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Abstract

Many real phenomena may be modelled as random closed sets in R¢, of different Hausdorff dimen-
sions. Of particular interest are cases in which their Hausdorff dimension, say n, is strictly less than
d, such as fiber processes, boundaries of germ-grain models, and n-facets of random tessellations.
A crucial problem is the estimation of pointwise mean densities of absolutely continuous, and spa-
tially inhomogeneous random sets, as defined by the authors in a series of recent papers. While the
case n = 0 (random vectors, point processes, etc.) has been, and still is, the subject of extensive
literature, in this paper we face the general case of any n < d; pointwise density estimators which
extend the notion of kernel density estimators for random vectors are analyzed, together with a
previously proposed estimator based on the notion of Minkowski content. In a series of papers,
the authors have established the mathematical framework for obtaining suitable approximations of
such mean densities. Here we study the unbiasedness and consistency properties, and identify op-
timal bandwidths for all proposed estimators, under sufficient regularity conditions. We show how
some known results in literature follow as particular cases. A series of examples throughout the
paper, both non-stationary, and stationary, are provided to illustrate various relevant situations.

Keywords: density estimator, kernel estimate, stochastic geometry, random closed set, Hausdorff
dimension, Minkowski content
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1. Introduction

Given an Euclidean space R?, the problem of the evaluation and the estimation of the mean
density of lower dimensional random closed sets (i.e. with Hausdorff dimension less than d),
such as fibre processes and surfaces of full dimensional random sets, has been of great interest
in many different scientific and technological fields over the last decades [7, 18]; recent areas of
interest include pattern recognition and image analysis [43, 24], computer vision [48], medicine
[1, 13, 14, 15], material science [12], etc.
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The papers [11, 16] offer examples of the intrinsic relevance of local approximation of mean den-
sities of random closed sets with lower Hausdorff dimension in stochastic homogenization problems
arising in applications.

We remind that, given a probability space (2, §,P), a random closed set © in R? is a measurable
map

0:(Q,5) — (F,on),

where F denotes the class of the closed subsets in R?, and oy is the o-algebra generated by the so
called Fell topology, or hit-or-miss topology, that is the topology generated by the set system

{Fa:GeGlU{F.Ccec})

where G and C are the system of the open and compact subsets of R?, respectively (e.g., see [38]).
We say that a random closed set © : (2,F) — (F,op) satisfies a certain property (e.g., © has
Hausdorff dimension n) if © satisfies that property P-a.s.; throughout the paper we shall deal
with countably H"-rectifiable random closed sets (we denote by H™ the n-dimensional Hausdorff
measure).

Let ©,, be a set of locally finite H™-measure; then it induces a random measure pg, defined by

o, (A) :=H"(O0,NA), A € Bpa,
(Bga is the Borel o-algebra of R?), and the corresponding expected measure
Elpe,](A) :=E[N"(©,NA), A€ Bga.

For a discussion of the measurability of the random variables peg, (A4), we refer to [6, 55].
Whenever the measure E[ug, ] is absolutely continuous with respect to the measure H¢ on RY, its
density (i.e. its Radon-Nikodym derivative) with respect to %% has been called mean density of
O,,. In this case we say that the random set O,, is absolutely continuous in mean, and we shall
denote its mean density by Ae, [17, 19].

The aim of the present paper consists of providing a rigorous mathematical background for
the estimation of the mean density of a random closed set ©,, of Hausdorff dimension n less
than d, based on an i.i.d. sample O}, .....0N for ©,,. In particular we will analyze two different
mean density estimators and their statistical properties, the first of which is a direct extension
of the kernel estimators of probability densities of random vectors, while the second one, already
introduced in [51] and [52], is based on the notion of n-dimensional Minkowski content of sets.
We have felt of interest to report here a discussion about an additional density estimator that
naturally derives from the Besicovitch derivation theorem (see e.g. [4]); anyway we observe that it
can be seen as a particular case of the kernel estimator.

As in the classical literature referring to the case of random variables, we have paid a particular

attention to the identification of an optimal bandwidth, for a given sample size N.
We will show how the theory developed here extends the classical one for absolutely continuous
random variables and random vectors [40, 42] (for a general treatment see e.g. [45, 46, 9]), and for
point processes (see e.g. [26], [20, page 629], and the recent paper [50]). See also [23] and [54] for
a survey of additional foundational papers.

The required mathematical background regarding the global and local approximation of mean
densities of random closed sets has been carried out with great detail in a series of papers by
Capasso and Villa (see [2, 17, 18, 19, 52|, and references therein).



In Section 2 we recall basic definitions and relevant notations, leaving to the Appendix a concise
account of basic classical results. In Section 3 we present the main statistical properties of the kernel
type estimator, and face the problem of the identification of an optimal bandwidth. Section 4 is
devoted to the “Minkowski content”-based estimator. For a better readability of the main results,
we have left the proofs of the main theorems to Section 7. As a simple example of applicability of
the results presented here, we consider in Section 5 an inhomogeneous Boolean model of segments
already introduced in previous literature (see e.g. [52, Example 2] and [7, page 86]); we provide
explicit expressions of the optimal bandwidth ry associated both to X"@i\r and to X’éjv Hints for
further analysis are provided in the concluding remarks (Section 6).

2. Basic notation and definitions

Throughout the paper H" is the n-dimensional Hausdorff measure, dz stands for H%(dx), and
By is the Borel o-algebra of any space X. B,.(z), b, and S9! will denote the closed ball with
centre  and radius 7 > 0, the volume of the unit ball in R™ and the unit sphere in R?, respectively.
For any function f, discf will denote the set of its discontinuity points.

In Appendix A.2 basics on point process theory are recalled; in particular we recall that every
random closed set in R? can be represented as a germ-grain model; therefore we shall consider
here random sets © described by marked point processes ® = {(&;, S;) }ien in R? with marks in a
suitable mark space K so that Z; = Z(5;), i € N is a random set containing the origin:

O(w) = U x; + Z(s1), w e . (1)
(xi,8:)EP(w)

We remind that, whenever ® is a marked Poisson point process, © is said to be a Boolean model.
In this paper we shall denote by ©,, a random closed set in R? with integer dimension 0 < n < d,
represented as in (1), where ® has intensity measure A(d(z,s)) = A(z,s)dz@Q(ds) and second
factorial moment measure vy (d(z, s,y,t)) = g(=, s,y,t)drdyQz(d(s,t)), while the grains Z; are
countably H™-rectifiable. (For a brief summary on basic notions of geometric measure theory, see
Appendix A.3.)

