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ON INTERMEDIATE JACOBIANS OF CUBIC THREEFOLDS ADMITTING
AN AUTOMORPHISM OF ORDER FIVE

BERT VAN GEEMEN AND TAKUYA YAMAUCHI

ABSTRACT. Let k be a field of characteristic zero containing a primitive fifth root of unity. Let
X/k be a smooth cubic threefold with an automorphism of order five, then we observe that
over a finite extension of the field actually the dihedral group Ds is a subgroup of Aut(X). We
find that the intermediate Jacobian J(X) of X is isogenous to the product of an elliptic curve
E and the self-product of an abelian surface B with real multiplication by Q(v/5). We give
explicit models of some algebraic curves related to the construction of J(X) as a Prym variety.
This includes a two parameter family of curves of genus 2 whose Jacobians are isogenous to the
abelian surfaces above.

INTRODUCTION

Let k be a field of characteristic zero that contains a primitive fifth root of unity ¢ := (.
Let X be a smooth cubic threefold in P* with an automorphism of order five over k. There is a
two-dimensional family of such threefolds. From the explicit equations provided by the paper
[GL] we deduce that, over a finite extension of k, the dihedral group Ds acts on X. It is then
not hard to establish that the intermediate Jacobian J(X) of X, a principally polarized abelian
fivefold, is isogenous to the product of an elliptic curve E and the self-product of an abelian
surface B with Q(v/5) C Endz(B) ®7 Q.

To study the abelian varieties £ and B in more detail, we use that J(X) is isomorphic to
the Prym variety of an etale double cover of curves. In fact, for a general line [ on X, the
curve H; which parametrizes the lines on X meeting [ has a fixed point free involution ¢;. We
found a line [ such that the automorphisms of X in Ds induce automorphisms on the curve H;,
commuting with the covering involution ¢;. In this way we get an action of the group D5 on
the Prym variety which agrees with the action of D5 on J(X). Given X, we can then identify,
up to isogeny, the elliptic curve F with an explicit quotient of H;. The abelian surface B is
isogenous to the Prym variety of certain explicit double cover of a genus two curve by a genus
four curve related to H;. Finally we identify the isogeny class of B with the isogeny class of
the Jacobian of a certain explicit genus two curve.

Key words and phrases. cubic threefolds, intermediate Jacobian, elliptic curves, and abelian surfaces with
real multiplication.
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1. A STANDARD MODEL FOR X AND DECOMPOSING J(X)

1.1. Outline. We start by finding a nice model for the cubic threefolds with an automorphism
of order five given in [GL]. We then observe that they also admit an involution and that
the dihedral group Dj; acts on such cubic threefolds. We use the Ds-action to decompose the
intermediate Jacobian in Proposition [LL3l

1.2. A standard model. Let k be a field, with char(k) = 0, which contains a primitive fifth
root of unity ¢ = (5. From [GL, Thm 3.5] we know that a smooth cubic threefold X C P* over
k that admits an automorphism ax over k of order five has an equation F' = Fj:

3 2 2 2 2
F, = a1z + asxor124 + 3002223 + A427T3 + A5T175 + agTaxy + azrzry = 0
where a = (ay,...,a7) € k7 and the automorphism acts as
) e ) VS JES: S|
ax: (xo:m x93 my) — (xo:Cry: (g Cag: Cay) .

We first study the condition on F, to give a smooth cubic threefold in terms of the seven
parameters. For a € k7, we define a homogeneous polynomial by

A(a) := ajadasas + 8ajasaiaial + 16a3a3aial + aSatasar + 15a a3a3asa5a6a7+
(1.1) 12a3aqa3atasazar + Sayajaiata? + 12a2a3azasaaga? + 27alala2a’a’+
23,33
16afasazas.
Put
(1.2) D(a) = ajaqasagarAa).
Put

P=(1:0:0:0:0), P,=(0:1:0:0:0), Ps=(0:0:1:0:0),
Ps=(0:0:0:0:1), P,=(0:0:0:1:0).
Then we have

Lemma 1.1. The polynomial F, defines a smooth cubic threefold if and only if D(a) # 0.

Proof. Assume a; = 0 for some i € {1,4,5,6,7}, then it is easy to see that P, € X gives a
singular point. So we may assume that a; # 0 for any ¢ € {1,4,5,6,7}. Let I = Jg, be the
homogeneous ideal in k[zo, . .., 4] generated by the partial derivatives 0F,/0z; for j =0, ..., 4.
By using a Groebner Basis, one can show that

an,A(a)rb € 1, 1=0,...,4,

where (ng,n1,n2,n3,n4) = (1,4,5,7,6). So if D(a) # 0, then the radical of I in k[, ..., z4]
contains (o, ..., x4), hence V(I) = (). Therefore F, defines to a smooth cubic threefold.
Conversely, assume that X is smooth. Let U; be the open subset of P* defined by z; # 0.
Then one can check that the ideal corresponding to V(1) N U; contains a,,A(a) as the unique
constant (up to scalar). Hence a,,A(a) should be non-zero for any ¢. This proves the lemma. [
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1.3. A standard form. From Lemma [[.T] we see that the coefficients ay, ay, as, ag, a; must all
be non-zero for a smooth cubic. Over an algebraically closed field one can make changes of
the coordinates which reveal that a smooth cubic threefold with an automorphism of order five
actually has Dj5 in its automorphism group.

