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Abstract

Recent papers by Markman and O’Grady give, besides their main results on the Hodge
conjecture and on hyperkihler varieties, surprising and explicit descriptions of families of abelian
fourfolds of Weil type with trivial discriminant. They also provide a new perspective on the well-
known fact that these abelian varieties are Kuga Satake varieties for certain weight two Hodge
structures of rank six.

In this paper we give a pedestrian introduction to these results. The spinor map, which is
defined using a half-spin representation of SO(8), is used intensively. For simplicity, we use
basic representation theory and we avoid the use of triality.
©2023 Elsevier GmbH. All rights reserved.
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Introduction

The recent papers [12,15] by Markman and O’Grady provide new descriptions of
families of abelian fourfolds of Weil type. Markman uses these to prove that certain
Hodge classes on these fourfolds are algebraic. Both show that these abelian varieties are
isogeneous to the intermediate Jacobians of algebraic hyperkéhler varieties of Kummer
type. O’Grady further relates this to the Kuga Satake construction for the (primitive)
second cohomology group of algebraic Kummer type varieties. See also [20] for further
developments.

An abelian fourfold of Weil type has an imaginary quadratic field K = Q(v/—d)
in its endomorphism algebra. Markman obtains the polarization on the abelian fourfold,
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an alternating form on Hj, from a symmetric(!) form on H; and the K-action. These
fourfolds define two subspaces of the complexification of their first homology group Hj,
a free Z-module of rank 8. The first one is the +i-eigenspace of the complex structure on
H, ® R defined by A. The second is one of the two eigenspaces of the K-action. These
two subspaces turn out to be maximally isotropic subspaces for the symmetric form that
determines the polarization.

In this paper we will mainly follow Markman’s approach. He considers a free, rank
8, Z-module V equipped with a symmetric bilinear form. This V will become the first
cohomology group of the fourfolds of Weil type. The maximally isotropic subspaces of
the complexification V¢ of V are well-known to be parametrized by two copies of a
Legendrian Grassmannian, a complex manifold of dimension six. The spinor map is a
natural embedding of this Grassmannian in P’, the image is a quadric hypersurface Q.
This map already made several appearances in algebraic geometry, for example in the
study of vector bundles over hyperelliptic curves in [16], of K3 surfaces in [13], of secant
varieties in [11] and of integrable systems [1].

The spinor map is best constructed using the representation theory of Spin(V), a
double cover of the orthogonal group SO(V) defined by the bilinear form on V. The
spin group has a half-spin representation whose projectivization is P7. The spinor map
is equivariant for the action of Spin(V). A natural integral structure on the half-spin
representation allows one to identify it with the complexification of a free Z module S*
of rank 8. There is a non-degenerate bilinear form on S which defines the quadric Q%.

A six dimensional analytic open subset 2 C Q% parametrizes complex structures
on Vg that preserve the bilinear form on V. Fixing a general element s € ST and
considering only the complex structures on Vg corresponding to £ € {2 N s+ produces a
five dimensional family of complex tori 7;, not algebraic in general, that have a Hodge
class, called the Cayley class,

¢y € H*X(T;, Z) = H(T;, Z) 0 H*(Ty).

The idea of using these tori and the associated action of Spin(7) = Spin(s*) to study the
Hodge conjecture for fourfolds of Weil type is due to V. Mufioz [14]. In Section 2.4 we
observe that the existence of the Cayley classes can be deduced from a relation between
the spinor and the Pliicker map. Using representation theory we then compute the class
¢, for certain s that are relevant for Markman’s results in Proposition 3.4.

Triality, an automorphism of order three of Spin(V), allows one to relate the standard
representation of Spin(V) (via SO(V) on V) and the two half-spin representations, one
of which is S*. While it is prominent in [12], we use instead an ‘ad hoc’ Lemma 2.6.
This lemma suffices to obtain the results on the Cayley class and for the Kuga Satake
varieties.

For any h € ST such that the sublattice (4, s) of ST spanned by & and s has rank two
and is positive definite, the tori parametrized by the four dimensional domain 2N (k, s)*
turn out to be abelian fourfolds of Weil type. The imaginary quadratic field K depends on
h and s, but fixing s and choosing % suitably, any such field occurs. The polarization is
determined by K and the bilinear form on V. A further discrete invariant, the discriminant
of a polarized abelian variety of Weil type, is always trivial for the fourfolds constructed
in this way. See Theorem 4.6 for these results of Markman and O’Grady.
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The Hodge conjecture for an abelian fourfold A of Weil type is non-trivial. There is a
natural 2-dimensional subspace Wx C H 22(A, Q) of Hodge classes. It is not known in
general if this subspace is spanned by classes of algebraic cycles. If ¢, is algebraic, then
all classes in Wg are also algebraic. Markman makes important progress in the study of
the Hodge conjecture by showing that ¢, is algebraic for all abelian fourfolds appearing
in his construction, which are all fourfolds of Weil type with trivial discriminant. For
this he uses deformation theory of sheaves on hyperkédhler manifolds, see Section 5 for
a brief outline.

We limit ourselves to a basic exposition of the constructions of Markman and O’Grady
of the abelian fourfolds of Weil type with trivial discriminant and of the Cayley classes
of Mufioz and Markman. The relation with the Kuga Satake construction is indicated in
the last section.

0. Tori with an orthogonal structure

0.1. The lattice V

The complex tori we consider are all quotients of a fixed real vector space, with a
varying complex structure, by a fixed lattice. Whereas one might expect an alternating
form, a polarization, on the first cohomology group to be important, Markman instead
fixes a symmetric, non-degenerate, bilinear form (e, @)y on a rank eight free Z-module
V of signature (4+,4—). He fixes a rank four free Z-module W, defines W* :=
Homy(W, Z) and

Vi=Wae W, ((wn,w), (wy, wh)), = wi(wy) + wj(wy).
If er, ..., e4is a Z-basis of W and e;14 = e}, where e], ..., e} is the dual basis of W*
so that ef(e;) = §;; (Kronecker’s delta), then

4 8 8
(v, )y = inyi+4 + Xitayi, (v = inei, vy = Zyiei ev),
i=1 i=1 i=1
hence (V, (o, ®)y) = U®*, the direct sum of four copies of the hyperbolic plane U =
(22, (15))-
In [12] and Section 5 one defines W := H!(X, Z) for an abelian surface X, but for
the basic properties of the complex tori this is not needed.

0.2. Complex structures on Vg

Let Vg := V @z R, it is an eight dimensional vector space over the real numbers. A
complex structure on Vp is a linear map J : Vg — Vg with J 2—_7.Sucha map has
two (complex) eigenspaces Z,, Z_ C V¢ := V ®y C corresponding to the eigenvalues
i, —i € C of J. These eigenspaces are complex conjugate, Z, = Z_, where the complex
conjugation on V¢ is defined as v® z=v® 7z forv e V and z € C.

Ve=2,®7Z_=7,.9Z,, J=(i,—i) € End(Z;)® End(Z_).

Please cite this article as: B. van Geemen, Fourfolds of Weil type and the spinor map,
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Conversely, given two complex conjugate subspaces Zy C V¢ such that Ve =
Z, @ Z_ one can define a linear map J: Ve > Ve by J(v+ + o) = zmr —iv_.
Then there is a linear map J : Vg — Vg whose C-linear extension to V¢ is J. In fact,
the inclusion Vg — V¢ identifies Vg with the (v, v_) € Z, @ Z_ with vy = v_. Writing
v € Vg as v = vy + vy, one has Jv= ivy —ivy € Vg, so J is just the restriction of J
to Vk.

0.3. Orthogonal complex structures and isotropic subspaces

The R-bilinear extension of (e, ), defines a bilinear form on Vg, denoted by the same
symbol. We consider now the complex structures J that preserve this bilinear form, so
(Jvy, Jua)y = (vy, vo)y for all v, vy, € Vg. Equivalently, J € SO(Vg, (e, ®)y) and we
will call J an orthogonal complex structure. Notice that for such a complex structure J
and for eigenvectors vy, v2 + € Z; we have, for the C-bilinear extension of the bilinear
form,

. . )
Wi, o)y = vy, Juap )y = ((vi4, iva)y = i"(Vi4, Vap)v = —(Vi4, Vag)v.

Hence the restriction of (e, @)y to Z, is identically zero. Thus Z is an isotropic subspace
of V¢ (and since dim Z, = 4 = (1/2)dim V¢ it is a maximally isotropic, or Legendrian,
subspace of V). Similarly Z_ is a maximally isotropic subspace of V¢ (and since the
bilinear form is non-degenerate it induces a duality Z, = Z*).

One easily verifies that, conversely, an isotropic subspace Z, C V¢ such that V¢ =
V, @V, defines a complex structure J on Vi that preserves (e, o). We summarize this
in the following lemma.

0.4. Lemma

There is a natural bijection between the following two sets:

e the orthogonal complex structures J € SO(Vg, (e, ®)y) on Vg, .
e the maximally isotropic subspaces Z of V¢ such that Vo = Z @ Z.

1. The Legendrian Grassmannian and the spinor map
11

We introduce a connected component I/ G(4, V¢)' of the Grassmannian of maximally
isotropic subspaces of V¢ in Section 1.7. It is isomorphic to a smooth six dimensional
quadric Q% C PS{ = P7, where (ST, (e, @)g+) is a certain lattice of rank eight, see
Section 1.10. This isomorphism is induced by the spinor map, which is equivariant for the
action of the double cover Spin(V) of SO(V) on V and S* respectively. In Section 1.12
we identify a complex submanifold 2 C Q% that parametrizes the orthogonal complex
structures and we define complex tori 7, for £ € 2.