Within the mathematical framework provided in [2] and in [52, Theorem 7], regularity assump-
tions on ©,, have been given, ensuring a local approximation of its mean density Ag, (x). Since
such assumptions are instrumental throughout this paper, we report here a key result proven in
[52].

Theorem 1. Let ©,, be a random closed set in R with integer Hausdorff dimension 0 < n < d as
in (1), where ® has intensity measure A(d(z,s)) = A(z, s)dzQ(ds) and second factorial moment
measure Vig)(d(z,s,y,t)) = g(x,s,y,t)dzdyQ(d(s,t)) such that the following assumptions are
fulfilled:

(A1) for any (y,s) € R4 x K, y + Z(s) is a countably H™-rectifiable and compact subset of R?,
such that there exists a closed set Z(s) 2 Z(s) such that [ H"(E(s))Q(ds) < oo and

H™(E(s) N Br(x)) > ~yr" Vx € Z(s), Vr € (0,1)

for some v > 0 independent of y and s;



(A2) for any s € K, H™(disc(A(-,s))) =0 and A(-, s) is locally bounded such that for any compact
K CR?

sup A(J?, S) < gK(S)
€K gdiam(Z(s))

for some £ (s) with

/ H™(3(5))Ex (5)Q(ds) < oo
K

(A3) for any (s,y,t) € K x R x K, H"(disc(g(-, s,y,t))) = 0 and g(-, s,y,t) is locally bounded
such that for any compact K C R? and a € RY,

1(a—Z(t))@1 (y) sup g(xasay,t) < ga,K(Sa:%t)
2EK gdiam(Z(s))

for some &, k (s,y,t) with
[ el D@ s, ) < o )

Then B o, )
. T e,
= lim ——— —"er/ d_g.e. R%.
Ao, (7) lim T H-a.e. x € (3)

For a discussion on the above assumptions we refer to [52, Sec. 3.1]; we recall just here that if ©,
is a Boolean model, then (A3) is a consequence of (A1) and (A2). It is worth recalling also that by
[52, Remark 4] and [52, Proposition 5], if ©,, is a random closed set as above satisfying assumption
(A1), then E[ue,] is locally bounded and absolutely continuous with respect to H?, with density

x) = s)H" s or Hi-a.e x a4
do.@) = [ [ N Qs for e e g

We may notice that, if n = 0 and ©¢ = X is an absolutely continuous random vector with pdf
fx, we have Elug,(A)] = E[H*(X N A)] = P(X € A) = [, fx(y)dy, for any Borel set A C R,
therefore Ag, = fx, and, as a consequence, Eq. (3) reduces to

Ao, (x) = limw — 1imw

= H4 d
-a.e. z € RY,.
rlo bgrd 710 b fx (@), a.e. v € RY, (5)

It is then well known that (5) leads to either the histogram, or to the kernel estimators for the
pdf fx (see Appendix A.1). By taking all the above into account, we will deal with two kinds of
estimators for the mean density Ao, (x), for any 0 < n < d; the first one as an extension of classical
kernel density estimators, and the other one based on (3), as in [52] (see also Appendix A.3).
Namely, given an i.i.d. random sample O}, ..., O of the random closed set ©,,, we will analyze
here the following estimators:

e Kernel estimator Xgiv (x)
as a natural extension of the kernel estimator for the probability density of a random vector



(see (A.4)), we define as kernel estimator of the mean density Ao, (x) of On, at a point
z € R?, the function

N N

~x, 1 " 1 T —y n

NG () = e D+ M () = T Z/i ( = )" (dy), (6)
=1 =1 n

where k is a multivariate kernel on R¢;

o “Minkowski content”-based estimator XgN(x)
as a natural byproduct of (3), we define as “Minkowski content”- based estimator of the mean
density Ao, (z) of O,, at a point x € RY, the function (firstly introduced in [51])

DA P
i=1 TOLNB, (2) 70

NEN () =
& (%) Nba_nr8"

(7)

e Natural estimator X”@iv(a:)
For the sake of completeness, we explicitly mention an additional estimator, directly deriving
from the definition of density of a measure. Namely, we may notice that, if E[ue, | < HY,
by the Besicovitch derivation theorem (e.g., see [4, Theorem 2.22]), we get

BT E[Hn(@n ﬁBr(x))]
Ao, (:U) a lrlﬁ)l bgrd

He-q.0. z € R%

therefore, given an ii.d. sample ©L,....0Y for ©,,, the above approximation suggests to
define as natural estimator /\(Vaiv(x) of the mean density Ao, (z) of O,, at a point x € R,
the function
1 N
SUN, .
2GS, (@) = Nbod ZH"(@Z N By (2)).
d'N =1
Remark 2. The well known kernel density estimators for random vectors, as defined in (A.4),
follows now as the particular case of /\g’iv(x) for random closed sets of Hausdorff dimension n = 0.

Furthermore, we may easily recognize that XgN(m) can be obtained as a particular case of the

kernel estimator ngv(x) by choosing as kernel the function

1
k(z) = ElBl(o) (2).

It is not difficult to realize that such an argument does not apply to the “Minkowski content”-
based estimator defined in (7), which seems not reducible to a particular case of kernel estimators.
Anyhow it is worth noticing that both Xgiv(x) and ngv (z) reduce to the usual histogram density
estimator if n =0, and ©9 = X is a real random variable

N
~u.N ~u,N 1
Ax (v) = >‘I)L( (z) = N2ry ZZ:; 1[$—TN7$+TN](Xi)7
where X1,..., XN is an i.i.d. random sample for X. In the d-dimensional case, both kinds of

estimators coincide with the so-called naive kernel estimator (the one given by k(z) = b—tlgl(o)(z)),
in the case n = 0, when Oq is a random vector.



In [52, Corollary 13], it has already been proven that, under the assumptions (Al), (A2) and
(A3), )\‘éjv(:c) is asymptotically unbiased and weakly consistent, for H%a.e. x € R?, if ry is such
that

. o . d—n __
J\}gnoo ry =0 and A}E)noo Nry ™ = oo. (8)

In order to prove relevant statistical properties of the estimators of the mean densities of ran-
dom closed sets introduced above, and to face the problem of finding the corresponding optimal
bandwidths, we shall require that the involved sets satisfy analogous regularity conditions.