Lemma 1.2. Let X, be a smooth cubic threefold defined by F, where a € k. Assume that
as # 0 or ag # 0. Then there is a change of coordinates in P% such that X, s isomorphic to

Xop Fop = xu® 4+ 2yuv + 20° + 22%u+22%0v + ay® +bryz = 0

for some a,b € k. Moreover, X, is smooth if and only if
1
(1.3) D(a,b) := @D(a, b,2,2,1,2,1) = alA(a,b) #0,

A(a,b) == 5124 + 27a® + 48a°b + 128ab® + 6a*b® + 30ab® + a’b® + 8b* + 2ab* + b°.
The threefold X, has the following automorphisms, of order five and two respectively:
ax(x) = (Cu:Cv:Cry: "), 1x(x) = (viu:z:y:a),

where x = (u:v:x:y: z). These automorphisms generate a dihedral subgroup Ds of order 10
in Aut(Xgp).

Proof. In case az = 0, we observe that changing coordinates and coefficients as follows:
<x07x17x27x37x4> 7 ('T07x47x37'r27x1) )

I
a = (a17a27a’37a47a57a67a7) ? a = ((1,1,(13,@2,@6,0,4,(15,(1,7) )

maps F, to Fy. Hence we may assume that as # 0. Since F, defines a smooth cubic, we can
introduce new coordinates as follows:
xo = 2y/as, x1 = x/as, x4 := z/ar .
Then the equation for X, is:
/!

xxy + 2yToxs + 2w + 2052wy + 2d) s + aly? + dhwyz = 0

ag  ag Sa;  2as

where (ag, a}, al, ab) = ( ) Now observe that ag # 0 by Lemma [T We

202’ 2a2" a3 asasar

substitute zy := \u, z3 := \v with A = aj and we divide by A\? to get, with constants a,
zu® + 2yuv + 20 4+ 22%u+ 2a7*v + dly? +djayz = 0,

asa? 32ayal  8aga’

2 ) 3,2 7 2

where (a},al,al) = ( ) Observe that aj # 0 by Lemma [[T] again. Let

i € k so that

(1.4) pe=—.
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We substitute (z,y, z,u,v) — (u¥z, p’y, p?z, p~*u, p='v). Then we get the equation F,; = 0
as in the lemma with the parameters

(15) (a,b) = (32“1“3“3 8“2“5“7) |

ajasag ~ azasag

By Lemma [T X, is smooth if and only if D(a,b) # 0.
To see that the automorphisms generate a Dj it suffices to observe that txaxty' = ay'. O

Remark 1.3. Ifay = a3 = 0 and X, is smooth, then, by Lemmall 1, A(a) = 27a3a3ata2a? # 0.
By the similar argument as above we see that X, is isomorphic over k to

3 2 2 2 2
Xo 1wy + 2723 + 11205 + 29wy + 2574 = 0.

1.4. The intermediate Jacobian. In this subsection we assume k& C C. Let X be a smooth
cubic threefold over k. By abuse of notation we denote again by X its base change to C. The
intermediate Jacobian of X is the five dimensional (principally polarized) abelian variety ([V1,
Definition 12.2])

J(X) = H3X,C)/(F?H*(X,C) + H3(X,Z)) = H"*(X)/H*X,Z)

where we used that H%?(X) = 0.
To find an isogeny decomposition of the intermediate Jacobian J(X) we first consider the
action of ay.

Lemma 1.4. Let X = X, be a smooth cubic threefold in Section with automorphism ax.
Then the eigenvalues of o : HY2(X) — HY2(X) are ¢*, k = 0,1,2, 3,4, each with multiplicity
one.

Proof. Using Griffiths’ theory of residues one has a natural isomorphism ([V2, Corollary 6.12])
H'2(X) = R}, where R} = (S/Jrp)s is the degree four part of the Jacobian ring, so S =
Clzo,. .., x4 and Jg is the ideal generated by the partial derivatives of F'. The eigenvalues do
not depend on the choice of F, so we can take F' = 23 + ...+ 23, the Fermat cubic, and for the
order five automorphism we take the cyclic permutation of the variables. Then R} has a basis
rji= T Tj---wg, with j =0,...,4. Then a%r; = r;j;1, where we put 75 := ry and thus the
eigenvalues are as stated in the lemma. O

Proposition 1.5. The intermediate Jacobian J(X) is isogenous to the product:

J(X) ~ E x B?,
where B is an abelian surface, moreover Q(v/5) C Endg(B) ®7 Q.
Proof. The kernel of the endomorphism af — [1], where [n] denotes the multiplication by n
on J(X), has a connected component which is an elliptic curve since «of has the eigenvalue
1 with multiplicity one. A complementary abelian fourfold A can be defined as the image of

af — [1], this fourfold has a automorphism of order five induced by af and its eigenvalues on
To A, the tangent space at the origin, are the (7, j = 1,2, 3,4. So we must show that the abelian
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subvariety A C J(X) is isogenous to a selfproduct B. For this we use that txaxty = ax?,

which implies that % maps the eigenspace of a% with eigenvalue ¢/ to the eigenspace with
eigenvalue Qj_l. In particular, ¢% has two eigenvalues +1 and two eigenvalues —1 on TyA.
Hence the kernels By of the endomorphisms ¢ + [1] of A are abelian surfaces, which are
isogenous, B, ~ B_, since % does not preserve them, so A ~ By X B_ ~ Bi.