The spinor map was defined by Cartan [2] (see also [1]). The description given by
Chevalley in [3] was used by Markman [11, Section 2]. We define the spinor map using
the representation theory of orthogonal groups as in [5, Chapter 20] (but our (v, w)y is

20(v, w) in [5]).

Please cite this article as: B. van Geemen, Fourfolds of Weil type and the spinor map,
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Recall that V¢ is the complexification of V, a free Z-module of rank 2n with n = 4,
but in this section we will consider any positive integer n. The bilinear form (e, @)y is
extended C-bilinearly to V¢ and the complexifications of W, W* C V are denoted by
We, WE. Whenever convenient we will also write C?" for V¢ and SO(Q2n) for SO(Vp)
etc.

1.2. The Clifford algebra of V¢

The Clifford algebra C(V) of the complex vector space V¢, of dimension 2n, with
the bilinear form (e, @)y is the quotient of the tensor algebra

C(Ve) = B0 VE /v @w+w®v — (v, w)y - 1),

by the two sided ideal generated by the v @ w + w ® v — (v, w)y with v, w € V¢, or
equivalently, by the two sided ideal generated by the v ® v — (1/2)(v, v)y for v e V.
The Clifford algebra has dimension 22". We identify V¢ with its image in C(V¢). The
even Clifford algebra C(V¢)™" is the image of eakzng’zk.
As in Section 0.1 we let

Ve = We & W, We = (e, ...,en), W¢ = {(ent1,...,em),
with W& = Hom(W¢, C) the dual of W¢, where w*(w) := (w, w*)y for w € We, w* €
WE.
Since W¢, W¢ are isotropic one has vw = —wv € C(V¢) for all v, w € W¢ and also
for all v, w € W{. The subalgebras of C(Vc) generated by W, Wi are isomorphic to
the exterior algebras A®*W¢ and A®W( respectively.

Let e* := e, --- ez, € C(V¢) be the product of the elements in a basis of W{. Then
the left ideal S¢ := C(V¢)e* of C(V) is isomorphic, as a C vector space, to A* W,

o AWe — Sc¢ = C(Vp)e*, WIAWIA -+ AWy —> WiWy ... Wwre",

([3, I1.2.2], [5, Exercise 20.12]). Under this isomorphism, left multiplication by w € W¢
and w* € W{ on Sc correspond to the following endomorphisms of A*Wc:

wo () = a(Lyn), wro(n) = o (Dy=1), (n e A*Wo),

where L,(n) := w A n is left multiplication by w and D, is the derivation on A*W¢
defined by

Dyr() =0, Dys(wiA---Aw) =Y (=D w @i A A A Awy),
i=1
(here w*(w) = (w, w*)y for w € W, w* € Wg).
These operations of W¢, W& on A®*W¢ define a C(V¢)-module structure and o is a
homomorphism of C(V¢)-modules. It induces an isomorphism of C-algebras between the
even Clifford algebra and the direct sum of two matrix algebras (cf. [5, (20.13)])

C(Vo)™ = End(S}) @ End(SZ),  S& = A“"We, S5 = A"“We.

Since dim W¢ = n one has dim Sé =21

Please cite this article as: B. van Geemen, Fourfolds of Weil type and the spinor map,
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1.3. The spin group of V¢

The conjugation on C(V¢) is the anti-involution given by
X=x1- X —> x5 =(=D"x---x1,
notice that it maps C(V¢)™ into itself. The spin group of V¢ is
Spin(Ve) ={x e C(Ve)t : xx* =1, xVex* C Ve

Elements in Spin(Vc) thus induce linear maps on V¢ and one has the following result.

1.4. Theorem
There is a surjective homomorphism of complex Lie groups
pv : Spin(Vg) — SO(Vp), x — [v —> xvx™]

with kernel {£1}.

Proof. For a proof see [5, Thm 20.28]. O

1.5. The half-spin representations

Besides this ‘standard representation’ of Spin(Vc¢) on Vg, one also has the two half-
spin representations p*, o~ of Spin(V¢) on SE and S respectively (vector spaces of
dimension 2"~ 1), given by left multiplication in C(V¢):

,oi: Spin(Vg) — GL(S%), x +— [n —> xn].

See [5, Exercise 20.38] for the fact that for n = 0 mod 4 the image of Spin(V) lies
in SO(2"") (for a certain bilinear form 8 on Sg C A*W¢ also considered in [3, 3.2]).
The center of Spin(Vg), dim V¢ > 2, is isomorphic to (Z/27Z)?* if n is even and is cyclic
of order four otherwise (cf. [5, Exercise 20.36]). For n even, n > 2, the three quotients
of Spin(Vc) by the order two subgroups of the center are SO(Vc) and the images of
Spin(Ve) in the two half-spin representations.

1.6. The Lie algebra spin(V¢) = so(2n)

The Lie algebra spin(Vc) of the subgroup Spin(Vc) of the multiplicative group of
C(Vg)T consists of the x € C(Vg)™ such that x + x* = 0 and xv — vx € V¢ for all
v € Ve (cf. [3, p. 67-68]).

A basis of spin(V¢) is given by the following n(n —1)/2+n(n— 1)/2—|—n2 =n2n—1)
elements:

, 1<i,j<n.

eiej, eiypejr, with 1<i<j<n; eiejtn — 3

To see that these elements are in spin(V¢) (and to find their action on V) one can use
that for x, y, v € V¢ one has

[xy, v] = xyv — vxy = x(—vy + (y,v)v) — (—xv + (x, v)y)y = (¥, v)yx — (x,v)yy.

Please cite this article as: B. van Geemen, Fourfolds of Weil type and the spinor map,
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The Lie algebra spin(V¢) is isomorphic to the Lie algebra so(2n) of the orthogonal
group SO(Ve¢) = SO(2n). This Lie algebra consists of the X € End(Vc) such that
(Xv, w)y + (v, Xw)y =0 for all v, w € V. One finds that

A B
so(2n)=[X:<C D)eEnd(VC): A=-'D, 'B=-B, 'C=-C}.

An isomorphism spin(Vg) — so(2n) is given by the differential of py, so by the
representation of spin(Vg) on V¢ given by x - v := xv — vx. Using the computation
of [xy, v] above and the notation E; ; for the 2n x 2n elementary matrix whose only
non-zero coefficient is (E; ;); j := 1, one verifies that this isomorphism is given by

spin(Ve) =, so(2n),

eientj —>  Xij, Xij = Eij — Entjntis
eej — Yj, Yij = Eintyj = Ejntis
CisnCjiyn > Zij, Zij = Enyij — Engji-

We choose the Cartan subalgebra of so(2n) to be the diagonal matrices in so(2n) (as
in [5, Section 18.1]):

h =0, CH, H; = E;; — Entin+i-

The dual h* of b then consists of the linear maps (weights)
f)* = ®?=1(CL,', L,’(ZIJ'HJ') =1.
j=1

1.7. The isotropic Grassmannian

The (complex) n-dimensional subspaces of V¢ are parametrized by the Grassmannian
G(n, V), which has dimension n - (2n — n) = n*. The maximally isotropic subspaces
for (e, @)y (which are also those for the associated quadratic form) are parametrized by
two (isomorphic, disjoint, connected) complex submanifolds of dimension n(n — 1)/2
of G(n, V¢), denoted by 1G(n, Vc)* and IG(n, Ve)~. (See [6, Chapter 6] for linear
subspaces of quadrics.) This generalizes the two rulings (families of lines) on a smooth
quadric Q = P! x P! in P3. We denote by IG(n, Vc)t the connected component which
contains the maximally isotropic subspace W¢. A complex maximally isotropic subspace
Z defines a point [Z] € 1G(n, V¢)' if and only if dim(Z N W& =n mod 2. In case
n = 4, the dimension of Z must be even and then also [W¢] € IG4, V)™ .

We recall a local parametrization of I G(n, V¢)™ by alternating n x n complex matrices.
A basis of W§ is given by the last n basis vectors of V. Thus W is spanned by the
columns of the 2n x n matrix ((,)). Slightly deforming W¢, we obtain another subspace
spanned by the columns of a 2n x n matrix. Since det] = 1 # 0 we may assume
that the lower n x n submatrix is still invertible. Then we can find a basis of the same
subspace given by the columns of a matrix (¥), the corresponding subspace will be
denoted by Zg. Thus we found a Zariski open subset G(n, V) of G(n, V) of dimension
n? parametrized by n x n complex matrices.

In general Zp will not be isotropic, but one easily verifies that

0 I B
(0.0 zyx7, =0 (tB 1)(1 0)(1)20 < 'B+B=0.

Please cite this article as: B. van Geemen, Fourfolds of Weil type and the spinor map,
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Hence the vector space of alternating n x n matrices Alz, provides us with a parametriza-
tion of a Zariski open subset of I1G(n, V)t of dimension n(n — 1)/2 which we denote
by I1G(n, V(c)a”:

Alt, —> IG(n, Vo)! — IGm. Ve)t, B —> [Zy]= [(?)]

The isotropic subspace Zp is also the graph of the (alternating) map W* — W,
w* — Bw®*. Notice that W* = Z,,.

The isotropic Grassmannian I G(n, V¢)* = SO(V¢)/ P is a homogeneous space where
P = Py is the stabilizer of W* in the group SO(2n). The Lie algebra of P, which are
the X € so(2n) with XW* C W*, consists of the X € so(2n) with B = 0.

1.8. The spinor map
We recall that the Pfaffian of an alternating 2m x 2 m matrix A is the complex number

Pfaff(A) defined by the following identity in A?"C?™:

Pfaff(A)e; A - -+ A ex = mloy, (a)A = Zaijei /\ej).
i<j
In the next theorem these Pfaffians appear as the coordinate functions of the spinor map
y: I1G@n, Vo)t — PS&' that is moreover equivariant for the action of Spin(V¢).