3. Statistical properties and optimal bandwidths of Xg’i\r(w)

As anticipated in the introduction, the proofs of the main results are left to Section 7, so to let
the reader follow the “leit motiv” of our treatment.

It is worth noticing that according to [43, page 589] “It is well known that the value of the band-
width is of critical importance, while the shape of the kernel function has little practical impact”.
This may justify our own choice of kernels of easier analytical treatment, while concentrating on
the analysis of optimal bandwidths.

3.1. Bias and variance

Theorem 3 (Asymptotic unbiasedness). Let ©,, satisfy assumptions (A1) and (A2), and
{01 }ien be a sequence of random closed sets i.i.d. as ©,,. Let k be a kernel with compact support

(defined as in Definition A.2); then the kernel density estimator Xgiv(x) of Xe, (x) defined by (6)
s asymptotically unbiased, i.e.

A}im IE[XZDN(Z‘)] = o, (2), for Hi-a.e. x € RY,
—00 "

Zf limN_mo rnN — 0.
Proof. See Section 7. O

In order to prove also the weak consistency of Xgiv(x), we require the following additional
regularity assumptions on O, closely related to the assumptions (A1) and (A3),

(A1) for any (y,s) € R? x K, y + Z(s) is a countably H"-rectifiable and compact subset of R%,
such that there exists a closed set Z(s) 2 Z(s) such that [, H"(Z(s))Q(ds) < oo and

yr* <H™(Z(s) N By(x)) <Ar™ Vxz € Z(s), r € (0,1)
for some ~,7 > 0 independent of y and s;

(A3) for any s,t € K, g(-,s,,t) is locally bounded such that, for any C,C C R? compact sets:

_sup sup  g(@,5,9,t) <Eca(s,t)
YEC gaiamz (1) TEC@diamz (s)

for some £ =(s,t) with

[ E)HEW)e (o D (ds.dD) < o, 9)



Note that (A1) is just the assumption (A1), together with the condition that the grains of the
germ-grain model ©,, are n-Alfhors regular; moreover, the assumptions (A1) and (A1) might be
regarded as the stochastic version of (A.7) and (A.8), respectively, well known in geometric mea-
sure theory (see Appendix A.3).

The following proposition tells us the relationship between the assumptions (A3) and (A3).
Proposition 4. If (A1) is satisfied, then (9) = (2).
Proof. See Section 7. g

Remark 5 (Particular case: Boolean models). If O, is a Boolean model with intensity mea-
sure A(d(z, 5)) = Az, s)dzQ(ds), then g(z,s,y,t) = A(@, s)A(y,1) and Qpz1(d(s,t)) = Q(ds)Q(dt);
thus it is easy to check that (9) holds with £, (s, t) := Ec(5)€(t), and so (A3) is implied by (A2).

We are now ready to provide an upper bound for the variance of the kernel estimator Xgiv (z).

Theorem 6 (Upper bound for the variance). Let ©,, satisfy assumptions (Al), (A2) and
(A3), and {©! }ien be a sequence of random closed sets, i.i.d. as ©,. Let k be a kernel with
compact support, supp(k) C Bgr(0), defined as in Definition A.2; then, for N sufficiently large so
that ry < min{1,1/2R},

MA2"R"

Var(ZEN (x) <
CNOES ==

/ H™(Z(5)) (o) (5)Q(ds)

b [ M) H E 6 o0 (5:5)Qpy (5,5,

Proof. See Section 7. 0
By Theorem 3 and Theorem 6, we may directly state the following

Corollary 7. Let ©,, satisfy assumptions (A1), (A2) and (A3), and {© }ien be a sequence of
random closed sets, i.i.d. as ©,. Let k be a kernel with compact support, supp(k) C Bg(0),
defined as in Definition A.2; if ry is such that

lim ry =0 and lim N7i " = oo, (10)
N—o0 N —o00

then the kernel density estimator Xgi\] (z) of Ne, (), defined by (6), is weakly consistent for H%-
a.e. v € R,

Note that the above conditions on ry are the same required for the weak consistency of the
“Minkowski content”-based estimator )\ ( ) (see (8)).

3.2. Optimal bandwidths

As mentioned above, a crucial problem of statistical interest is the choice of an optimal band-
width rxy. As usual, we will look for an ry which minimizes the asymptotic mean square error



(AMSE); the optimal bandwidth known in literature for the kernel density estimation of a random

variable will follow here as a particular case (see Corollary 12).

To fix the notation, in the sequel a := (ay, ..., ag) will be a multi-index of N¢; we will denote

o] = a4+ aq
al = oq!ag!
ya p— yllll‘ . l . ygéd
'Y \(y, s)
D;‘/\(y, 8) = 8y?1 . aygd ’

furthermore, for all s € K, we will denote

D)(s) := disc(DIA(y, s)),  D(s) := disc(A(, s)).

The (well known in geometric measure theory) notion of approzimate tangent space to any H™-
rectifiable compact set A of R? at a point € A (see Appendix A.3), will arise in the approximation

of the variance of X“@T]LV (z). In the following theorem we assume that A(-, s) is twice differentiable
at least; for sake of simplicity, we also assume that & is continuous (the non-continuous case is

discussed in Remark 9).

Note that the assumption (A2bis) below will play the same role of the assumption (A2), and it is

trivially satisfied if DjA(y, s) are bounded.

Theorem 8 (Main theorem). In addition to the hypotheses of Theorem 6, we assume that the

kernel k is continuous, and that the following assumption is fulfilled, for |a| = 2,

(A2bis) for any s € K, H*(D®)(s)) =0 and Dy Ay, s) is locally bounded such that for any compact

C c R

sup |D2A(y, 5)| < E57(s)

YECgdiamz(s)

for some ETC“) (s) with

/K H(2(5)E% (5)Q(ds) < oo.

Then, for H%-a.e. x € RY,

Bias(\gN () = Chias(x)r} +o(r
~k C ar
Var()\e’iv(x)) ]\‘[/ dELZ) + ol
'r'N N?‘N

with

Cout) = 3 o3 [ wea [ [ D oranuas)

lor]=2

Crarte) o= [ [ [ [ ke o =),

where m,* € Gy, is the approzimate tangent space to x — Z(s) aty € x— Z(s).