The endomorphism % + (ay')* of A commutes with %, hence it acts on the Bi. As
a% € End(A) satisfies the equation z* + 2° + 2% + 2z + 1 = 0 (this follows by considering the
action on TyA), it follows (divide by 2?) that (x +271)2 + (z+27!) — 1 = 0, thus a% + (ay)*
generates a subfield Q(v/5) C Endz(Bi) ®z Q. Hence if we put B := B, the proposition
follows. O

1.5. An algebraic construction of J(X). We recall an algebraic construction of J(X) due to
Bombieri-Swinnerton-Dyer [BS], Murre [Mur], Altman-Kleiman [AK] (see also [AC-M]) which
is powerful as it works over any field of characteristic away from 2. However we restrict ourself
to the case of the characteristic zero.

Let k£ be a field as in Section 1. Let X be a smooth cubic threefold over k£ defined by a
cubic equation F' and let S be the Hilbert scheme of lines of X, which is a smooth surface
over k. Then by the general theory of Fano threefolds (cf.[BS],[Ma]), the Grothendieck motive
M := h3(X) associated to X over k coincides with the motives hy(A)(L) over k associated
to the Albanese variety A of S where L stands for the Lefschetz motive. Note that A is also
defined over k. This A is nothing but an algebraic substitute of J(X). In fact, if £ C C, then
Ac is isogenous to J(X) by taking realizations of hs(X) = hy(A)(L):

Ac ~ HY(Ac,C)/F'H (Ac,C) + HY(A,Z) ~ H*(X,C)/F*H*(X,C) + H*(X,Z) = J(X).

We can not conclude that this map is an isomorphism since the equality hs(X) = hy(A)(L)
holds in the category of Grothendieck motives with the coefficients in Q.
By taking algebraic de Rham cohomology one has a functorial isomorphism

HgR(X) = HéR(A)

between k-vector spaces. This isomorphism also preserves the Hodge filtrations of both sides.

We now describe the cohomology of the LHS. Notice that F?H3x(X) ‘replaces’” H"*(X) in
this section.

We denote by R = klxg,...,x4] the polynomial ring over k with five variables and Ry
is the k-vector space of all homogeneous polynomial of degree d (€ Zs(). Consider U :=
P*\ X. Then U is an affine variety over k with coordinate ring I'(U, O ), which consists of the
homogeneous elements of degree 0 in R[%] By excision for (X,U) (cf. Theorem (3.3), p.40
and Proposition (3.4), p.41 of [H]), there exists an isomorphism H3g(X) ~ Hiy (U) as k-vector
spaces. Furthermore, this isomorphism commutes with the action of Aut(X) N Aut(P?).
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Since U is affine, Hix(U) = Ker(d : Qf; — QF = 0)/Im(d : Q}, — Qf;). Furthermore right
hand side can be written as

{1;9 A€ Ry s, ¢:2,3,---}/{aj(%)9’j:0,1,2,3,4, A€ Ry 4, ’i:2,3,---} ,

where Q = S0 (= 1)zidag A -+ A dz; A ---dzy. The subspace F?H3;(X) corresponds to the

i€
A€ Ry 2,0 =12, } in Hiz(U) and the 9;,2 :

1 =0,...,4 give a basis of

image of {
F*H3R(X).
We now assume that X admits an automorphism ay of order five and k contains (5. By

changing the coordinates if necessary, we may assume ay is the automorphism of P* given at
the beginning of Section Then it is easy to see that

Fi+l

are eigenvectors with eigenvalues g“g' with respect to ax. By using this we can recover Proposi-
tion for A:

Proposition 1.6. Let A be the abelian five-fold as above. Then A is isogenous over k to the
product of an elliptic curve E over k and the self-product of an abelian surface B over k so that

Q(v5) C Endy(B) @7 Q:
AL Ex B
Proof. The proof is completely similar to Proposition and is therefore omitted. O

Henceforth J(X) stands for the intermediate Jacobian for X in Section [[4if £ C C and the
Albanese variety A associated to X in Section [0l otherwise. In both case we say that J(X) is
the intermediate Jacobian of X.

Proposition 1.7. The intermediate Jacobian of the smooth cubic threefold
Xo: x4+ 23w3 + 1125 + T07] + 2524 =0
in Remark[L.3 is isogenous to the five-fold product of an elliptic curve:
J(Xo) X EY, Ey: =241

Proof. By Proposition [[H one has J(Xj) L Fo x B2. Let (3 be a primitive third root of unity.
The action (3 : (xg : @1 : X9 : k3 : x4) — ((3%0 : 1 : To @ T3 : 24) induces the multiplication by
(3 (resp. (3) on F'Hgp(Ey7) (resp. F'Hig(By7)). Here we used the explicit basis of Section
[LE This means that Fy, By have complex multiplication by Q(v/—3) and in particular £y has

an affine model 42 = 2 + 1 over k (up to isogeny). It follows from Q(v/5) C Endy(B) that
B has non-simple CM by Q(v/5,v/—3) (cf. [ST], p.40, Proposition 3, 4; p.73, Example 8.4(2)]).