1.9. Theorem
Let p*™ : Spin(Vg) — GL(SE) be the half-spin representation of Spin(Vc) on
SE = ANY"We = Py A We.

(1) In case n is even, the highest weight o of SE is (Ly +---+ L,)/2 and it is
(Li+---+ L,y —Ly)/2if n is odd.
(2) The one dimensional subspace

(1) = (A"We) © A" W
is invariant under the Lie algebra of P. Thus there is a Spin(V¢) equivariant map
y: 1G(n, Vo)t — PSE, y([pv(@WeD = (o7 (@)1)
for g € Spin(Vg).
(3) For an alternating matrix B € M, (C), let

0 B - .
Xp = <0 O) € so(2n), gp = exp(Xp) € Spin(Vg).

In the standard representation py : Spin(Vc) — SO(2n) one has

ov(gp) = <(I) ?) (e SO0(2n)) and pv(gr)Zo = Zp.

In the half-spin representation on S* the action of gp is given by left multiplica-
tion:

ot (@) S§ — S¢, w —> exp(wg) A w,

Please cite this article as: B. van Geemen, Fourfolds of Weil type and the spinor map,
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and one has
exp(wp) = Z Pfaff(B;)e;,
1,81=0 mod 2
where 7 runs over the subsets of {1, ..., n} with an even number of elements and

er=ej N---Nej, € A = ST with ] <. <.
(4) In the basis of S(Er consisting of the e;, the spinor map y on the open subset
1G(n, Vc)(‘f is given by

y : I1G(n, V@)ar — PSE, [Zg] —> (...:Pfaff(B;):...).
The image of y is defined by quadrics.

Proof. The highest weight of the half-spin representation SE is determined in
[5, Proposition 20.15].

The Lie algebra of P is generated by the X; ; (matrices with B = C = 0) and the
Z; ; (matrices with A = B = D = 0). The images of these elements in End(Sg) (as
well as those of the Y; ;) are:

so(2n) — End(SE),

1 1
Xi,j > Cilnyj — E(Sij > Lei o Den+j — E(Sij’
Yi,]‘ > ee; [ Lei o Lej ,
Zij > eiin€jin > D,,,© Dej+n.

Since D,+(1) = 0 for all w* € W*, we see that X; ; and Z; ; map 1 to an element in
(1). Hence Lie(P) maps (1) into itself and thus also the inverse image of P in Spin(V¢)
maps this line into itself.

The element Xp € so(2n) determined by B is X5 = ij b;;Y; ;. It acts as left
multiplication by wp = ) b;je; Aej on A°"W and thus exp(X ) is left multiplication
by exp(wp) € AY“"W. The exponential map of an endomorphism « is > o"/n!. The
multiplication between forms of even degree is commutative. The 2-form wp therefore
generates a commutative subalgebra of nilpotent elements, hence exp(Xp) is actually a
finite sum. One also has

exp(wp) = l_[exp(b,;,-ei ANej)= 1_[(1 + bije; Aej).
i<j i<j

We now show that, with B; the submatrix of B with coefficients b; ; with 7, j € I,

exp(wp) = Z Pfaff(B))e;.

1,41 even
In fact, exp(wp) € A®’"Wc is a linear combination of the e; = ¢;; A --- A e,
where i; < --- < e, I = {i1,...,in} C{l,...,n} is a subset with an even number

of elements. Since for an integer p one has that a)g € A2PW, the coefficient of e; is
homogeneous of degree 2k, with 2k = i/, in the coefficients b;; of B and only those
with i, j € I contribute. So the coefficient of e; is determined by the 2k x 2k alternating
submatrix B; of B with rows and columns indexed by /. Moreover this coefficient is
(Zik<i1,ik,i1€1 bi i e, A eil)k/k!, which is indeed Pfaff(B;).

Please cite this article as: B. van Geemen, Fourfolds of Weil type and the spinor map,
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Since py(gs)Zo = Zp and y([Zo]) = 1 € S& we get y([Zp]) = (p*(D1) =
(exp(wp)) € Sg = AY"W¢. The description of the spinor map follows immediately.
For the equations defining the image see [3, II1.3.2] or [9]. O

1.10. The spinor map for n = 4

In case n = 4, the spinor (or Cartan) map
y: 1G4, Vo)t — PS¢

is an embedding whose image is a smooth quadric 9+ C PS(Er . We will often identify
1G4, V¢) with O and simply write [Z] for y([Z]).

For Zp in the open subset 1 G(4, V(c)ar , where B = (b;;) is an alternating 4 x 4 matrix,
this map is given, in a suitable basis of S*, by (see Theorem 1.9.4):

y:Zgpt—— (z1:...:28) =
(1 1b12 1 b13 1 by i biobzs — bi3bys 4 biaboz : —b3s 1 by : —b23)-

The coordinate functions are, up to signs, the Pfaffians of the alternating submatrices of
B with an even number of rows and columns. The closure of the image of y is the spinor
variety, a smooth quadric:

0" =y(UGA, Vo) ) ={(z1:...:28) € PS{:  ziz5s+2226+2327+2428 = 0}.

In fact the signs and the order of the coordinate functions on S{ were chosen in such a
way as to obtain this simple equation.

The homogeneous coordinates above define a Z-module ST = Z® c S(JCr with bilinear
form (e, )¢+ such that for z = (z1,...,z8) € ST one has (z, 2)s+ = 2(z125 + 2226 +
7327 + z42g). In particular, ST = U* and for z € S(é one has z € Q% iff (z,2)s+ =0
where we use the C-bilinear extension of the bilinear form.

In this ad-hoc manner we obtain an integral structure on SE and, as observed by
Markman, one can define the spinor map over the integers.

1.11. Lemma

Let Z,,Z, be two distinct maximally isotropic subspaces of V¢ in the family
parametrized by /G4, Vc)™. Then Z; N Z, = {0} if and only if the complex line
([Z1], [Z,]) C PS(Er is not contained in the spinor quadric Q.

Proof. Using the action of the orthogonal group, if Z; N Z, = {0}, then we can map
Zi1,Zr to W, W*. As [W] = e,,[W*] = 1 € ST and (e, 1)g+ # O it follows that the
line ([Z], [Z,]) is not contained in Q. On the other hand, if Z; N Z, # 0, then we
may assume Z; = W* and Z; = Zp with B the rank two alternating 4 x 4 matrix with
wp = ey ANey. Then [Z;] = (1) and [Z;] = (1 + e; A ey) so that ([Z;], [Z,]) C Q+. |

1.12. Orthogonal complex structures and their period space (2

We use the spinor map and the spinor variety Q% to parametrize the orthogonal
complex structures and the complex tori that these define.
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An orthogonal complex structure J on Vg is determined by (and determines) a
maximally isotropic subspace Z, such that Vo = Z, @ Z,, see Lemma 0.4. Assume
that [Z,] € 1G(4, V). Using the spinor map we see that £ := y([Z,]) is a point of the
quadric Q* c PS{, that is (¢, £)s+ = 0. Since the spinor map is defined over Q, we get
[Z1] = £, the complex conjugate of the point £ in PS{. The condition that Z, NZ; = 0
is equivalent to the fact that the complex line spanned by £, £ is not contained in Q% by
Lemma 1.11. This again is equivalent to (£, Z_)s+ # 0 and since (£, Z)S+ € R we see that
(€, £)g+ is either positive or negative.

We define an open (six dimensional, connected) analytic subset of Q" by

0=0g ={L € PSE: (£, 05 =0, (£, 0+ > 0},

Then any £ € {2 defines a maximal isotropic subspace Z, of V¢ such that V¢ = Z, ®Z
and thus it defines an orthogonal complex structure J, on V.

The complex structure J, on Vg defines a complex torus 7, of dimension four by
requiring an isomorphism of weight 1 Hodge structures

H\T,.Z)=(V.Jp),  ie. H“AT)=Z.
This complex torus can also be defined as 7, = V¢ /(Z¢ + V).

2. Tori with an orthogonal structure and a Cayley class

2.1.

In the previous section we used the spinor map to embed a Grassmannian 1G(4, V¢)*
of maximally isotropic subspaces in to PSZ. We now relate this embedding to the Pliicker
embedding of Gr(4, V¢). For this we use again representation theory.

As a consequence, we find a natural map from S* to A*V, the image of s € ST is
denoted by ¢, € A*V. This is exploited as follows. For £ € (2 we defined a complex
torus 7; and there is an isomorphism of Hodge structures H'(7;, Z) = (V, J;). Thus we
can also identify the Hodge structures A*V = H*(T;, Z). For s € S* we then obtain a
cohomology class ¢, € H*(T;, Z) which is Markman’s Cayley class of s.

In Section 2.5 we recall Markman’s result that the Cayley class is a Hodge class, so
cs € H*X(T;, Z), if and only if £ € 2,1 := s N 2 where s* is the hyperplane in S
defined by s using the bilinear form on S*. Hence the five dimensional complex manifold
£2,1 parametrizes the four dimensional complex tori with an orthogonal structure and
Hodge class c;.

2.2. The Pliicker map

The Grassmannian G(4, V) has a natural embedding, the Pliicker map =z, into a
projective space PV = P A* V¢ of dimension N, where N + 1 = (§) = 70:

7: GA, Vo) — PAY Vg, Z — [A*Z].

The Pliicker map is equivariant for the action of GL(V().
On the open subset G(4, V¢)o of G(4, Vi) defined in Section 1.7, the Pliicker map is
thus given by the determinants of the 4 x 4 submatrices of the 8 x 4 matrix P = (%).
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Using the basis of V from Section 0.1, the coefficient of ¢;; A--- A e, in

8
(NZsl=Ir A Arl (rj=) Pye € Zp, P:=(}))
k=1

is the determinant of the 4 x 4 submatrix of P with rows iy, ..., is.

