
Exercises of Constructive approximation

a.y. 2018-19 – problem sheet no. 1 for 11.03.2019

Practical part

1.1. Programming language and development environment. In
order to solve the computer exercises, choose a programming language,
e.g., Matlab, C, C++, . . . , and, if you want, an integrated development
environment (IDE), e.g., Matlab, CodeBlocks.
Results that will be presented in the lab are realized with the help

of C++ and CodeBlocks.

Hint: Later on the practical exercises will require the handling of data
structures (binary trees) that can be easily realized with the help of
pointers. Make sure that this is possible for your choice.

Theoretical part

1.2. Hölder inequality. Let Ω be a domain of integration, e.g. mea-
surable in the context of Lebesgue integrals. Given p ∈ [1,∞], define
p� ∈ [1,∞] such that
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with the convention 1
∞ = 0. Prove the so-called Hölder inequality:
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whenever the integrals on the right-hand side exist.

1.3. Sums and powers. Let p > 0 and s, t ≥ 0. Prove that

(s+ t)p ≤ max{1, 2p−1}(sp + tp)

and that the constant cannot be improved.

Hint: Reduce the claim to a discussion of real function.

1.4. Lp-norm. Let Ω be as in Problem 1.2 and let p ∈ [1,∞[. Verify
that

�v�Lp := �v�Lp(Ω) :=
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defines a norm on the linear space where the integral of the right-hand
side exists.

1.5. Dimension of C0. Let Ω ⊂ R be an interval with non-empty
interior. Prove that the vector space C0(Ω) is not finite-dimensional.



1.6. Maximum vs Lp-norm for continuous functions. Let Ω ⊂ R
be a bounded and non-empty interval. Show that the linear space

C0(Ω̄) := {v : Ω̄ → R | v is continuous in Ω̄}
equipped with the maximum norm

�v�C0 := �v�C0(Ω̄) := sup
x∈Ω

|v(x)|

is complete. Moreover, show that C0(Ω̄) is not complete when equipped
with the Lp-norm, see Problem 1.4.
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