Therefore we have that By L E? for some CM elliptic curve E. Recall the action of (3 on
F'Hig(By3) = F'Hig(E5)®* is multiplication by 5. This shows that £ L K. O
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2. THE CURVE H,,

2.1. Outline. We use the simple equation F,; = 0 for a smooth cubic threefold with an
automorphism of order five to find a line [ in X that is invariant under the Ds-action. We
explicitly construct the curve H; that parametrizes the lines in X meeting [ and its involution
1 following [Mur]. The quotient H; := H,;/; is a plane quintic curve and the associated Prym
variety Prym(H;/H;) is the intermediate Jacobian J(X) of X.

2.2. The conic bundle. Let X,; be a smooth cubic threefold as in Lemma [[L2] It has the
equation, in P* with coordinates z,y, z, u, v,

Fop = Lu? + 2luv + 1302 + 2Q1u+2Qv + C =0,

which is of the same form as (16) in [Mur], with [;, Q;, C' homogeneous of degree 1,2, 3 in z,y, 2
respectively:

h=z b=y =2z Q=2 Q=212° C=ay’+bryz.
As in [Murl Section 1C] we define a line I C X, ;:
l: z2=y=2=0 (C Xap) -

Notice that [ is invariant under the Ds-action. (There is only one other line in X, ;, defined by
u=v =y = 0, which is also Dj-invariant.)
For a point T := (x : y : 2) € P? we define a 2-plane Ly in P*:

Ly = span(l,T); p=(at:yt:zt:u:v) (€ Ly)

provides a parametrization of this 2-plane with coordinates (¢ : w : v) and [ is defined by ¢t = 0
in Ly. The intersection of Ly with X is the union of the line [ and a conic K¢ ([Mur, (24)]):

Krp : vu? 4+ 2yuv + 20 + 224w+ 22%tv 4+ 3 (ay® + bryz) = 0.
The conic Kr degenerates if the point 7" is on the quintic curve H,;, C P? defined by
Ty 22
det [ y =2 72 = 2° — (b+2)2*y2* — (a — b)xy’z + ay’® + 2° = 0.

22 2% ay® + bayz

The automorphisms ax, tx of X, induce the automorphisms of order five and two respectively
on Hey:

as, 2 Hypy — Hey, as((x:y:2) = Cr:y: ), (z:y:2) = (2:y:2).

These automorphisms generate of subgroup isomorphic to the dihedral group D5 of order ten
in Aut(H, ). Similar to the proof of Lemma [[T] we found that the curve H,; is smooth (and
thus has genus 6) if and only if D;(a,b) # 0 where:

(2.1) D;(a,b) := (=14 a+b)D(a,b).
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2.3. Remark. Notice that the point 7" = (1 : 1 : 1) lies on the quintic curve H,, for all a,b.
The conic K is defined by u? + 2uv + 2ut + v* + 2vt + (a + b)t* = 0 which, after substituting
u = w —v —t, becomes w?+ (a+b—1)t>* = 0. Hence K7 is a double line in case a+b—1 = 0,
which is the reason it appears in D;(a,b) in equation (2.1]).

2.4. Remark. If we work over Q and take a = b = —2 then H,; is the (twisted) Fermat
quintic curve. It has good reduction outside 5 and 2, matching with D;(—2, —2) = 5*. 2%, It is
interesting to study the difference of the arithmetic conductor (that is 2% - 5%) of the curve H,
and our discriminant D (a, b).

2.5. The double cover. If the quintic curve H,; that parametrizes the degenerate conics
is smooth, it has an etale double cover H,, = H(l),, that parametrizes the two irreducible
components of the degenerate conic (see [Mur, 1.24]).

Proposition 2.1. If the curve H,y, is smooth (so Di(a,b) # 0), then the double cover
T - Ha,b — Ha,b

is etale and H,p has genus 11. The intermediate Jacobian J(X) of X is isomorphic (as prin-
cipally polarized abelian variety) to the Prym variety P,, = P, (1) of this double cover:

J(X) = P,y = Prym(Hap/Hap) -
Moreover, the double cover m; corresponds to the quadratic extension
k(Hap) = k(Hop)(w), w? = 1—xz/y*,
of the function field of Hy,p.

Proof. See [Mur], we follow it closely in order to obtain the explicit expressions.

For a point T" € H,;, the conic Kp has two irreducible components that are lines. For
general T" the points of intersection of these two lines with [ will be distinct. The etale double
cover Hqp — H,yp is thus defined by the degree two extension of the function field of H,
which corresponds to the square root of discriminant of the quadratric polynomial obtained by
intersecting K with [.