2.3. The spinor and the Pliicker map

The theory of line bundles on homogeneous spaces provides a natural setting for
the results below (cf. [5, Section 23.3, p.393], [I, Section II]), we only use basic
representation theory. The Picard group of G(4, V) is generated by the Pliicker line
bundle 7*Opn(1). The restriction of this line bundle to 1G4, V¢)t does not generate
the Picard group of 1G(4, V¢)*, but there is a line bundle £ on 1G(4, V¢)* such that

(T Opy (D) 16@, vt = £

and Pic(IG(4, Vg)™) = Z is generated by £. One has H'(IG4, Vg)™, £) = S¢ and
the spinor map y is the map defined by the global sections of L.

From the isomorphism 7*Opy = L£%? over 1G(4, Vc)*, one can deduce that the
Pliicker map on /G(4, V)t is the composition of the spinor map y with the second
Veronese map v on PS(Er . The Veronese map is induced by

v: St — Symz(S+), s —> sOs.

More precisely, the group Spin(V¢), a double cover of SO(V(), has a natural (half-spin)
representation p* on S and on the 36-dimensional vector space Sym?(SZ). This latter
representation is reducible, due to the Spin(V)-invariant quadric on S* which dually
defines an invariant one dimensional subspace [}, of Symz(Sg ). A complement of this
subspace turns out to be an irreducible Spin(V¢)-representation, of dimension 35, and is
denoted by I%, ([3, Section 3.4], [5, Exercise 19.6]):

Sym*(SE) = Dy & 1.

The subspace I, is spanned by the symmetric tensors z © z € Symz(S(ér ) with [z] €
0" C PS{.

There is a decomposition of the 70-dimensional A*Ve in two irreducible Spin(Ve)-
representations of dimension 35 (it corresponds to the decomposition of A*V¢ into dual
and anti-selfdual 4-forms for the Hodge star operator defined by (e, @)y) ([5, Remarks(ii),
p- 289-290]):

AVe =T @ Ig.

The image of QT by the second Veronese map spans the linear subspace PI», C PN =
P A* Ve.

Since on the open subset of IG(n,2n)" parametrized by alternating matrices the
spinor map is given by Pfaffians and the Pliicker map is given by minors, this result
implies that any quadratic expression in Pfaffians is a linear combination of minors,
see [1].
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2.4. The Cayley classes

A remarkable consequence of the relation between the Spin(V)-representations
Sym?(ST) and A*V is that any element s € ST defines a 4-form ¢, € A%V, which
is called the Cayley class of s ([12, Remark 12.4], [14, Section 2.1]). It is obtained as
the composition

st 2 Sym?* (1) = Doy @ Iy —> by —> AV, S —> C.

This map is equivariant for the action of Spin(V). The stabilizers in Spin(V) of s and
¢y thus have the same Lie subalgebra. If (s, s)s, # 0, the complexification of this Lie
algebra is isomorphic to so(7)c.

2.5. The Cayley class and Hodge classes

Let £ € 2 C QF and let 7; be the associated complex torus. The Hodge
decomposition of the first cohomology group H "Te,Z) = (V, Jp) is given by the
eigenspaces Z,, Z, = Z7 of the orthogonal complex structure J, in Vc:

HNT;,C)= Ve =27, ® 77, Jo = (i, —i) € End(Z;) ® End(Zy).
To describe the Hodge structure on H*(7;, Z) we use the homomorphism
hye: U(l)={z € C:zz=1} — GL(W), hy(a+bi):=al +bJ,,

where a, b € R, a>+b* = 1. Notice that al +bJ, = (a-+bi, a—bi) € End(Z))®End(Zy).
Since H¥(T;,Z) = A*H'(T;,7Z) = A*V, the Hodge decomposition H*(7;,C) =
@H?(Ty,) is defined by

HP(T) = (AP Ze) ® (AN1Z7) = {x € AV i hyela+bi)-x
= (a +bi)’(a —bi)'x Va+bi e U},

In particular, the Hodge classes in H>P(T;, Z) are the invariants of the one-parameter
subgroup hy ¢ of SO(VR).

The homomorphisms Ay, can be lifted to Spin(Vc) and the following lemma
describes the action of such a lift on S(é' . It implies that the weight one Hodge structure
(V, Jg) defines a weight two Hodge structure on S*. A rank six Hodge substructure
H = H, C ST will be studied in Section 6.1.

It should be noted that if dim Vi # 8 then Spin(Vc) only allows one to relate polarized
weight two Hodge structures on V to complex structures on ST and on the even Clifford
algebra C(V)™. The special feature in the case dim V = 8 is triality, an automorphism of
order three of Spin(V), which allows one to permute the three irreducible 8-dimensional
representations V, S*, S, see [5, Section 20.3], [3, Chapter 4], and which is implicit in
the proof of Lemma 2.6.

2.6. Lemma

Let V. = U @ U* be a decomposition of V = C? with two maximally isotropic
subspaces with [U], [U*] € IG(4, Vc)*. Fort € C, t # 0, the orthogonal transformation
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(tidy, t~'idy+) € (BEnd(U) ® End(U*)) N SO(V) has a lift h(t) € Spin(V) which acts as
follows on S+:

ot (@) by = >y,  pT(h(1) Lys = 2Ly, pt(h()s =s,
Vs € (by, Lys)t,

where £y, £y« € ST are (any) representatives of y([U]), y([U*]) € PS*.

Proof. We use that the spinor map is equivariant for the action of Spin(V). There is
an element of Spin(V) mapping U to W since IG(4,8)" = SO(V)/P. Then U* is
mapped to Zp for some B € Alty and it is easy to see that there is another element
in Spin(V) fixing W (so with C = 0) and mapping Zp to Zy = W*. We thus may
replace W, W* with U, U*. The one parameter subgroup % acts as multiplication by
t on U C V, hence h is generated by an X € h C spin(V) with L;(X) = 1 for
i=1,...,4 (and thus X = >_ H;). The weights of St are (xL| =L, + L3+ Ly)/2 with
an even number of - signs, hence their values on X are 2, —2, with multiplicity one, and
0 with multiplicity six. Thus p*(h(t)) is semisimple with eigenvalues ¢, =2 and 1, the
last with multiplicity six. The eigenvalue =2, the lowest weight of S, is on Zy«, see
Theorem 1.9. The element g € SO(V) that maps e; —> €;14, €j4a > ¢; fori =1,...,4
interchanges U and U* and acts (in the Adjoint representation) as —id on b, hence the
eigenvalue > must be on Zy. As Spin(V) preserves (e, ®)s+, the decomposition into
these eigenspaces is orthogonal. (For any n, the one parameter subgroup of SO(V) that
acts as multiplication by 2, 2one, en+1 respectively and is the identity on (eq, €,41 )L
is generated by an X € spin(V) with L{(X) = 2, L(X) = 0 for i > 2 and thus
(1/2)(£L; £ Ly ... £ L,)(X) = %1, showing that the lift of this subgroup to Spin(V)
has only eigenvalues ¢, t~! on ST, with the same multiplicities, and the same holds for
S~. A similar result holds for SO(V) and its spin representation if dimV =2n+41.) 0

We use this lemma to identify the complex tori 7, for which the Cayley class ¢, is of
Hodge type (2, 2). The following proposition is essentially [12, Lemma 12.2].

2.7. Proposition

Let ¢, € A*V be the Cayley class defined by s € S*, the integral lattice, and let
¢ € f)g+. Then c; is an integral Hodge class in H*(7;, Z) exactly when (£, s)g+ = 0:

cs € H**(T;, Z) .= H¥(T;, Z)N H**(T;)  if and only if
Lei={e:{s)s =0}

Proof. First we observe that iy ¢(z) € SO(VR) for all z € U(1). In fact, for v, w € Vp
we have
((aI +bJy)v, (al + ng)w)V = a2(v, w)v + ab((v, ng)v + (ng, w)V)
+b2(.]ev, ng)v = (U, w)va

because (Jyv, Jyw)y = (v, w)y implies (v, Jow) = (Jov, wa)v and J/Z2 =—1.
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The homomorphism lifting the one-parameter subgroup hy, : U(1) — SO(V¢) to
Spin(Vc) is denoted by

he: U(l):={ze€C:zz=1} — Spin(Vp).

The action of h¢(z) € Spin(Vc) in the half-spin representation o™ on SE is (see
Lemma 2.6):

pt (@)l =220, pT(he@NE=7"C,  pT(h(@)s =5, Vse (L0

Using the induced action of Spin(Vg) ons ©s € Symz(SE) and its image ¢, € A Ve =
H*(T;, C) we see that c; is invariant under h,(z) for all z € U(1) if and only if s is
invariant, so s € (IZ,Z)L. For s € ST the condition (s, £)s+ = 0 implies, by complex
conjugation, that also (s, £)g+ = 0, which proves the proposition. [J

3. The Cayley class as Spin(7)-invariant
3.1

In Section 2.4 we defined the Cayley class ¢, € A*V for s € S*. We compute this
class explicitly in Proposition 3.4 for certain s € ST that are of interest for Markman’s
results.

3.2. Representations of spin(V); = so(7)

For s € ST, the Cayley class ¢, of s is the image of s ©® s under the composition
Sym?(ST) = Iy = A*V. We will now assume that (s, s)g+ # 0. Then the stabilizer
of s in SO(S™T) is the orthogonal group SO(s) = SO(7). The inverse image of this
group in Spin(V), a double cover of SO(S™), is denoted by Spin(V), = Spin(7). In the
standard representation py of Spin(V) on V, the subgroup Spin(V); still acts irreducibly,
in fact V is isomorphic with the (unique, irreducible) spin representation of Spin(7).

Since s is fixed by Spin(V),, the 4-form c; is fixed by the Lie algebra spin(V), =
so(7). We now show that ¢y is the unique spin(V),-invariant in AV by considering the
restriction to so(7) of the so(V) = so(8)-representations appearing in Section 2.3.