Proof. See Section 7. O

Remark 9. By Theorem A.5 in Appendiz A.3, it follows that the limit in (33) in the proof of
the above theorem (and so its assertion well) holds also in the case the kernel k is not necessarily
continuous, provided that

Hres (disc(k(z 4 -)) =0, (15)

for any s € K, z € supp(k), and H"-a.e. y € x — Z(s). Such a condition is trivially fulfilled in
several cases of interest in applications; for instance, if Z(s) is a sufficiently regular curve in RY,
it follows that ©* is a line in R? for any s € K, x € RY, and H'-a.e. y € x — Z(s), and so (15)
is satisfied by the kernel k(z) = élBl(o)(z), which is of particular interest among all kernels with
compact support (see Remark 2).

It may be proved that the the above results hold for kernels & with non-compact support too,

provided that the assumptions (42) and (A3) are replaced by suitable integrability conditions on
k, A and g which allow to apply again the Dominated Convergence Theorem.
Actually, in practical applications it is commonly assumed that ), its partial derivatives DY, and
g are bounded; under such assumptions, if ¥ has compact support, (A2) and (A3) simplify. More
precisely, the integrability conditions expressed in (A2) and (A2bis) are trivially satisfied by (Al);
moreover, (A3) is a consequence of (A1) whenever Qg(ds,dt) = Q(ds)Q(dt). Examples of point
processes having bounded both intensity and second moment density are provided in [52, Example
2]. A relevant particular case of bounded intensity A is discussed in the Section 3.3.3.

3.2.1. Pointwise optimal bandwidth
The mean square error MSE()\gYILV(x)) of )\g’iv(x), defined as usual by
MSE(S) (1)) = E[(g) (z) — de, (2))%]
is given by R R R
MSEMSN () = Bias(\g" (2))* + Var(Ag™ (2)),
so that, from (11) and (12), the following asymptotic approximation of the mean square error
follows

~ 1
MSEONSN (2)) = €2, (2)rh + ——Cyar(2) + 0(r%) + o[ ——), as N — +oc. 16
(3. (@) = Chias(@rh + Tz Crar(@) + o) +o{ 5 (16)
Hence )
AMSE(ry) = C’%ms(:ﬂ)rjlv + ﬁC\/M(z).
Nry

Thus, by defining the optimal bandwidth r?\}AMSE(x) associated to a point z € R? as

r(])\}AMSE (x) = arg minAMSE(TN)7

TN
it is easy to obtain
0,AMSE ./ (d—=n)Cvar(z) d d
TN (z) = ** W, Ha.e.x € RY, (17)



for any fixed sample size N (sufficiently large so to guarantee the asymptotic properties of Xgiv),
provided that Cp;qs(z) # 0.

We may observe that, if Cp;.s(x) = 0, the above equation does not apply; in such a case one
should use additional terms in the bias expansion. Of course this might complicate the solution
for the optimal bandwidth; we refer to [44] for a more detailed discussion of such a problem in the
particular case of random variables. We point out that a case of particular interest which cannot
be solved by adding additional terms in the bias expansion, is the one in which the germ grain
process ©,, is stationary, that is when )\ is constant (see Section 3.3.3).

In accordance with Theorem 6, by (10) and (16) we have that MSE goes to 0 as N — oo; hence,

by (17), the optimal bandwidth goes to 0 as N—1/(4+d=n),
We also point out that r})\}MSE(a:) depends on the unknown intensity A and the probability measure
Q. As for the case n = 0, which has been recalled in Appendix A.1, methods for estimating the
intensity A and the probability measure ) are required. This problem is a subject for further
investigation. The reader may refer to [20, p. 770 and followings], [39, p. 77 and followings] and
[47] for related inference problems regarding Boolean models.

3.2.2. Uniform optimal bandwidth

It is of interest to provide a uniform (or global) optimal bandwidth for the estimate of the
mean density A\, in any given window W, a compact subset of R%. As for the random variables,
we introduce the integrated mean square error of Xgiv in W, so defined

MISERGN (W) = / MSEDGN (x))da
w
= / [Bias(\g ™ (x))]?dz + / Var(\g" (z))da. (18)
w w

By proceeding along the same lines of Theorem 8, we can prove the following.

Proposition 10. Under the hypotheses of Theorem 8, for any compact set W in R?,

MISEQEN (W) = s (@)1 + ——cvar(@) + o(rk) + O(T) as N = +o0,
" NTN " NTN "
where
CBins 1= / C%,..(x)dz, and CVar i= / Cyar(z)da.
w w
Proof. See Section 7. d

By the proposition above, we get the following asymptotic approximation of MISE (Xgi\[(W))

~ 1
AMISE(Ag’iV(W)) = CzBias(x)rf’lV + chw(x), as N — 4o0.
TN

Thus, by defining the uniform optimal bandwidth r})\}wISE in W as

r?\}wISE = arg minAMISE(Xg’iV (W),

TN

10



we may easily derive

0, AMISE . J(d=n)cvar
rN,W = 4NCQB (19)

for any given sample size N, sufficiently large.

Remark 11. We point out that we need to introduce a compact wmdow W in the definition of the
MISE of the kernel estimator /\ N because, in general, Ja MSE[)\ ( )]dz = oo, for unbounded
subsets A of R?. As a matter offact in the particular case of a pomt process Oy = ¥ in R? (see
Section 3.3.2 below), we may notice that, for instance, in order to evaluate cyq. it emerges the
evaluation of E[U(W)], i.e. the mean number of points in W, which may diverge for non compact
windows W. Clearly then, in the particular case of random variables (discussed in Section 3.3.1)
the above results hold also for non-necessarily compact subsets of R%; indeed a random vector X
in RY may be seen as a point process U with only one point, and so E[W(A)] =P(X € A) <1 for
any A C R4,

3.8. Particular cases

3.3.1. Random variables
The next corollary shows how already known results for kernel density estimates of the pdf of
absolutely continuous random variables (see Appendix A.1), follow as particular cases.

Corollary 12. Let X be a random wvariable with pdf fx € C2; then the well-known pointwise
optimal bandwidth given in (A.2), and the well-known global optimal bandwidth given in (A.3),
follow now by (17) and by (19), respectively, as a particular case.