The line [ is defined by t = 0, hence Ky N[ is defined by zu? 4+ 2yuv + zv? = 0 and this
homogeneous quadratic polynomial in the coordinates u, v on [ has discriminant A = y? — xz.
Notice that A = 0 defines a conic in the plane of H,; and that the intersection of A = 0 with
H,, consists of points with z # 0, putting z = 1 we find these points by substituting = = 32
into the equation for H,:

W) = 0+2)(y")y — (a=b)y’y’ + @’ +1=y" =2y + 1= (y° — 1)*.
Thus the conic A = 0 is tangent to H,; in all five intersection points, as it should be for
the double cover it defines to be etale. A singular model of H C P?3 can be obtained simply
by taking the inverse image of H,; in the quadric surface defined by w? = y* — 2z (where

(r : y: z: w) are the homogeneous coordinates on P3). That is, the singular model is a
complete intersection of bidegree (5,2) in P3.
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The function field of H, is generated by the rational functions x/y, z/y and as we observed,
the function field of H, is generated by the square root of (y* — xz)/y* = 1 — (zz/y?). O

2.6. Automorphisms of H,;. From the explicit construction of the curve H,y, in particular
the fact that the rational function 1 — z2/y? € k(H,,) is invariant under the automorphisms
as,t of H,p, we see that the automorphism ax, tx of the threefold X, ;, induce automorphisms
&, T on H,yp which generate a Ds C Aut(H,p). The covering involution of the double cover
Hap — H,p will be denoted by ¢ (€ Aut(Hap))-

The action of these automorphisms on the rational functions x/y, z/y, w € k(H,p) is

b - (.T}/y, Z/y,U}) = (SL’/y, Z/y, —U}),
as: (z/y, z/y, w) — (Cz/y, C'z/y, w),
v (afy, 2/y,w) — (2/y, z/y, w) .

Notice that ¢; commutes with both & and 7, hence & and 7 induce automorphisms of the Prym
variety Prym(Hap/Hap)-

Since the line [ is fixed by ¢x, this involution on X, ; induces an involution on the curve H,;
which parametrizes lines in X, ;, meeting [. The following lemma identifies this involution.

Lemma 2.2. The involution tx on the threefold X, induces the involution & on Hp.
The quotient curves Heap/T and Hap/iy have genus 4 and 6 respectively.

Proof. The involution ¢y induces ¢ on H,p with ¢(z 1y : 2) = (2 1 y : 2). As H,y is defined
by the quadratic equation w? = 1 — xz/y?, and (; changes only the sign of w, we must have
that ¢x induces either 7 or 71; on H,p. To find out which, we consider the fixed points of these
involutions on Hg .

The fixed points of ¢ and 71, map under 7 to the fixed points of + on H,;. These are the
point (1:0: —1) and the five points of intersection of H,; with the line = z, one of which is
(1:1:1). In the other four points, the function 1 — zz/y? has a non-zero value and thus the 8
points on ]jlmb mapping to them are fixed points of 7, and thus none of these points is a fixed
point of 7y;.

It is not hard to check that the corresponding 4 pairs of lines on X, are interchanged by
Lx, hence tx induces 7 on Hey,.

The fixed points of 7 on H,, are thus among the four points which map to (1:0: —1) and
(1:1:1) and they correspond to the lines meeting [ which are fixed by tx. For T'=(1:0: —1)
these lines form the conic K7 which is (v — v + 2t)(u+v) = 0. The line on X, corresponding
to u + v = 0 is the line parametrized by (v : v : 2z :y:2) =(s: —s:t:0: —t), and this
line is mapped into itself by ¢x. Thus both of the points on H,; mapping to 1" are fixed under
I. Similarly, for (1 :1: 1) € H,y, the two corresponding lines on X, are parametrized by
(w:v:iz:y:z)=(s+ct:—s+ct:t:t:t), with 4c®+4c+a+b =0, and thus both are fixed
by ¢x. Therefore ¢ has 4 fixed points and i¢; has 8 fixed points on H, .

The genera of the quotient curves now follow from the Hurwitz formula. O]
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3. QUOTIENTS OF H,

3.1. Outline. In this section we determine the isogeny classes of the factors E,; and B, of
J(Xap) explicitly. Throughout this section we assume that X, ; is smooth, hence D(a, b) # 0.

3.2. Quotient maps of degree five. We determine the quotient curves ﬁmb and ﬂmb of Hyp
and H, by the automorphisms of order five. In PropositionB.Ilwe will show that these quotient
curves have genus two and three respectively, thus these quotient maps are etale. Moreover, the
Prym variety of the double cover ﬁa,b — Ha,b is thus an elliptic curve E&vb which we determine
explicitly, it is in fact a quotient of H,. All these curves and quotient maps fit in the following
diagram:

Hap SN Hap = Hap/s BLLEN B,

SR

5:1 -5
Ha,b ? Ha,b = a,b/a5

Proposition 3.1. The curves in the diagram above have defining equations:

Hap : r? = fi(1 —w?),
Hap: 2= (t—1)fi(t),
Ecll,b : r? = fa(l —w),

where the degree four polynomial fy is defined by:

0 == (e - (o= B)e - (52§

A Weierstrass model for E;,b and the maps between the curves are given in the proof.

2

Proof. We introduce rational functions s, ¢ on H,; which are invariant under the automorphism
as: (z:y:2) > ((o:y: (5 t2) of order five:

s = (z/y)°, t:= xz/y then °/s = (z/y)° .