Multiplication by s gives an inclusion of spin(V),-representations

St =(s) ® st — Sym* (ST = ) & I
Iy @ (c;) ® s Ost @ I
= Io @ L0000 @ L1,00 @ I200),

where Iy and [o,0,0) are trivial spin(V)-representations, I 0,0 = s © st = st is the
standard seven dimensional representation of spin(V), = so(7) and I3 g is irreducible
of dimension 35 —1—7 = 27 (the notation I, p ) for so(7)-representations is as in [5]).

The restriction of the spin(V)-representation I, is thus a direct sum of three
irreducible representations of spin(V),. The representation of spin(V); on the other
irreducible component >4 of A*V is irreducible and it is isomorphic to I 0,2 Thus one
has the spin(7) = so(7)-decomposition into irreducible representations (cf. [14, Prop. 2],
[7, Prop. 10.5.4]):

AV = To00 ® Lo ® Teoo ® Tooo-
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Since there is a unique copy of the trivial representation of so(7) in A*V, the Cayley
class is the unique spin(V), invariant in A*V.

3.3.

The following proposition computes the 4-form c;, which spans the trivial spin(V),-
subrepresentation I(g,0) in A*V, explicitly in a case of interest in Markman’s paper,
cf. [12, 1.4.1, Proposition 11.2]. There s is called w = s,. We consider in fact ﬁcw
and we write n for his n 4 1. Notice that the computation below uses only representation
theory.

3.4. Proposition

Letne€Z,n#0,andlets =5, =1 —ne, € S*. where e, :=e; Aey ANe3 Aey €
A" W = ST. Then we have, up to a scalar multiple,

¢y = —na’ +4n*B +4y (e A*V),
where the forms, now in A*V, involved are:

a:=e Nes+---+e4 Aeg, Bi=e N - ANey, yi=esA---Aeg.

Proof. The space of spin(V)-invariants in A*V is one dimensional and it is spanned
by ¢y, see Section 3.2. So it suffices to show that the right hand side is a non-zero
spin(V)s-invariant form.

The Lie algebra spin(V);,, that acts trivially on the two dimensional subspace of
St spanned by 1, e, is isomorphic to so(6) = s/(4). The representation of s/(4) on
V = W & W* is reducible and W is the standard representation of si/(4) whereas W*
is the dual of the standard representation. This implies that 8 € A*W C A*V and
y € A*W* C A*V as well as the 2-form «, which is the sI(4)-invariant in W@W* C A2V
corresponding to the symplectic form ((wy, wy), (w2, w3)) = wi(w2) —w;(w;) on V, are
spin(V); ., -invariants. On the other hand,

ANWEWH =AW W AW @& A2W QAW @& AW W* @ A*W*,

Since W, W* have dimension four, A>W* = W and it is well-known that there are no
sl(4)-invariants in W ® W nor in W* @ W*. Also AW is irreducible and thus the s/(4)-
invariants in A2WQ®A2W* = End(A> W) are a one dimensional subspace spanned by the
trace. Hence the subspace of s/(4)-invariants in A*V has dimension three. Since o2, 8, y
are linearly independent invariants, the invariant subspace is

(AW PnVIe = AV = (@2, B, y).

Since spin(V)i., C spin(V),, any spin(V),-invariant in A*V must lie in the
subspace (&, B, y). The 21-dimensional Lie algebra spin(V), is defined by

spin(V),; ={X € spin(V): Xs =0}.

The action of spin(V) on ST is given in the proof of Theorem 1.9. It is then easy to
check that the following elements (of so(2n) = spin(V)) span spin(V);:

b= {DaXi: Ya=0) Xiy (AN wViE Zu kD=1 4D,
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where the sign depends on i, ..., [. In particular, X :=nY,, + Z34 € spin(V), (in fact
X acts as eje; + Do, Do, on ST and X(1) = nejes, X(e,) = —ejez, so Xs = 0). The
action of X on V is given by

X(en) = 0, X)) = 0, X(e3) = —es, X(ea) = e,
X(es) = —ne;, X(eg) = mneg, X(e;) = 0, X(eg) = 0.
Since the Lie algebra element X acts a derivation on A*V we have
X(@)=X(er)ANes+e AX(es)+ -+ = —2ne; ANey+2e7 A eg.
Thus
X(ocz) =2aAX(x) = —4n(ej Aex)A(ezAert+es Neg)+4(eg Aes—+ex Aeg) A(er Aeg).
Similarly one finds
X(B) =(e1 nex) AN(esNeg+e3 Aer), X(y) = —n(ex Neg+e1 Nes) A(er Aeg).

Therefore the only non-trivial linear combination of «?, 8, y that is mapped to zero by
X is —na® 4+ 4n”B + 4y . Hence this must be the unique spin(V )s-invariant in A*V. 0O

4. Abelian varieties of Weil type

4.1. The complex tori T, and abelian varieties

For a point £ € 2, an open subset of the spinor quadric O, we defined a complex
torus 7, of dimension four whose first cohomology group is identified with V and whose
Hodge structure is determined by H LO(T)) = Z,, the maximal isotropic subspace of V¢
corresponding to £.

Fixing an s € St we also found that for ¢ € 2,1 this complex torus has an integral
Hodge class (the Cayley class) ¢, € H>?(T;,Z). Now we assume that (s, s)g+ > 0
and we fix another, non-isotropic, class h € st with (A, h)s+ > 0. Hence the rank two
sublattice (h,s) C S+ generated by h,s is positive definite for the bilinear form on
S*. For £ € (h,s)* N 12, the torus T, turns out to be an abelian variety of Weil type
and the Cayley class ¢ is a non-trivial Hodge class. This result, Theorem 4.6, is due to
O’Grady [15, Theorem 5.1] and Markman [12, Corollary 12.9, Theorem 13.4]. First we
recall the basic facts on abelian varieties of Weil type.

4.2. Abelian varieties of Weil type

Let A be an abelian variety and let K = Q(v/—d), with d € Z-, be an imaginary
quadratic field. An abelian variety of Weil type (with field K) is a pair (A, K), where A
is an abelian variety and K < End(A)g is a subalgebra of the endomorphism algebra of
A, such that for all x € K, x ¢ Q, the endomorphism of TyA defined by the differential of
x =a+by/—d € K, witha, b € Q, has eigenvalues x = a+b/—d and X = a —b/—d
with the same multiplicity. Equivalently, the eigenvalues of x* on H'? have the same
multiplicity. In particular, if (A, K) is of Weil type, then dim A is even.
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Given an abelian variety of Weil type (A, K), there exists a polarization wg €
H"“1(A,Z) on A such that for all x € K its pull-back is

x*owg = Nm(x)wg, Nm(x) = xX,
where Nm(x) is the norm of x € K (see [17, Lemma 5.2.1]). We call such a 2-form a

polarization of Weil type and (A, K, wg) is called a polarized abelian variety of Weil
type.

4.3. The Weil classes

For a general abelian variety of Weil type (A, K) of dimension 2n, the spaces of
Hodge classes

BP(A) := H"?(A, Q) := H*’(A, Q) N H"(A)
have dimensions [21], see also [17, Theorem 6.12]:
dim B?(A) =1, (p #n), dim B"(A) = 3.

Since dim B'(A) = 1, any w € B'(A), w # 0, defines (up to sign) a polarization on A
which will be of Weil type.

The action of the multiplicative group K* := K —{0} on H'(A, K) :== H'(A, Q®gkK
has an eigenspace decomposition into two 2n-dimensional K subspaces

HY (A, K)=Z, & Ze,  x*(v,w) = (xv,Xw)

that are conjugate over K. Since A is of Weil type, the complexifications of these
eigenspaces both have Hodge numbers h'* = h%! = n. Thus in H*(A,K) =
A"H(A, K) there are two 1-dimensional K-subspaces A**Z,, A*Z; of Hodge type
(n, n). Since they are conjugate, their direct sum is defined over Q, that is, there is a
2-dimensional Q-subspace Wx of Hodge classes

Wk C H"(A,Q),  Wx®gK =nr"Z. & N"Zz.

(There is also a natural identification of Wx with A2 H'(A, Q) where H'(A, Q) is
viewed as a 2n-dimensional K vector space.) The subspace Wx is called the space of
Weil classes. For any A of Weil type one has

Quy & Wg S B"(A)

where o’ is the n-fold exterior product of wg with itself. For a general A of Weil type
one has B"(A) = Qu} & Wg.

An element x € K acts with eigenvalues (x¥)", x**, ¥ on Qo ® Wg. Thus if a
non-zero element c in the three dimensional Q vector space Qw} @ W is algebraic and
it is not an eigenvector for the K-action (so it is not a multiple of wY) then all classes
in Quw} @ Wk are algebraic since w is and so is x*c for all x € K.

4.4. The Hermitian form

The Q vector space H (A, Q) is also a K vector space for the action of K given
by x, for x € K C End(A)g. A polarization of Weil type wg € H?(A, Q) defines an
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alternating form on H;(A, Q) and it also defines a K-valued Hermitian form H on this
K -vector space by:

H : Hi(A,Q) x Hi(A,Q — K,
H(x,y) = wg(x, (V=d)+y) + V—dwk(x, y).

If ¥ € M,(K) is the Hermitian matrix defining H w.r.t. some K-basis of H (A, Q)
then det(¥) € Q* = Q — {0} and the class of det(¥) € Q*/Nm(K*), called the
discriminant of H, is independent of the choice of the basis. Given two non-degenerate
Hermitian forms H, H' on K", there is a K-linear map M : K" — K" such that
H'(x,y) = H(Mx, My) for all x,y € K" if and only if H, H' have the same signature
and the same discriminant.