Proof. We observed that if n = 0 and ©¢ = X is an absolutely continuous random vector with pdf
fx, then A\g, = fx. In order to apply the above results, let us consider X as the trivial germ-grain
process driven by the marked point process ® = {(X, s)} in R with mark space K = R, consisting of
one point (X) only, with grain Z(s) := s, and intensity measure A(d(y, s)) = f(y)dydo(s)ds (hence
Ax (x) = f(x), in accordance with (4), as expected). It is clear that the hypotheses of Theorem 8
are fulfilled, being (A1), (A2), (A3) and (A2bis) trivially satisfied by choosing Z(s) = Z(s), and
~ =7 =1, and observing that f, f’ and f” are continuous by hypothesis, and g = 0. Thus,

(13) 1

Coiun() ™ 5 [ k2)z2az [ [ prmt@nds = 57w /]R K()2%dz,

Cyar() & / / / s / B(2)k(z + w) (g HO (duw)HO (dy)d=o (5) / K

so that, by (17) with d = 1, n = 0, we reobtain

oAMSE _ s CVar($> _
W= ey,

11



With regard to the global optimal bandwidth, it is sufficient to observe that, in this case,

1 " 2 "
NG, = 4N [ (507@) [ K:)20:) o = Nl 1)

CVar :/Rf(x)/RkQ(z)dzdx:cl.

3.3.2. Point processes

Since a point process ¥ in R? with intensity f may be regarded as a particular random closed
set of dimension n = 0 with mean density Ay = f, we may apply the above results to provide
kernel density estimators, as well as the optimal bandwidth, of the intensity of point processes too.

Corollary 13. Let {U'};cn be a sequence of point processes in R?, i.id. as U, with intensity
Ay € C?, and locally bounded second moment density g, and let k be a kernel with compact support,
continuous in 0. Then the kernel density estimator X},’N(x) of Ay (), so defined

5= i 3 X () (20)

: ) r
N =1 r;evr N

is asymptotically unbiased and weakly consistent for H%-a.e. x € R?, if rn is such that

lim ry =0 and lim N?“flv = o0.
N—oc0 N—oc0
Moreover, the pointwise optimal bandwidth r?\}AMSE(:r) minimizing the AMSE is given by

d\y () /R ) k*(z)dz

?\}AMSE(x) = 4td T 5, for H-a.e. z € RY, (21)
T o e’
4N( Ilzz a!Dz Ay () /Rd k(z)z dz)
whereas, for any compact window W C R, a uniform optimal bandwidth r?\}wISE s given by
dE[O(W)] [ k*(2)dz
r?\}wISE = 4+d 1 R7 5. (22)
4N /W <§2 aDg)\\p(.ﬁ) y k;(z)zo‘dz) dz

Proof. By proceeding along the same lines of the proof of Corollary 12, ¥ might be seen as

a trivial marked point process with mark space K = R having intensity measure A(d(y,s)) =

Aw (y)dydo(s)ds, and second factorial moment measure vy (d(z, s,y,t)) = g(z, y)drdydo(s)de(t)dsdt.
Then, the asymptotic properties of the kernel estimator (20) directly follow by Theorem 6.

12



By Remark 9, observing that m,»* = {0}, and that by hypothesis the kernel k is continuous in 0,
we may claim that the assertion of Theorem 8 holds with

Cpias(T) = a'Da)\\p( )/Rd k(z)z%dz,
|a]=2

Cvaer(x) = )\q,(x)/Rd k%(z)dz,

so that, by (17), we get the optimal bandwidth defined in (21).
The equality in (22) directly follows by (19) and the proof of Corollary 13, having observed that

/ Ay (x)da = E[T(W))].
w
O

Remark 14. Let us notice that by choosing k(z) := ilBl(o)(z) in (20), with N = 1, we reobtain
the well-known classic and widely used Berman-Diggle estimator [26, 8, 50]

XE’N(x) — \I/(Br(dx))

de
3.3.3. Homogeneous case: unbiased estimators

Let us assume that A(d(z,s)) = edzQ(ds); i.e. A(z,s) = ¢ for any (z,s) € R? x K; then
® = {(z4, 8;) }ien 18 an independent marking of the marginal process {z; };en, which is stationary,
and so ©,, is a stationary random closed set as well. Notice that the very particular case of a
real random variable ©p = X (see also Corollary 12) does not make sense, since A cannot be a
nontrivial constant on the whole real line, whereas the case A = const on a compact set corresponds
to the case of a random variable uniformly distributed on that set. This might be a reason why
such a case has not been taken into account in the usual kernel density estimation theory; on the
other hand the homogeneous case is of particular interest in random sets theory (even for a point
process Oy, for which we still have n = 0).
Under the assumptlon that ©,, is stationary, a first important result is that the kernel density
estimator )\ ( ) is now unbiased for any bandwidth r, and independent of x; namely Theorem 3
simplifies as follows

Proposition 15. Let ©,, be a random closed set in R? with integer dimension 0 < n < d,
represented as in (1), where ® has intensity measure A(d(zx, s)) = edz@Q(ds), such that Assumption
(A1) is fulfilled, and let {©! }ien be a sequence of random closed sets, i.i.d. as ©,,. Then the kernel

density estimator /\ of Ao, , defined by

G)n = Zk 7—[‘07 = Nrd Z/l 7-[" (dy), for H-a.e. z € RS (23)

is unbiased for any bandwidth r > 0, and any sample size N.
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Proof. First of all let us notice that Assumption (A2) is trivially satisfied, and so, by the proof
of Theorem 3, we have that g, (v) = cE[H"(Z)] =: Ao, € Ry, for H¥%a.e. # € R%. Then, for
He-a.e. z € R, we may take ng(x) = X“@N (0), as in (6), with r independent of N (and so defined
as in (23)), and observe that

[)\"‘ Ny / H™(Z ds) = de, .

O

As a byproduct of the above proposition, we have that Corollary 7 simplifies now as follows.

Corollary 16. Let ©,, satisfy the hypotheses of Proposition 15, with (A1) replaced by (A1), and
Assumption (A3). Let {©! }ien be a sequence of random closed sets, i.i.d. as ©,, and let k be

a kernel with compact support. Then the kernel density estimator XgN of e, defined by (23) is
strongly consistent for H%-a.e. v € R?, as N — oo.

