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Practical part

6.1. Equidistributed breakpoints for power functions. Consider
the power functions

fρ(x) := xρ, x ∈ Ω = ]0, 1[,

where ρ ∈ R. Determine the partitions that equidistribute the following
quantities:

(a) The total variation �f �
ρ�L1(]0,1[) for ρ > 0.

(b) The Lebesgue quasi-norm �f ��
ρ �L1/2(]0,1[) for ρ > 0.

(c) The Lebesgue quasi-norm �f �
ρ�L2/3(]0,1[) for ρ > −1

2
.

6.2. Computational approximation with equidistributed break-
points. Modify previous implementations appropriately in order to
observe numerically the experimental order of convergence (EOC) for

(a) piecewise constants in the C0-norm,
(b) continuous piecewise affine functions in the C0-norm and
(c) piecewise constants in the L2-norm,

choosing the breakpoints from the corresponding items in E6.1

Theoretical part

6.3. Existence of best approximations. Let V be a linear space
with norm �·� and let S be a nonempty subset of V with the following
property: every sequence (sk)k such that

∀k ∈ N sk ∈ S and �sk� ≤ R

with R > 0 has a limit (or: accumulation) point in S. Then there
exists a best approximation, i.e. b ∈ S such that

�f − b� = inf
s∈S

�f − s� .

6.4. Uniqueness of best approximations in C0. Let I be a non-
empty, open and bounded interval in R and f ∈ C0(I). Show that
there exists a unique best approximation in P1(I) to f with respect to
�·�C0(I).



6.5. Zygmund versus Lipschitz. Show that

f(x) := x log x, x ∈ Ω = ]0, 1[

verifies
f ∈ Z(Ω) \ Lip(Ω)

where
Z(Ω) := {g ∈ C0(Ω) | ω2(f, t) = O(t) as t � 0}.

Hint: Exploit that Δ2
hf is decreasing.
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