The discriminant of a polarized abelian variety of Weil type (A, K, wg) is the
discriminant of H.

In Markman’s approach, the real part of H, which is a bilinear form, is (up to the
duality between H;(A,Z) and H (A, Z) and up to a scalar multiple) the bilinear form
(-, -)y, cf. Section 4.8. In particular, it is the same for all families of Weil type, for all
fields, considered in [12] and in Theorem 4.6 below.

4.5. Complete families

Given a K vector space U of dimension 2n and a Hermitian form H : U x U — K,
any 2n-dimensional abelian variety of Weil type A with field K and discriminant equal
to the discriminant of H is obtained by choosing a free Z-module A C U of rank 4n
and a complex structure J on Ar := A ®z R such that J commutes with K, the two
eigenspaces of x € K, x ¢ Q, on (Ag, J) have the same dimension and finally the
imaginary part wg of H defines a polarization on the complex torus (Ag, J)/A.

The unitary group U(H)r = U(n, n) of the Hermitian form H on the C = K ®g R
vector space Ag acts by conjugation g - J := gJg~! on these complex structures. From
this one obtains a complete family of abelian 2n-folds of Weil type parametrized by
a Hermitian symmetric domain isomorphic to U(n, n)/(U(n) x U(n)), so of complex
dimension n%. The unitary group SU(H) C GL(/Ag), viewed as algebraic group over Q,
is the special Mumford Tate group of the general abelian variety in the family, see [17].

We discuss the proof of the following theorem in the remainder of this section.

4.6. Theorem

Let h,s € ST be perpendicular and such that (h,s) C ST is a positive definite rank
two sublattice. Let d := (h, h)g+(s, s)s+ € Q¢ and let £ € (2, ;,1, where

Q[h’s}L ={le . : Uhg+=0}={e: «s)+=Uhs =0}
is a complex manifold of dimension four. Then we have:

(a) The complex four dimensional torus 7, has endomorphisms by K = Q(/—4d),
that is K C End(7;)q.

(b) The complex torus 7; has a polarization wx € H?*(T;,Z) and (T, K, wk) is
polarized abelian fourfold of Weil type.
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(c) The discriminant of the polarization wg € H*(T;, Z) is trivial.

(d) The Cayley class ¢, € H>2(Ty, Z) is not contained in the subspace Qw? where
a)%( = wg N\ Wg.

(e) The four dimensional family of these fourfolds of Weil type parametrized by
£, 51 1s complete.

4.7. Endomorphisms of T,

Since the sublattice (h,s) is positive definite, we may assume that the restriction
g of the quadratic form on S* is given by g(xh + ys) = ax? + by?, with both
a = (h,h)g+,b = (s,5)s+ € Q positive. Hence d = ab > 0. The zero locus of g is
defined by a~!((ax)* + aby?) = 0, showing that there are two isotropic lines in (h, s)¢
defined by ax ++/—dy = 0. These two lines are conjugate over K where the conjugation
on K is x + yv/—d = x — y/—d with x,y € Q. In PSE they correspond to the two
points of intersection of the line P(h, s)c with the spinor quadric QT = 1G4, V¢)™*,
which we denote by «, k:

{k, €} = 0" N P(h,s)c (C PSY).

As O = y(IG(4, Vc)™), these two points define two maximal isotropic subspaces
in Vg := V ®q K denoted by Z,, Z¢. Since the points «, k¥ are conjugate over K, so are
these subspaces: if w = v + /—dv' € Z, with v,v’' € Vg then W = v — /—dV' € Z¢.

The plane (h, s)c is not contained in Q7, hence these two subspaces have trivial
intersection ( Lemma 1.11, [3, II.1.12]):

Vk =Z¢ ® Zy, (v1, v2) = (v2, V1) (vi € Z¢, vy € Zy).

We identify the Q vector space Vg with the image of Vg < Vg, it consists of the
points (v, v7) with v; € Z,. Now we define an action of K on Vg (C Vk) by

K x Vg — Vg, x - (v1, 1) == (xvy, Xv1) = (xv1, XV]) (e Vo C Z¢ ® Zp),

where x is the conjugate of x € K.

To show that this induces an inclusion K C End(7;)q, it suffices to verify that any
x € K commutes with the complex structure J, on Vg. Since £ € (2, 1 we have
(¢, K)g+ = 0 and similarly the scalar products of any one of ¢, £ and any one of k, X are
zero. Therefore the intersection of Z,, Z; with the complexifications of Z,, Zg is not zero
by Lemma 1.11. Since these spaces are parametrized by the same connected component
IG(4, Vo)™, their intersection is even dimensional and thus it is two dimensional. From
the eigenspace decomposition for J;, Vc = Z, & Z;, we obtain the decomposition

Ve=(ZiNZcc) ® (ZeNZec) © (ZzNZec) © (ZgN Zi o).

The action of J; and x € K on these four summands are scalar multiplications (by £i and
X, X respectively), hence the action of K indeed commutes with J,. Since each summand
has dimension 2, the eigenvalues of x € K, x ¢ Q, on Z, = H9(T) have the same
dimension.
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4.8. The polarization
The combination of the K-action on Vg = H'!(T;, Q) with the bilinear form (e, ®)y
leads a polarization wg € H*(T;, Q) on T;. We define a bilinear form E on Vg by:
E:VxV — Q, E(w,w)=(/—d v, w)y.

The duality V = H(T;, Q)““ implies that E defines an element wx € A’V =
H?(Ty, Q). Similar to the computations for Kihler forms and metrics we establish the
basic properties of E which imply that (7;, K, wg) is a polarized abelian fourfold of
Weil type.
First of all, we have for all v, w € Vg and all x € K that
E(x-v,x-w)=xxE(v,w).

To verify this, we extend E K-bilinearly to Vx and we use that Z,, Zz are isotropic
subspaces. Thus, with v = v; + v, w = w; + w; € Z, & Zg we get
Ex-v,x-w) = (x\/—_dvl—kx\/—_dvl,xwl—i—x_w])v
= (x\/__dvl’fw_l)v‘i'(ﬂl’xwl)v
= xx((W/—dv. W)y + (V—=dvi, w)v)

= xxE(v, w).

Next we show that E is alternating:
1 2
Ew,w)y=W-d-v,w)y =W, v—d-v)y = E(V—d v,V =d -w)y

=—(W—-d -v,w)y =—E(w,v).
To show that the 2-form wg is of type (1, 1) it suffices to show that E(Jyv, Jyw) =
E(v, w) for all v, w € Vg:
E(Jev, Jow) = (V—=d - Jpv, Jew), = (Jo(v/=d - v), Jew),, = (V—d - v, w), = E(v, w).

Finally we verify that E(J,v, v) > 0 for non-zero v € V. That is, we must show
that (v/—d - Jyv,w) > 0. The endomorphisms /—d, J, of Vi are both constructed
from decompositions of V¢ with two conjugate isotropic subspaces Z,, Zg and Z;, Z;
respectively. The corresponding points «,x, £, ¢ € Ot = IG(4, V) span a P? € PSE
which is the projectivization of the complexification of the four dimensional subspace
<h s+ E—-0))i >C Sﬁ{ (here C = R + iR). Notice that this basis consists of
perpendicular vectors for (e, )s+ and that the subspace is positive definite.

The group Spin(Vr) acts via SO(SH{ ) on Sﬁ{ and this action is transitive on such
subspaces. As Spin(Vg) also acts via SO(Vgr) on Vg, we see that it suffices to show that
(J1Jov, v) > O for all non-zero v € Vr where the linear maps J;, J, are defined by any
two orthogonal positive definite 2-dimensional subspaces of Sﬁf . (Markman shows that
the map J;J; is already determined, up to a scalar multiple, by the direct sum of these
subspaces.)

We use the conventions from Section 1.10. A point z = (2, ..., z58) € ST = U* will
be written as

°= <<2> ’ (Z) ’ (2) ’ (Z)) ’ (z,2)s+ = 2(z125 + + - - + 2428).
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The following four points vy, ..., v4, where v = (i) € U, in ST are perpendicular and
span a positive 4-plane in S]'Rf since (v;, v;)s+ = 8 and we also define ¢, £, € SE:

V] v, v, v, ),

by = (. v—v. -, L = (i +iv)/d+i) = (@, v, —iv,—iv),
vi = (v,—v, v, —V),
vy = (v,—v,—v, V), b = (»+ivy)/(A+i) = (v,—v,—iv, iv).

Then £, ¢, and £, £, are all isotropic vectors and they span (vi, v;)c and (vs, v4)c
respectively. Isotropic vectors are in Q1 = y(IG(4, V¢)™) and since these four all have
first coordinate z; = 1 they are in the image of the open set /G(4, V(c)ar parametrized
by the alternating 4 x 4 matrices. Using the explicit description of y one finds

0 1 —i —i
be=y(Zp) (k=1,2), By =| . . ;

The eigenspace with eigenvalue —1 = i?> = (—i)? of the endomorphism J;J> of Vg is
the direct sum of Z,, N Z;, and its complex conjugate. Let ¢y, dx denote the kth column
of the matrix (1;‘), (?2) respectively, then Z; , Z,, are spanned by the ¢ and the dy
(k=1,...,4) respectively. Their intersection is spanned by

C1 —iC3 Zd] —id3, C2—iC4=d2—id4 (E Zgl ﬂZgz).

Considering (c¢; —ic3) = (c; — ic3) etc., one finds a basis of the —1-eigenspace of J, J.
Its perpendicular is the +1-eigenspace. Recall that ey, ..., eg are the basis vectors of V
as in 0.1, then the eigenspace decomposition is:

W=V, @& V_= (e +es,ertes,e3+e7,e4+eg)r D (e1 —e5,e2 — €6, €3 — €7, €4 — €3)R.