Now we divide the defining polynomial for H,;, by y° and rewrite it with these invariant
functions:

(z/y)° — (b+2)(zz/y*)* — (a = b)xz/y* +a+ (2/y)° = s— (b+2)t? —(a—b)t+a+1t"/s,
Multiplying by s we obtain a polynomial of degree two in s:
s> = ((b+2)*+ (a—b)t —a)s + ¢ =0,

which defines a genus two curve Fa,b which is thus the quotient of H,; by as.
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Notice that Ha,b is a double cover of P!, with coordinate ¢, branched in the six points
where the discriminant is zero. It is also easy to find the Weierstrass form by substituting
s:=s=+ ((b+2)t* + (a —b)t —a)/2, one finds Hyy: s> = (t — 1) f4(t), with fy as above.

The function 1 — zz/y? € k(H,,), whose square root w defines H,, can be written as
(3.1) w? =1 —axz/y* =11t so t=1-—w
and substituting this in the Weierstrass equation of Fa,b and defining r := s/w we get the
Weierstrass equation for the double cover ﬁmb of F@b:

Hap: 10 = fi(1—w?) .
In particular, H,, is hyperelliptic of genus three and thus the map H,, — H,, is an etale
double cover. The Prym variety of this double cover can be determined as in [Mum]. The
discriminant of H,; is given by

27%(1 —a—b)aA(a,b).
This curve has a subgroup isomorphic to (Z/2Z)? C Aut(H,); there is the hyperelliptic
involution (s, w) — (—s',w), the covering involution (s',w) + (—s’, —w) and their product is
the involution (s, w) — (', —w) with quotient a genus one curve

Cop: %= fil—w).

By Proposition 1.2.1 of [Cor], one has the following cubic Weierstrass model which is a smooth
birational model of Cl:

Ely Y +aay +agy = 2+ aa® + agx + ag

3.2

(32) 23’+(§+b—4)w+2 4s’+4a2w2+(§+2b—8)w+4
(x’y):( 2 ) 3 )7

w w

with

b? a-+b)? ab bt b
a1:Z+b—4, 0,3:( ) +4a + 6b — 8, a2:2—a—§—6—4—§—z—b,
o

a4:4(a+b—1),a6:(a+b—1)(8—4a—2ab—E—;—bz—élb).

The discriminant and the j-invariant of E, are given by —27*a°A(a, b) and

_ 16(64a® + 4a®b + 16ab® + a?b? + 2ab” 4+ b*)?

el o

j( a,b) - a5A(a,b)
respectively. Notice that the factor (a + b — 1) disappears. This elliptic curve is actually the
Prym variety Prym(Hop/Hap)- O

Proposition 3.2. If the threefold X,y is smooth, the elliptic curve E, is isogenous to the
elliptic factor E,p of J(Xap) which we found in Proposition 1.3 (and also in Proposition [1.6]).
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Proof. In case H,y is smooth, it follows from the diagram in Section that £, is isogenous
to an abelian subvariety of J(X) = Prym(H,s/H,p) and that the tangent space in 0 to this
subvariety is the eigenspace of &f acting on 7yJ(X) with eigenvalue 1. Thus E}, is isogenous
to Egup if (1 —a —b)D(a,b) # 0.

What is left is the case 1 —a — b = 0 and D(a,b) = aA(a,b) # 0. Let S be the affine open
subscheme of A?, defined by D(a,b) # 0. Let Py = (ag,bo) be a (geometric) point of S with
1 —ag— by =0. Take a line Z on S passing P, but different from the line 1 —a — b = 0. Let
R be the localization of Oz at Py and Q(R) its field of fractions. We view Ej,, E,; as smooth
families over Z. Let us consider their base change to SpecR and take the Néron models &,
Eayp over SpecR respectively. What we have shown above is that Homgqr) (Ey, , Eap) # 0. As
Homgr) (£, 4, Fap) = Hompg(E, , Eap) (cf. p.12, Definition 1 and p.16, Corollary 2 of [BLR])
and the specialization map

Hompg(&, ;, Eap) — Homy(E,, 4 5 Eagbo)

is injective (cf. [L, p.45, Theorem 3.2]), we find that E} , = & , and Eu b, = Eupp, are

isogenous. Hence we conclude that E”, is isogenous to E,; whenever X, is smooth. 0

3.3. Quotient maps of degree two. In the previous section we studied quotients of the curve
Hap by the automorphism of order five. This curve also has the involution 7 (cf. Section 2.0])
which is a lift of the involution ¢ on H,;. Thus we have a commutative diagram:

2:1 ~
Ha,b — Da,b = ,Hmb/L

S

2:1
Ha,b e Da,b = Ha,b/[/ .

Proposition 3.3. The curves D, and D,y have genus four and two respectively.
The quotient curve Doy = Hayp/T has a (singular) projective model in P? defined by

(3.3) (T —2T)(T?+ThTo—T3)? + ((a+b+4) T3 =10 T2+ 5T2)w? + ((—2—b)To+5T )w* = 0.
The genus two curve D,y = H,p/T has the Weierstrass model
(3.4) Dap: 3 = 5T+ (4b+ 8)T} + 10(a — b)T} — 20aTy + (a + b)* + Sa.
The discriminant of Dgy s
2125%(a 4+ b — 1)*A(a, b).