Proof. By defining Y; := k, * HI (0), i = 1,2,..., we have that Y1,Ys,... are i.i.d. as Y =

ke HJ (0); we have E[Y] = Ag,,, and by Theorem 6, Var(Y) < co. Then the SLLN implies that
Xgiv — do,, a.s. as N — oo. O

It is clear that in this case Bias(xgi\’) = 0 for any fixed sample size N, and for any bandwidth
r; equivalently,
E[(k, + 2, (0)2] — (Ao, )?
N )
therefore the optimal bandwidth which minimizes the MSE has to minimize the variance: for any
fixed sample size N, for H%-a.e. x € R?,

MSEQEY) = Var(\gN) =

roMSE(g) .= arg minMSE(Xg’iv) = arg minVar(Xg’iV) = arg minE[(k, * Hi, (0))?].

By the proof of Theorem 6 we know that

E[(k + M, (0))%] = Li(r) + I2(r),

r &< / /Z@ /Z( )/de 2 z+—)dz7{"(dy)%"( 7)Q(ds)

)= /K2 /z s) / 5 /de k(2)k(2)g(~y — 1z, 5, —y — rZ, 5)dzdzH" (dy) H" (dy) Q) (ds, ds).

with

Then one has to minimize the function I(r) := I1(r) + I2(r).

We discuss here two important cases of particular interest in applications, homogeneous Boolean
models, and a - non Boolean - stationary germ-grain model with a cluster point process as germ
process.

14



Particular case: homogenous Boolean models

Let ©,, be a homogenous Boolean model with intensity measure A(d(x, s)) = edzQ(ds) and typical
grain Z, such that E[(H"(Z))?] < oo, and let k be continuous in the interior of its support. Then,
it is easy to check (see also Remark 5) that

Iy(r) = (cE[H"(Z)])* < o0,

o,MSE

and so r = argminly (r).

T
By observing now that I (r) > 0 is continuous for any r > 0 (by using for instance the Dominated
Convergence Theorem),

700 r—oo T

lim () < lim %d/KH”( (5))Q(ds) = 0

and, by the proof of Theorem &,

dfnl-l( )

lim I;(r) = lim
710 1) rl0 rd—n

—e / /R d / » /ﬂ (= -+ w) " (dw) K (dy)d=Q(ds) lim rdln = oo,

we conclude that, for H%-a.e. z € R?, roMSE — 4 oo,

Remark 17. As a particular case, if U is a homogenous Poisson point process m Rd wzth mtensity
Ay > 0, the optimal bandwidth r° MSE of the kernel intensity estimator /\”’ (z) = )\” (0) for any
xr € R?, defined by (20), is r>MSE = too, in accordance with both intuition and known results
in literature (e.g., see [47, p. 46], [25, p. 34], [39, p. 8]); in particular, if W is the observation
window of any Tealization of the process (and so N = 1), and |W| its volume, we reobtain (by
choosing k(z) := 1B1 (0)(2)) that the best unbiased estimator of the intensity Ay of ¥ is given by

- OW)

=, with |W| — oo.
W

Note that, being ¥ stationary, Xq, defined above is equivalent to the following estimator introduced
in [25, p. 34]
AD Z’L 1 \Ij( )

N with N — oo,
where Wy, ..., W, are disjoint compact subsets of R, each with volume |W|; let us also observe
that
\p'L
AD =2 .= levl|w(| ), with N — 00,
where W is a_given observation window, and Ul UN s an id.d. sample of ¥, and so we

conclude that )\q,, )\\I, and )\N provide equivalent ways to estimate Ay .
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An example of stationary non Boolean germ-grain model

Let ©,, be a random closed set in R? with integer dimension 0 < n < 2, represented as in (1),
such that ® is an independent marking of the germ point process U= {z;}, which is assumed to
be a Matérn cluster process in R? (e.g., see [5]), whose parent process is a homogeneous Poisson
process with intensity «, and each cluster consists of 9 ~ Poisson(m) points independent and
uniformly distributed in the ball Br(z), where x is the centre of a cluster. It follows that ©,, is
stationary with intensity measure A(d(z, s)) = madzQ(ds), and second factorial moment measure

2 x
V2] (d(z, s,y,t)) = (a2m2 + am? H (BR(W;T Br(y)) )dxdyQ(ds)Q(dt).

We assume that the typical grain Z satisfies the regularity assumption (A1). Note that g(x, s, y,t) =
2 J—

a2m2+am2w < a?m?+am?/(mR?), and so Assumption (A3) is fulfilled; thus Corol-

lary 16 applies.

Similarly to the homogeneous Boolean model case, if k is continuous in the interior of its support,

k < M, and E[(H"(Z))?] < oo, it is easy to check that I(r) is continuous and lim, o I(r) = +oc.

Let us notice that
" k(z)k(
( [H 7T'R4 /Kz /Z( )/Z(A') /R2d Z j
H*:(Br(—y — Tz) N BR —rZ))dzdzH" (dy)H" (dy)Q(ds)Q(dS)

= o*m*(E[H™(Z 7rR4 /K?/ s)/Z(*)/Rd/BZTR(yT@)k(Z)k(Z_Fw)

H*(Br(0) N Br(([[y -y + rwl],0)))dwdzH" (dg)H" (dy)Q(ds)Q(d5)

2

IQ(T)

4dam

< 0 PmAEHN2)]) + 55 (EBHN(Z)) MH?(BR(0))du
(w:=57w+ %) B1(0)
= (BE[H™(Z)])*(a®*m? + W%) — (BE[H™(Z)])*a*m?, asr — oo.

Finally, being I(r) = Ii(r) + Ix(r) > (E[H"(Z)])*a*m® for any r > 0, and lim, o I(r) =
(E[H™(Z)])?a?*m?, we may conclude that, for H%-a.e. x € RY, r>MSE(z) := arg minMSE()\g’iV) =
+o00. '

4. Optimal bandwidths of X'é’iv(w): Boolean models case

As mentioned at the end of Section 2, the “Minkowski content”-based estimator )\“ (z) of
Ao, (x). defined in (7) is asymptotically unblased and weakly consistent if the bandw1dth ry is
such that limy_oo 7y = 0 and limpy_o NrN = 00. It is then worth to carry on the analysis of
such an estimator too, by facing the left open problem of finding an optimal bandwidth for Xgiv(x)
(see [51, Sec. 6]).