Notice that (e, e)y is positive definite on V, and negative definite on V_. Writing
v = vy +v_ as sum of J;J, eigenvectors, one has (J;,v, v)y = (vy, v4)y — (v—, v_)y
and thus indeed (J; Jov, v)y > 0 for all non-zero v € V.

4.9. The discriminant

We refer to [12, Lemma 12.11] (cf. [15, Theorem 5.1]) for the computation of the
discriminant. See also Proposition 6.5 for a proof of the triviality of the discriminant
using results from Lombardo [10].

4.10. The Cayley class and the Weil classes

We define two subgroups of Spin(V). Let Spin(V), be the subgroup which fixes
s € ST and let Spin(V); s be the subgroup which fixes all elements in (&, s). Then one
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can show that the Cayley class c; is the unique Spin(V),-invariant in A*V and that wg
is the unique Spin(V);, ,-invariant in A2V. This implies that ¢; & (@w%{ (cf. [14, Prop
2], [12, Thm 13.4] and Section 3.2).

One can also use that the K ®y C = C x C-action on V¢ has the eigenspaces
(Z)c, (Zg)c. The one parameter subgroup hg of Spin(Vc) which acts as multiplication
by ¢, 17! respectively on these eigenspaces fixes E, and thus it fixes wx € A%V and also
w% € A*V. On the other hand, hy has eigenvalues 7%, 1% on (k, K)c = (h, s)c C S¢ by
Lemma 2.6. Therefore c;, the image of s ©® s in A%V, is not invariant under A and thus
it cannot be a multiple of w%.

The Cayley class ¢, is thus a Hodge class on any abelian variety of Weil type 7, with
L e (Y 4L, forany h € s* such that (h, s) is positive definite. Such cohomology classes
were found in a different context in [19], see Remark 5.3 of that paper for the relation
with Markman’s construction.

4.11. Complete families

The Lie group Spin(VRr);. s acts on Q{h,S}L. This action induces an action of Spin(Vg),.s
on the orthogonal complex structures on Vg by Joo = gJeg~'. The fixed points
K,k € QT N (h, s)c of the action of Spin(Vg),s on QF correspond to the eigenspaces
Z..c, Zi c of the K-action, which are thus mapped into themselves. This implies that
the image of Spin(Vgr),s in SO(Vr) commutes with the K action on Vg. This image
thus preserves the Hermitian form H and therefore Spin(V), s maps to the algebraic
group SU(H) which is the Mumford Tate group of the general 7, with £ € (2, 1. For
dimension reasons this map is surjective on the real points of these groups and thus the
family of abelian fourfolds of Weil type is complete.

5. Moduli spaces of sheaves on an abelian surface
5.1,

The constructions considered thus far have a natural geometrical interpretation in
terms of moduli spaces of sheaves on abelian surfaces. We now briefly recall the basic
definitions and results, due to Mukai and Yoshioka. The notation used thus far is now
adapted to this context, for example, the free Z-module W of rank four will become
W = H'(X,Z) for an abelian surface X etc.

We conclude with a brief outline of Markman’s proof of the Hodge conjecture for the
general abelian fourfolds of Weil type with trivial discriminant.

5.2. The Mukai lattice of an abelian surface

Let X be an abelian surface and let X = Pi c%(X) be the dual abelian surface. Let
W=H'(X,Z), W'=H'X,Z)=H"X,7), Vi=WaWw*"
The Chern character of a coherent sheaf on X takes values in

ST = AY"H*(X,7Z)=HX,Z) ® HXX,Z) ® H*X, Z),
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and we will identify H(X, Z), H*(X, Z) with Z, using the generators 1 and a volume
form compatible with the orientation on the complex manifold X.

The Mukai lattice of X is the (free, rank 8) Z-module S* with the bilinear form given
by (this bilinear form coincides up to sign with (e, @)g+):

(r,e,s)-(r',c,s)=—@s' +r's)+ cnc.

For v = (r,c,s) € ST, with r > 0, c € NS(X) € H*(X,Z) and v> > 6 the moduli
space of sheaves E on X with ch(E) = v, denoted by M(v), is a smooth holomorphic
symplectic manifold of dimension v? + 2.

5.3. The case v =s,

We now take v = s, = (1, 0, —n), such that v> = 2n > 6 and dim M (v) = 2n + 2.
Let Z C X be a subscheme of length n. Then its ideal sheaf Z; has ch(Zz) = v (for
an abelian surface, the Chern character ch(E) is the Mukai vector v(E) of the sheaf E).
This induces an inclusion of complex manifolds

Hilb"(X) = X" — M() v =s,=(,0—n)).

For £ € X and T € X' one also has £ ® I € M(v).
The Albanese map o : X! — X of X! fits in a diagram:

xnl
Vo E(pts s pa) = pi+ -+ pa,
xm 2 x
here X™ is the nth symmetric power of X and [pi, ..., p,] € X™ is the image of
(P1s--., pn) € X" in X™.

The generalized Kummer variety K,_(X), of dimension 2n — 2, is the irreducible
holomorphic symplectic manifold obtained as

K, 1(X)=a"'(0) c x".

_ Using locally free resolutions of sheaves one defines a determinant map det : M(v) —
X and one has det(£L ® Z7) = L for L € X. Yoshioka [22] showed that

M@) = X x (det ) (Oy) = X x X" = X x ((X x Kn_l(X))/X[n])

where X[n] C X is the subgroup of n-torsion points. In particular, the Bogomolov
decomposition of M (v) is the product of the abelian fourfold X x X and the irreducible
holomorphic symplectic manifold K,_;(X).

5.4. The cohomology of the generalized Kummer variety

The composition of the Mukai homomorphism [22, Section 1.2] and the restriction
map

vt — HXM®©),Z) — H*(K,_1(X),Z)

Please cite this article as: B. van Geemen, Fourfolds of Weil type and the spinor map,
Expositiones Mathematicae (2023), https://doi.org/10.1016/j.exmath.2023.04.006.




B. van Geemen / Expo. Math. XXX (XXXX) XXX 25
induces a Hodge isometry (for the weight two Hodge structure on v* defined by (v+)>? =
H?*%(X) and with the BBF quadratic form on H*(K,_1(X), Z)) [22, Thm. 0.2].

This implies, by the surjectivity of the period map and with v = 5, = s, that 2.1
is the period space of deformations of K,_;(X), these deformations are called Kummer
type varieties.

Moreover, h*9(K,_1(X)) = 0 so that H*(K,_(X),C) = H>' @ H'? is essentially
the first cohomology group of its intermediate Jacobian H3(C)/(H>' @ H3(Z)) and one
has ([22, Prop. 4.20]):

H3 K, 1(X),Z)=H'(X,Z) ® H'(X,Z) = H'(X,Z) ® H'(X,Z)= V.

O’Grady and Markman showed that for £ € 2,1 and any deformation Y, of K,_1(X)
with period H 20(y,) = C¢ C (s*)¢, there is an isomorphism of Hodge structures (up
to Tate twist and isogeny) H 3(Ye,Z) = H' (T, Z). In case the complex manifold Y, is
algebraic and h € H 2(Y,7Z) = st is the class of an ample divisor, hence ¢ € Q{th}L,
O’Grady [15] showed that the torus 7y is an abelian variety of Weil type. Moreover, he
showed that for algebraic Y, the Kuga Satake variety of the weight two polarized Hodge
structure of rank six it C H?(Y,, Z) is (isogeneous to) 7}4 (see also Section 6.4 where
ht = HY).

O’Grady also makes a detailed study of the cohomology of generalized Kummer
varieties and in particular he observes that there is a natural map (recall dimY, =
dim K,_1(X) =2n —2):

H3Y,,Z) — HY 7 %Y,,2) — H?*(Y,,7)",

the last map is Poincaré duality, which relates the Hodge structures on H3(Y;) and
H(Y)).

5.5. Markman’s theorem

Given a sheaf F' € M(v) (v = s, as in Section 5.3), there is a natural map
s X x X — M), x, L) — tIFHYQL

where ¢, : X — X, y — x + y is the translation by x. Deforming K, _;(X) to Y;, with
£ € (2.1, this map deforms to a map

L:ﬁ—)Yg.

A universal sheaf £ on X x M(v) defines a sheaf £ on M(v) x M(v) by E =
Exty (€, w3 E) where ;; are the projections from M(v) x X x M(v). For F € M(v)
let Er the restriction of E to {F} x M(v) = M(v). This defines a sheaf on X x X whose
second Chern class is exactly the Cayley class defined by v = s, € 7 ([12, Prop. 11.2],

see also Proposition 3.4):
e (5, End(Ep)) = ¢, € A*'V = HY(X x X, 7).

Markman, using results of Verbitsky, shows that the sheaf Er on M(v) deforms
to a sheaf over any deformation Y, of M(v). Thus ¢, € H*(T;,Z) is an algebraic
class whenever 7, is an abelian variety. From Theorem 4.6.d we have that ¢, is not
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an eigenvector for the action of the multiplicative group K> on the Hodge classes in
Q% ® Wx C H**(T;, Z). Thus w%, ¢, and the images of ¢, under the K* action span
(@w%{ @ Wk. Since any fourfold of Weil type with trivial discriminant is isogeneous to a
T;, for any such fourfold the space W is spanned by algebraic classes.

6. Kuga Satake varieties and abelian fourfolds of Weil type

6.1. Kuga Satake varieties

Let ST be the lattice introduced in Section 1.10. As in Theorem 4.6, let h, s € ST =
U®* be two perpendicular elements such that their span is a positive definite sublattice.
Then for any € € §2, ;1 the complex torus 7; is an abelian variety of Weil type. We now
define a polarized weight two Hodge structure H = H, of rank six with Hodge numbers
dim He2 0= 1, dim Hll‘1 = 4. The Kuga Satake construction associates to H, an abelian
variety A, of dimension 201 — 32 We show here, using results of Lombardo [10] and
O’Grady [15], that A, is isogeneous to 7,*. Moreover, we provide an alternative proof
of the fact that discriminant of the polarization of 7y is trivial.