Proof. The genus of the quotient curves is given in Lemma 2.2 We introduce the following
i-invariant rational functions on H,:

T =a+y, Tp:=uxz=y(1-w),

where w is as in equation (B.I]). If we dehomogenize by putting y = 1, we get a rational map
from H, to the singular quintic in the proposition. Since this quintic curve has two nodes in
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(5—1)(5—2)

5 — 2 =4 and thus it is birational to the

the points w = T + Ty — 1 = 0, its genus is
quotient curve Dgy,.

The covering involution H,, — H,y induces the involution 7 : (11, w) — (137, —w) on the
curve D, ;. The fixed points of 7 in the singular model are (0: 0 : 1) and (2 : 1:0) (in fact,
the nodes are also fixed points, but as the two tangent lines in each node are interchanged,
there are no fixed points on the smooth model mapping to the nodes). Thus the genus of the
quotient curve will be equal to two.

If we put v := w?, the quotient curve Dy =D,/ is given by

(Ty —2)(T?+ Ty —1)* + (a+b+4— 10T, +5T7)v + (=2 — b+ 5T )v? = 0.

To find a Weierstrass model of this genus two curve, we replace v with MLW and next
— ol
1
replace vy by % + §(a+b+4— 107, +5T}) and we find the equation given in the proposition. [J

Proposition 3.4. In the decomposition of the intermediate Jacobian J(X,p),

J(Xup) & Eup x B2,

)

(see Proposition [L1), the abelian surface B,y is isogenous to the (two-dimensional) Prym
variety of the double cover Dy — Dy,

Ba,b ~ Prym(DaJ,/D,Lb) .

Proof. From the diagram in Section it follows that Prym(D,;/D,p) is isogenous to an
abelian subvariety of J(X,) = Prym(H,,/Hap), and from the proof of Proposition one
finds that it must be isogenous to B, . O

3.4. The Jacobian of a genus two curve. We now try to find the Jacobian of a genus two
curve which is isogenous to the abelian surface B,;. To do this we first consider, for general
a, b, the normalization of the 4 : 1 cover

Doy — Doy — P, (T, w) — (Th,vy) —> T}

where we put Ty = 1. So we view k(D,p) = k(T1,w) as a quartic extension of k(7)) and we
consider its Galois closure.

Proposition 3.5. Assume that the map D, — P' is not a Galois cover, and let 25%5, — P!

be its (Galois) normalization. Then the double cover 15(171) — Dqy 1s defined by the function
field extension
k(ﬁ ) = k(D,,)(t) 2 _hi—2
ab) — a,b ) - 5T1—b—2 ;

where k(D,yp) is the function field of Dqp.
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Proof. The equation of D, can be written as pw* 4+ qw? + r, with p, ¢, r polynomials in Tj.
So T1,w € k(Dap), and w is a root of the irreducible polynomial pX* + ¢X? + r € k(T})[X].
Another root is obviously —w, and in k(T,w)[X] = k(D,;)[X]| one finds the factorization:

T . (Tl — 2)(T12 + T1 — ].)2
pw? (57y — b —2)w?

X'+ gX? = p(X? —w’)(X? — ), s =

Thus in general we need to adjoint the square root of s, or equivalently ¢ as in the proposition,
to obtain a Galois extension. O

3.5. The Galois group. For a,b such that the 4:1 map D,;, — P! is not Galois (this would
imply b # 8), the Galois cover D,, — P! has group Gal(k(Da)/k(T})) = Dy, the dihedral
group of order eight. Since the roots of the polynomial pX* + ¢X? + r are +w and +w; =
+t(TE+ Ty —1)/w, this Galois group is generated by o, which acts on the roots w, w; as wy, —w
and the involution 7 on 25%5,, which sends t — —t and thus maps w, w; to w, —w.

In the following proposition we establish and use the following diagram, where each arrow is
a double cover:

Da,b
RN )
Da,b C(a,b = Da,b/aT
! 1
Dgy Co :=Dap/(0oT,0°%) = P!
N\ e
Pl

Proposition 3.6. Assume that the 4:1 map Doy — P! is not Galois. Then the abelian surface
B,y in J(Xap), which is isogenous to Prym(Dgp/Dyay), is also isogenous to the Jacobian of
the genus two curve Cqyp = 15(171,/07'. More precisely, Prym(D,p/Dayp) is isomorphic, as a
principally polarized abelian variety, to Jac(Coyp).

The curve Cyp ts defined by the Weierstrass equation

6
(3.5) Cap: 8 =—(b=8)fs(t),  fo(t) =D _bit', with
=0
bo = —(a+b—|—24),
by = 10(b—8),
by = 5(3a+13b—8),

S8
w
I

—10(b — 8)(b+ 2),
by = —5(15a+ 6b* + 19b — 56),
2(b—8)(b* +9b — 11),

be = 5(25a+b*+6b% —13b+8) .

