as in the examples above, that the eigenspace of ϕ with eigenvalue ξ is exactly F^2, so F^2 = F^2_ξ . Then the V^{p,q} are also ϕ-eigenspaces:

V_C = V_ξ ⊕ V_ξ = V^{3,0}_ξ ⊕ V^{2,1}_ξ ⊕ V^{2,1}_ξ ⊕ V^{0,3}_ξ .

In particular, the subspace F_2, being an eigenspace of the fixed automorphism ϕ of V_Z, is now fixed in V_C. It remains to find the moduli of V^{3,0} inside F^2 = V^{3,0} ⊕ V^{2,1}. Recall the Hermitian form H on V_C which is positive definite on V^{3,0} and negative definite on V^{2,1}. These two subspaces are perpendicular for H. Thus the unitary group of H_{|F} 2 is isomorphic to the group U(1, q). It is well-known that this group acts transitively on the orthogonal decompositions F^2 = W ⊕ W^⊥ with H_{|W} > 0 (and thus H_{|W} ⊥ < 0). The stabiliser of a given decomposition is the subgroup U(1) × U(q), hence the moduli space of these decompositions is the Hermitian symmetric domain U(1, q)/(U(1) × U(q)) ∼= B^q = {w ∈ C^q : ||w|| < 1 }. It is easy to check that these decompositions correspond to the Hodge structures under consideration, hence the q-ball is also the moduli space of these CY-type Hodge structures.

More explicitly, the Hermitian form H has signature (1+, q−) on the complex subspace F^2 ∼= C^{1+q}. Thus F^2 has a basis on which we have H(z, z) = |z_0|^2 − ∑_n j=1 |z_j|^2. In a Hodge decomposition, we must have V^{3,0} = Cw^′ for a non-zero w^′ = (w_0, w_1, . . . , w_q) ∈ F^2 such that H(w^′, w^′) > 0, that is, |w_0|^2 > ∑_n j=1 |w_j|^2. In particular, w_0 ≠ 0 and so we may assume that w_0 = 1. Then w^′ is determined by the point w := (w_1, . . . , w_q) ∈ C^q with ∑_n j=1 |w_j|^2 < 1, that is, a point of the q-ball. Conversely, given w ∈ B^q , let w^′ = (1, w) and define V^{3,0} = Cw^′, 13

V^{2,1} = (V^{3,0})^⊥, the orthogonal complement, w.r.t. H, in F^2 of V^{3,0} and define V^{1,2}, V^{0,3} using V^{p,q} = V^{q,p}. One easily checks that this gives a polarised Hodge structure on (V_Z, Q) which admits the automorphism ϕ.

As we observed before in sections 3.3, 3.4, the ball also parametrises families of curves, like the C_f , and K3 surfaces, like the S_f . Equivalently, it also parametrises certain Hodge structures of weight one and two. The relation between these Hodge structures is given by the ”half twist” construction, see [Ge], [DK].

References

[AS] M. Artebani, A. Sarti, Non-symplectic automorphisms of order 3 on K3 surfaces, Math. Ann. 342 (2008) 903–921.

[Bi] G. Bini, Quotients of Hypersurfaces in Weighted Projective Space, arXiv:0905.2099. [BGK] G. Bini, B. van Geemen, T.L. Kelly, Mirror Quintics, discrete symmetries and Shioda Maps, arXiv:0809.1791, to appear in J. Algebraic Geom.

[Bo1] C. Borcea, Calabi-Yau Threefolds and Complex Multiplication, in: Essays on Mirror Manifolds, editor S-T Yau, International Press 1992, 489–502.

[Bo2] C. Borcea, K3 surfaces with involution and mirror pairs of Calabi-Yau manifolds, in: Mirror symmetry, II, 717–743, AMS/IP Stud. Adv. Math., 1, AMS 1997.

[CDP] P. Candelas, E. Derrick, L. Parkes, Generalized Calabi-Yau manifolds and the mirror of a rigid manifold, Nuclear Phys. B 407 (1993) 115–154.

[CGG] J. Carlson, M. Green, Ph. Griffiths, Variations of Hodge Structure Considered as an Exterior Differential System: Old and New Results, SIGMA Symmetry Integrability Geom. Methods Appl. 5 (2009), Paper 087.