Let H = H;  be the rank 6 sublattice of signature (24, 4—) orthogonal to (A, s):

H:=(hs\r={teST: @t h=(ys)=0)}
With this notation we have
Qpgt = ePHe: (£, 05+ =0, (£, 0g+ >0}

Recall that any € € (2, 1 defines an abelian fourfold of Weil type with underlying
torus 7, by Theorem 4.6. Such an £ also defines a weight two Hodge structure on H
denoted by H, as follows:

Hyc = He = ®pyqHI Y, H}' =Ct, H)? :=Cl,
1,1 2,0 0,2yL1
H = (He ®H, ) .

This Hodge structure is polarized since the restriction of (e, e)g+ to the two dimensional
real subspace (HZ’0 @ Hf"z) N Hy is positive definite.

As dim HZZ’0 = 1, there is a Kuga Satake (abelian) variety A,, of dimension 16,
associated to Hy (see [4,8,18]). In general, it has the property that H, is a Hodge
substructure of H 2(A%, @), but in this case there are actually several copies of H; in
H?(A,,Q), see Section 6.4. The even Clifford algebra C(H)™ of H is a lattice in
the real vector space C(H)™ ®z R of dimension 25 = 32. A complex structure on
C(H)}, is defined by left multiplication by f; f» € C(H)%, with fi, f» € Hg such that
(f1, fi)sy = 1 and HZZ'0 = (f1 +if2) (cf. [18, Section 5.6]). The abelian variety A, is
the quotient (C(H)3, fi f2)/C(H)™.

In [10, Cor. 6.3, Thm 6.4] it is shown that A, is isogeneous to BZ‘, where By is an
abelian fourfold of Weil type with trivial discriminant. The following proposition, due
to O’Grady ([15, Section 5.3]), shows that B, and 7, are isogeneous. In [15] one finds
a more explicit description of this result, as well as applications to generalized Kummer
varieties.
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6.2. Proposition

For ¢ € §, 1 the Kuga Satake variety A, of the polarized weight two Hodge
structure H, is isogeneous to 7,*, where 7; is the abelian fourfold of Weil type defined
by £.

Proof. The right multiplication on C(H )ﬁ by an element of C(H)* preserves the lattice,
commutes with the complex structure and thus defines an element in End(A;). The Q
vector space Hg is not a direct sum of two maximally isotropic subspaces and, whereas
C(H )(E = M4(C) & M4(C) (as in Section 1.2), one now has an isomorphism of algebras
([10, Thm. 6.2]), where M4(K) are the 4 x 4 matrices with coefficients in K,

C(H)} = C(H)" ®2Q = My(K) < End(A()q, K = Q(V—ab).

This implies that any A, is isogeneous to B/, where B, is an abelian fourfold with
K C End(By)qg (B¢ is only determined up to isogeny).

It remains to show that B, and 7, are isogeneous. The inclusion Spin(H) C
Spin(ST) = Spin(V) defines a representation of Spin(H) on V which is its spin
representation. The isomorphism C(H )5 = M4(K) implies that

CH), = V!

as Spin(H)-representations. The same holds with Q replaced by R. The weight two
Hodge structure on the Spin(H)-representation H, is defined by the one parameter
subgroup hy of Spin(H)r C Spin(ST)r introduced in the proof of Proposition 2.7.
In fact, hy(t) acts on ST as multiplication by 7> on C¢, by =% on C£ and it is trivial on
(€, &)*. The complex structure on C(H )ﬁg = Vﬁm’ which defines the Kuga Satake variety
Ay ~ BP, is also defined by i, ([18, Prop. 6.3]), now acting on Vit. As py(he) = hy 4,
the complex structure is J, on Vg. It follows that B, and 7, are isogeneous. [

6.3. Remark

The proof of Proposition 6.2 uses the (algebraic) subgroup Spin(H) = Spin; s of
Spin(ST) = Spin(V). The decomposition S(Eg = Hg® Rq, with R := (h, s), implies that
we actually have two commuting subgroups Spin(H), Spin(R) C Spin(St).

Recall from Section 4.7 that Rc = Ck @ Ck with k,k € QF. The decomposition
of Vo = Z,.c ® Zi ¢ in the two isotropic eigenspaces for the K-action defines, as in
Lemma 2.6, a one parameter subgroup hg of Spin(Sg). As hg(t)k = t*k, hg(t)k =t 2k,
this identifies the subgroup Spin(Rg) with this one parameter subgroup, hzx(U(1)) =
Spin(Rg). In particular, the K-action on Vg is generated by Spin(R) and the scalar
multiples of the identity.

The fact that Spin(H), Spin(R) C Spin(St) commute implies that the subspaces
Zi.c, Zi ¢ are Spin(Hc)-invariant subspaces. Thus the spin representation of Spin(Hc)
on V¢ is reducible. These two subspaces are the two half-spin representations of
Spin(Hg).

There is an isomorphism Spin(Hg) = SL(4, C) and the half-spin representations
are identified with the standard representation C* of SL(4, C) and its dual (C*)*. The
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representation Hc is identified with A2C* = A2(C*)*, the isomorphism follows from the
pairing, defined by the wedge product, (A2C*) x (A2C*) — A*C* = C.

6.4. The second cohomology group of Ty

In [10] the Hodge structure on the second cohomology group H*(B, Q) of an abelian
fourfold of Weil type with field K is studied. This group has dimension (2) = 28 and
decomposes under the K-action into a 16 = 1 4 15-dimensional subspace S} on which
x € K acts as xx, this subspace includes the polarization of Weil type. There is a
complementary subspace Sz on which the eigenvalues of x are x2, x> of dimension 12.

This subspace can be identified with the six dimensional K vector space A% H'(B, K).
H*(B,Q)= Sz & S}, Sy =1{& € H(B,Q): x*¢ = xX&, VxeK).

For a general fourfold of Weil type (so SMT(B)r = SU(2,2)) the Hodge structure Sp
is a simple Hodge structure (so does not admit non-trivial Hodge substructures) if and
only if the discriminant of B is non-trivial [10, Cor. 3.6].

In case the discriminant is trivial, one finds that Sz = Hffz, for a weight two, rank
six, polarized, Hodge structure Hp which has Hodge numbers (1,4, 1). Moreover, the
Kuga Satake variety of Hp is isogeneous to B*, so one recovers the weight two Hodge
structure Hg from its Kuga Satake variety.

The following proposition uses this result to show that the abelian fourfolds of Weil
type 7, have trivial discriminant.

6.5. Proposition

For ¢ e .Q{,”}l, with 4, s as in Theorem 4.6, the polarized abelian fourfold of Weil
type (T¢, K, wk) has trivial discriminant.

Proof. By [10, Cor. 3.6] it suffices to show that (HZ,Q)®2 is isomorphic to the Hodge
substructure S7; C H*(T¢, Q).

As in the proof of Proposition 2.7, the (weight one) Hodge structure on V = H'(T;, Z)
defines a one parameter subgroup &, in Spin(V) (actually in Spin(V), s C Spin(ST) =
Spin(V)). A representation U of Spin(Vg) on a real vector space U defines a Hodge
decomposition Ug = U4, with UP-¢4 = U?P, given by the eigenspaces UPY = {u €
U : hy(2)u = z°Z’u} (but the weight is not uniquely defined since z7 = 1).

The representation p* on Sg has the Hodge decomposition

(s =H=ce,  (sH?=(sH, O = (5D @ (52"
since these spaces are the eigenspaces for i, acting on S(ér (see Lemma 2.6). The Hodge
structure S(éf is a direct sum of Hodge structures

Sy = Heg ® Ro, R = (h,s),
where Rg = Q(—1)? is a trivial Hodge substructure with Réjl = Rc¢.

There is an isomorphism of Spin(V) = Spin(S*)-representations AZST = A2V (both
are the irreducible so(8)-representation with highest weight (L; + L, + L3 + L4)/2 +
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(Ly + L, — Ly — Ly4)/2 = Ly + L,). Hence we get a splitting of the Hodge structure
on /\255 (which is again defined by A, eigenspaces) in three Hodge substructures which
have dimensions (g) =15, 6-2 =12 and 1 respectively:

/\256 = (A’Hy ) @ (Hpg® Rg) ® (A*Rq).

(The Hodge structure S* has weight two, so the Hodge structure on A2S* should have
weight four. However, (dim S*)>? = 1, so A256 has trivial (4, 0) and (0, 4) summands
and thus it is the Tate twist of a weight two Hodge structure.)

Using the isomorphisms /\2S6 = A2V = H?*(T;, Z) we see that

Hig® Ry = (Hi@)® — HX(T:. Q)

is a non-simple Hodge substructure of H?(7;, Q).

It remains to check that x € K has eigenvalues x2, x% on this substructure. One can
deduce this from the fact that representation A2V¢ of the complex Mumford Tate group
SL(4, C) of 7, is isomorphic to

/\2((C4 @ (C4)*) >~ (/\2(‘:4)@92 @ (C4 ® (C4)*

and the last summand is the direct sum of a trivial one dimensional representation
and an irreducible 15 dimensional representation. As the complexification of a Hodge
substructure is a subrepresentation, there is a unique subrepresentation of dimension 12.
Hence S7, = Hy o ® Rg as desired.

Alternatively, by Remark 6.3, the K*-action is essentially given by the subgroup
Spin(R) of Spin(S*). This subgroup acts trivially on A?H, g and A*Rg, so K acts
through the norm on these summands. Therefore S7, = Hy g ® Rg = (Hpg)®*. O
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