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Practical part

12.1. Computational hard thresholding. Given a (truncated) Haar
expansion, hard thresholding means to eliminate every coefficient whose
absolute value is below a given threshold. In this manner one obtains
a compressed piecewise constant function.
Assess the computational convergence of hard thresholding with re-

spect to the complexity of the compressed piecewise constant function.
To this end, consider power functions and execute the following steps
with various thresholds:

• compute the Haar coefficients of a given function up to a pre-
scribed, sufficiently big level,

• apply hard thresholding,
• extract the compressed piecewise constant function and
• determine its error and its number of pieces/intervals.

Moreover, determine a formula for the EOC when the number of inter-
vals depends on the chosen threshold.

Theoretical part

12.2. Concave functions starting with 0. Let f : [0,∞[ → [0,∞[
be a concave function with f(0) = 0. Prove that:

(a) ]0,∞[ �→ f(t)

t
is decreasing.

(b) f is subadditive.

12.3. Interpolation of C0 and C1. Let α ∈ ]0, 1[ and

V := {f ∈ C0(R) | sup
R

|f | < ∞},

W := {g ∈ C1(R) ∩ V | sup
R

|g�| < ∞},

C0,α(R) := {f ∈ V | sup
t>0

t−αω(f, t)∞ < ∞}.

Verify that (V,W )α,∞ = C0,α(R).
Hint: To show the inclusion C0,α(R) ⊂ (V,W )α,∞, take gt ∈ W given
by

gt(x) :=

� 1

0

f(x+ tξ) dξ, x ∈ R, t > 0.



12.4. A Bernstein inequality. Let p ∈ ]0,∞] and Mn be a partition
of ]0, 1[ into n intervals of the same length. Show that there exists a
constant C such that, for any function s ∈ S1,0(Mn), we have

�s��Lp(0,1) ≤ Cn�s�Lp(0,1).
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