S
ot
I
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The discriminant of the curve C, is given by
2655(b — 8)*2A(a, b)? .
Proof. The involutions o7 and o2 act as (w,w;) — (wy,w) and (w,w;) — (—wy, —w) re-
spectively. In particular, both fix t = ww/(T? + Ty — 1). Thus the function field of
Co := D,/ {oT,0?), which is a quadratic extension of k(7}), is the field k(¢) and hence Cy = P*.
The function field of Cyp := D, /07 is the extension of k(7)) generated by w + w; and ww,
and is a quadratic extension of k(). From the factorization

pXP X4 = pX = w)(X + w)(X — wi)(X + w)
= p(X?%— (w+w)X + ww)(X?+ (w+ w) X + ww,)

we find that ¢/p = 2ww; — (w + wy)? and r/p = (ww;)?. Therefore
(w+w,)? = 2wwy — q/p = 2(TF+T, —1) — (5T — 10Ty + (a+b+4)) /(5T — (b+2)) .

From the definition of ¢ we also have T} = ((b + 2)t* — 2)/(5t? — 1), thus we can write (w +wy)?
as a rational function in ¢. Defining s := (b — 8)(5t* — 1)(w + wy) clears the denominator and
we obtain the equation for C,; as in the proposition.

For such a diagram defined by a Dj-cover, a general result of Pantazis [Pl Proposition 3.1]
asserts that Prym(D,,/D,;) and Prym(C,;/Cy) = Jac(C,p) are dual abelian varieties. As
Jac(Cyp) is principally polarized, it is self dual, and the proposition is proved. O]

3.6. The case b = 8. In this case, the extension k(D,;)/k(11) is already normal, see Proposi-
tion 3.5l The affine model

Dog: (Th—2)(TP+ Ty —1)*+ (a+ 12 — 10Ty + 5T w?® + 5(T) — 2)w* =0
admits the following two new involutions
T2+ T, — 1
Lg: : (Tl,w) — (Tl, :tl—i_il) .
V5w

Put

~1 1 T2 4T, —1
XY :( , Y it Mt S )
XY) = (73 T1—2(\/_w p—

The quotient curves CF =D, g/ 1 are elliptic curves with the following affine models:
CFH: Y= (a+32)X?+10(=5 £ V5)X? —10(=3 £ V5)X —5+2V5

with the discriminants —5(2 F v/5)?(a + 32)(27a + 64) and the j-invariants (independent of the
choice of sign):

214 52(3q — 4)3
(a+ 32)3(27a + 64)

J(CT) =
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Since we have assumed that k contains (s, it is easy to see that the curves CF are isomorphic
over k(v/—1) to the elliptic curve with the following affine model

(l’,y) = (5i\/5X7 5j;2\/gy> )

Cyo : 5y* = 5(a + 32)2 — 10022 + 202 — 1, 0

where /5 4+ 2v5 = /—1(1 + 2¢% + 2¢*) and /5 — 2v/5 + 2¢ + 2¢?). Note that

D(a,8) = a(a+ 32) (27a + 64). Hence C, ~ CF is smooth prov1ded 1f Xos s smooth.

Proposition 3.7. Keep the notation as above. Assume that b =38. Then

k
Bus & Crx o "CY 2

Proof. We denote by 7 : Dyg — D,s = Dag/T the quotient map and ¥ : D,3 — CF as

well. Then it is easy to see that (7F),on* = 0 and (7, ). o (7])* = 0 on Jacobians respectively.

The claim follows from this. ]
Summing up, we have proved the following:

Proposition 3.8. Assume that X, is smooth. If the map D, — P! is not Galois (hence
b#38), then

J(Xa,b) f]fJ ab X JaC(Ca7b)2.
In case b =8, this map is Galois, and moreover

J(Xag) & Bug x (C)? % (C;)?

a

k(=T
(\’/2_) E g X Cg .

3.7. Moduli. The moduli space of principally polarized abelian surfaces with real multiplica-

tion by Z[(1 + v/5)/2] was studied in [Wil]. A general such abelian surface is the Jacobian of a

genus two curve and this curve is determined by six points on P!, In [Wil, Section 5] one finds

that these six points satisfy the equation (for m = 6)

H,(2) i= 12z} — 4mp(2)22 + 73(2) — 41a(2) = 0
where 7;,(z) = >0 2F and 2, ..., z; are certain (explicit) functions in the coordinates of the six
points. These z; satisfy Y z; = 0and Y72} = 0,50 2 = (21 : ... : 2) is a point of the Segre
cubic threefold, and permuting the points on P' permutes the z;. Moreover, [Wil, p.133] gives
explicit expressions of the Igusa invariants I5(2), I4(z), I¢(2), I10(z) of the genus two curve in
terms of z.
We computed the Igusa invariants I;(C, ) of the curve C,;, with Magma [M]. We checked

that there is a (weighted) homogeneous polynomial P of degree 24 in the Igusa invariants, with
16 terms,

P = LI} — 123315 — 97213121, — ... — 151165441,17, + 8113 |,

such that P(C,;) = 0 for all a,b. Next we parametrized the Segre threefold by taking six
general points, (1 : x1), (1: x9), (1:x3), (1:1),(1:0), (0:1), in P!, and we computed the
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functions zi, ..., 25 as well as the Igusa invariants [;(z) explicitly. Substituting the I;(z) in P
and factorizing the result, we found that

P(z) = 27235 H (2)Hy(2)Hs(2) Hy(2) Hs(2) Hg(2) .

Thus indeed Q(v/5) C Endi(J(C,4)) @z Q, as we already know from our construction. The
more precise result that Z[HT\/E] C Endy(J(C,p)) follows as well.
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