A first difficulty arises, due to the fact that it does not seem possible to get a Taylor series
expansion of Bias(/\’é’iv (x)) without any further assumption on the distribution of ©; indeed it is
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easy to check that, for H%-a.e. x € R?,

~ P(x € O, .
Bias()\‘é’iv(a:)) = <bdrdie;N> - o, (x) (24)
~ P(x € Ongry)(1 —P(z € O, )) Ao, ()
Var(AEN () = al o’ — n . (25
a/r( O, (.’I;)) N(bd_nrjdv_n)2 Nrjd\r_nbd—n O(Nrfv—n) ( )

Then it is clear that, if we wish to proceed as in the previous sections of this paper, an explicit

expression for P(x € O, ) is required for evaluating the M SFE; this is the reason why, for the

time being, we restrict our analysis to particular classes of germ-grain models ©,, which allow to
.. . u,N

explicit the Bias(\g " (7))

Let ©, be a Boolean model with intensity measure A(d(y, s)) = A(y, s)dyQ(ds); then

Pz € ©pg,, ) =1~ exp{ - /K/ " /\(y,s)dyQ(ds)},
2= Z(8) @y

and so a Taylor expansion of ffﬁ 2(s) Ay, s)dy is needed. General expressions are not available

in literature so far, therefore such aei)évoblem is still open. We only mention here that a possible
solution might follow, under suitable regularity assumptions on the grains, by an application of the
general Steiner-type formula for closed sets (see [35, Theorem 2.1]). Nevertheless, if the “shape”
of the grains is known, it is possible to evaluate directly the integral above (see, for instance, the
example discussed in Section 5). We may notice that the case in which © is homogeneous and grains
have positive reach might be handled in a more direct way, by using the well known polynomial
expansion of the volume of an enlarged compact set with positive reach [29]. We remind that the
reach of a compact set A C R? is defined by

reach(A) := irelgsup{r >0 : By(a) C Unp(A4)},

where Unp(4) := {z € R? : 3la € A such that dist(z, A) = ||a — z||} is the set of points having
a unique projection on A. For any compact set A C R? with positive reach, the total curvature
measures ®;(A) € R for i = 1,...,d — 1, introduced in [29], are well defined, and the following
global Steiner formula holds

d
HY(Ag,) =D 1" 'bg_;®;(A), Vr < reach(A). (26)
=0

We also point out that if dim(A) = n, then ®,(A) = 0, for any ¢ > n, and ®,,(A) = H"(A). Then,
the following assertion is easily proved.

Proposition 18. Let ©,, be a Boolean model with intensity measure A(d(y, s)) = cdyQ(ds), sat-
isfying Assumption (Al), and such that, for any s € K, reachZ(s) > R, for some R > 0. Let us
assume also that E[®;(Z)] < oo for alli =0,...,n — 1. Then, the optimal bandwidth associated
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with the estimator (7) is given by

i/ E[r(Z)] _ i d-n=1,
s N (7cE[®,—1(Z)] — 2(cE[H"(Z)])?)
N = (27)
d_n+§/ (d —n)bg—ncE[H"(Z)]
2N (cha—n+1E[®,—1(2)))

5 if d—n>1,

independent of x € R%.
Proof. Tt is easy to check that ©,, satisfies Assumptions (A1), (42) and (A3), so that

lim N5N(2) = cE[H"(Z)] = N, (x)  forallz € R

N—o0

Moreover, for N is sufficiently large so that ry < R, by (26) we get:

Bi X“’N 1- — cE[HY(Z r
lim M 29 lim i( exp{ ¢ E}-_[ (Ze N)]} —cE[H”(Z)])
N—oco N N—oo TN ba—nTiy "
(26) N S g ae| d—n+1
= i e (0]
1 d—n d—n
L B2 o))
w — (E[H™(2))* ,if d—n=1

de—n-&-lE[cbn—l (Z)]
bdfn

yif d—n>1;

consequently the asymptotic mean square error of :\\’éiv (z) is given by

(rcB[®,_1(Z)] — 2(cE[H"(2)])?)° , | E[H(2)]

if d—n=1
(25) 4 w 2NNy - ' 7
AMSE(’/’N) =
ba—nt1E[®,_1(Z)]\ 2 RE[H"(Z .
(Cd +1E[ 1 )]) r2, C[;"fﬂ( )] it d—n>1,
bd—n N?"N bd,n
which is independent of 2 € R? as expected, being the process stationary.
By defining now r?\;AMSE = argminAM SE(ry), the assertion follows. O
TN

5. A case studied: inhomogenous segment Boolean model

As a simple example of applicability of the above results, let us consider the segment Boolean
model extensively studied in [51, Example 2] (see also [7, page 86]), where an explicit expression
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for its mean density has been obtained. We provide here the pointwise and the uniform optimal
bandwidth r?\}AMSE( ) and T?VAMISE respectively associated with both )\giv and )\’Cf)’iv.

Let ©; be an inhomogeneous Boolean model of segments in R? with random length L and
uniform orientation; so that the mark space is K = Ry x [0,27]; for all s = (I,a) € K, let
Z(s) == {(u,v) €ER? : u=rTcosa, v=rTsina, 7 € [0,{]} be the segment with length [ € R, and
orientation « € [0, 27]. Denoted by Py, (dl) the probability law of the random length L, we assume
that fR+ I*Pr(dl) < oo. Finally the segment process O, represented as in (1), is driven by the
marked Poisson process ® in R? x K having intensity measure A(dy x ds) = f(y)dyQ(ds), with
f(W) = fy1,y2) =y} +v3, and Q(ds) = 5=daPr(dl). It is easy to check that the assumptions of
all theorems above are fulfilled, and that

1
Ao, (1, m2) = (x% + xS)E[L] + §E[L3]’ Hae x = (x1,22) € R2.

(i) optimal bandwidth of XEN
By noticing that m* = {(y1,92) € R? : y; = tcosa, y» = tsina, t € R}, and that
H2(B1(0) N By (— (tcosa,tsina))) = H?(B1(0) N B1((t,0))) for any « € [0, 27], we get

(14) 1 [e%) 27T ! “+o0
Cvar(z) = ﬁ/o /0 /]R?/O /700 131(0)(2)

1B, (= (tcos a,tsina)) (2)A(T1 — T cos a, w9 — 7 sin a)dtdTdzdalPr (dI)

B 1 27 +2 ) |
= 73/ / / H*(B1(0) N B1((¢,0)))dt\(z1 — T cos o, x5 — 7 sin a)drdaPr(dl)

2
= / / / ((z1 — Tcosa)? + (zy — Tsina)?)drdalPy(dl)

= S B SR (= e @),

and ) E[Z]
" (13) (22 4 22)dy = .