[CK] D.A. Cox, S. Katz, Mirror symmetry and algebraic geometry. Mathematical Surveys and Monographs, 68. AMS, 1999.

[CYY] Y.H. Chen, Y. Yang, N. Yui, Monodromy of Picard-Fuchs differential equations for Calabi-Yau threefolds, J. Reine Angew. Math. 616 (2008) 167–203.

[DGJ] C. Doran, B. Greene, S. Judes, Families of quintic Calabi-Yau 3-folds with discrete symmetries, Comm.

Math. Phys. 280 (2008) 675–725.

[DK] I.V. Dolgachev, S. Kondo, Moduli spaces of K3 surfaces and complex ball quotients, in: Arithmetic and geometry around hypergeometric functions, 43–100, Progr. Math., 260, Birkhäuser 2007.

[DM] C.F. Doran, J.W. Morgan, Mirror symmetry and integral variations of Hodge structure underlying oneparameter families of Calabi-Yau threefolds, in: Mirror symmetry. V, 517–537, AMS/IP Stud. Adv. Math., 38, AMS 2006.

[Ga] A. Garbagnati, New families of Calabi-Yau 3-folds without maximal unipotent monodromy, arXiv:1005.0094.

[GG] A. Garbagnati, B. van Geemen, The Picard-Fuchs equation of a family of Calabi-Yau threefolds without maximal unipotent monodromy, Int. Math. Res. Not. IMRN (2010) doi: 10.1093/imrn/rnp238.

[Ge] B. van Geemen, Half twists of Hodge structures of CM-type, J. Math. Soc. Japan 53 (2001) 813-833. [GMZ] R. Gerkmann, S. Mao, K. Zuo, Disproof of modularity of moduli space of CY 3-folds of double covers of P3 ramified along eight planes in general positions, arXiv:0709.1051.

[GHJ] M. Gross, D. Huybrechts, D. Joyce, Calabi-Yau manifolds and related geometries. Lectures from the Summer School held in Nordfjordeid, June 2001. Universitext. Springer-Verlag 2003.

[GPR] B.R. Greene, M.R. Plesser, S.S. Roan, New constructions of mirror manifolds: Probing moduli space far from Fermat points, in: Essays on Mirror Manifolds, editor S-T Yau, International Press 1992, 408–450. 14

[GT] B. van Geemen, J. Top, An isogeny of K3 surfaces, Bull. London Math. Soc. 38 (2006) 209–223. [Gr] B.H. Gross, A remark on tube domains, Math. Res. Lett. 1 (1994) 1–9.

[GV] S. Gukov, C. Vafa, Rational conformal field theories and complex multiplication, Comm. Math. Phys. 246 (2004) 181–210.

[KS] M. Kreuzer, H. Skarke, Complete classification of reflexive polyhedra in four dimensions, Adv. Theor.

Math. Phys. 4 (2000) 1209–1230.

[LSY] K. Liu, X. Sun, S-T. Yau, Recent Development on the Geometry of the Teichmüller and Moduli Spaces of Riemann Surfaces and Polarized Calabi-Yau Manifolds, arXiv:0912.5471.

[M] C. Meyer, Modular Calabi-Yau Threefolds. Fields Institute Monographs 22, AMS 2005. [R1] J.C. Rohde, Cyclic coverings, Calabi-Yau manifolds and complex multiplication. LNM 1975, Springer- Verlag 2009.

[R2] J.C. Rohde, Maximal automorphisms of Calabi-Yau Manifolds versus Maximally Unipotent Monodromy, Manuscripta Math. 131 (2010) 459-474.

[R3] J.C. Rohde, Calabi-Yau manifolds and generic Hodge groups, arXiv:1001.4239. [SI] T. Shioda, H. Inose, On singular K3 surfaces, in: Complex analysis and algebraic geometry, pp. 119–136, Iwanami Shoten 1977.

[V] C. Voisin, Miroirs et involutions sur les surfaces K3, Astérisque 218 (1993) 273–323.

Dipartimento di Matematica, Università di Milano, Via Saldini 50, I-20133 Milano, Italia E-mail address: alice.garbagnati@unimi.it E-mail address: lambertus.vangeemen@unimi.it