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An algebraic structure (L, V;A), consisting of a set L and two
binary operations v, and A, on L is a lattice if the following
axiomatic identities hold for all elements a, b, ¢ of L.

XV y= YW X XV(yVvz)={(Xxvy)vz) X A(X V y)=X,
XAy =y AX XAYAZ)=(XAY A Z) X V (XAy)=x

A lattice (L,v,A) is distributive if the following additional
identity holds for all x, y, and zin L: |

XA(yVZ)y=(XAY)V(XAZ).

A cemplemehted lattice is a bounded lattice (with jeast
element 0 and greatest element 1), in which every element x
has a complement, i.e. an element y such that

xVy=1 and xay=0.

y=-X ,_
A lattice (L,V,A) is complete if all its subsets have both a
join and a meet. In particular, every complete lattice is a

- bounded lattice

A Boolean algebra or Boolean lattice is
a complemented distributive lattice.

An atom of a Boolean algebra is an element x such that
there exist exactly two elements y satisfying y = X, namely x
and 0. |

A Boolean algebra is said to be atomic when every
element is a sup of some set of atoms
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A Boolean ring R is a ring for which x* = x forall x in R

Given a Boolean ring R, for x and y in R we can define
XNy =Xy,
XV y=X-+y+xy,
X =1k X

These operations then satisfy all of the axioms for meets,
joins, and complemenis in a Boolean algebra. Thus every
Boolean ring becomes a Boolean algebra.

Similarly, every Boolean algebra becomes a Boolean ring
thus:

XY =XAY,

X+Yy={XVY)A-(XAY)

without changing the underlying set

A map between two Boolean rings is a ring
homomorphism if and only if it is & homomorphism of the
corresponding Boolean algebras, that is

a function f: A — B such that forall x, y.in A:

fixvy)=Rx}vAy),
fix Ay)=1f(x) ARy),
f0) =0,
f(1)=1.

This way we construct an isomorphism between the
category of Boolean algebras and the category of Booelan