Coin(e) (L] [ (a4 e = T

thus, by Eq (17),

0 AMSE 1y _ o 16(EL(x? + 23) + $EL3)
372N (E[L))2

Let us now consider the window W = [0, 1] x [0, 1]; then the uniform optimal bandwidth in
W is given by

L0 AMISE (19) i/lG(E[LS] + 2E[L])
N B N9m2(E[L])2

(ii) optimal bandwidth of X‘éN
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Let us observe that
Bias(\s™ (x))
(24) 1 — exp{2rNE[L](z? + 23) + %TNE[L?)] + gﬁ\,@x% + 222 + E[L?]) + 2E[L]r3; + %7"31\7
o 27’]\]

(2 + B)B[L] + (L)

= (5(a} +3) + JEIL’] - (EL)(a} +3) + %WDQ)TN +o(rw),

and

2 2 1 3
~ + x3)E[L] + zE[L’] 1

NN (2:5) (z7 2 3 .
Var(Ag, (z)) N2ry +O(NTN>’

then,
(23 + 23)E[L] + 3E[L%]

s T = ’
3 (@i tes)+ J BILT ]~ (BL) (@ +o3) + g EIL7)®) rict N2ry ’

AMSE(ry) = (

and so we get

pOAMSE 1y _ (z] +23)E[L] + 3E[L?]
N AN (% (22 + 22) + TEL? — (BL(2? + 23) + 1EL3)2)”

Let us now consider the window W = [0, 1] x [0, 1]; then it is not difficult to obtain

MISEQNSN (W) == /W MSENEN (x))da
_ / (Bias(W5™ (2))dz + / Var(3s® (2))da
w w
= % /W C%(z)dx + NiN /W /\elT(x)dm +o(ry) + o(%m),
= AMISEQSN (W)
and so
rf\}AMISE = arg minAMISE(A)\glN(W)) =, %E[L] * %E[L:ﬂ ,
™ 4N [ C%,,.(x)dx
w
where
| Chuastate = T2 @I - 32 (F — SEILIB(LY) (B(L)?
T 37)2 T 2
-3 (mie - EED w2 + 2 (T - 2impm()
T 2 SN2\ /o T 2
(B - G 2 S + (o - e



Remark 19. As already mentioned in Section 4, the evaluation of the optimal bandwidth of the
estimator )\“ " simplifies when the Boolean model ©,, is homogeneous. Indeed, let us consider for
instance the above Boolean model of segments, for f(y) = ¢ > 0. By observing that reachZ(s) = oo,
and ®¢(Z(s)) =1, for any s € K, the optimal bandwidth is then given by

O-AMSE (27) i/ cE[L]
N  \| N(er — 2(cE[L])2)2’

6. Concluding Remarks

Based on the analysis carried out in the previous sections, we may conclude with the following
remarks.

e  Kernel estimators: the pro for the kernel estimators /\ proposed in Section 2 extend in
a natural way the corresponding kernel estimators for random objects of dimension n =
0 (random variables - univariate and multivariate, point processes) to random closed sets
of any integer Hausdorff dimension n < d, in a space R%; the cons concern the practical
applicability of them, due not only to the enhanced computational problems related to the
higher dimensionality of the relevant objects, but also due to the problems encountered for
the case n = 0, in connection with the preliminary estimation of bounds of the relevant
parameters of the unknown density. This would require further research about possible
extensions of plug-in methods as exploited for the case n = 0 (e.g., see [49] and references
therein).

e  “Minkowski content”-based estimators: the pro for the estimators )\“ N proposed in Section

2 concerns its easy computational evaluation; the cons include the analytical difficulty of
evaluating an optimal bandwidth.

e Natural estimators: the pro for the natural estimators )\ proposed in Section 2 concerns
their direct derivation from the Besicovitch Theorem; they generahzes the notion of histogram
estimators for the case n = 0 (see Remark 2); the cons include the nontrivial evaluation of
H" (O N B, (z)) for any element O of the sample; for segment processes (n = 1) it seems
more feasible, but for other sets of dimension n > 1 it results of higher computational
complexity. This problem has been already raised in [41] even for stationary fibre processes
in R2.

It is clear that we have left open a series of problems towards which we address the attention
of readers for further research.

Here we wish to evidence the need of analyzing the very realistic case in which only one
realization of the geometric process is available, and only in a bounded window, as it fre-
quently happens in material science and medicine. This problem is still of great interest in
current research, even for the case n = 0, in particular for point processes (see e.g. [33, 32]
and references therein). In this case there is a need of additional properties for the process,
such as stationarity, ergodicity, mixing properties, allowing a possible “increasing domain
asymptotics” (see e.g. [20, page 480], [7, page 88] and references therein).
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7. Proofs of the main results

Proof of Theorem 3
Lemma 3 in [52] tells us that the event that different grains of ©,, overlap in a subset of R? of
positive H"-measure has null probability; therefore, the following chain of equalities holds:

ERGN(2)] = [ ka*ﬁ’;ﬂ }:E[id/e R(S=0) e ay)]

TN rN

58 S O 000

r
N (Iusz E‘P

(A45) / / = A o FE e, aug(as)
- L[ /Z ) I g @y, 5)du(ds)

/ / / Ay — ryvz, sYH™ (dy)Q(ds)d= (28)
R4 JK Jz—Z(s)

By hypothesis we know that k& has compact support, say S C Br(0) for some R > 0; besides, by
denoting D(s) := disc(A(+, s)), we have H™(D(s)) = 0 for any s € K. Therefore,

(28) = /Rd /K /(z_Z(S))\D(s) E(2)A\y — ryz,s)H" (dy)Q(ds)dz.

Note that, for N sufficiently large, Br(x) D Bgry (), and so

(A2) o

sup )‘(y —TNZ, ‘9) < sSup )‘(yv S) < SBR(r) (5)7
y€(x—Z(s))\D(s) YEBR(T)gdiamz(s)
Jm k(A —rnz,s) = k(2)A(y. 5) <oo, Wy € (v —Z(s)) \ D(s), (29)
—00

so that, by (A2),

/Rd /K /(mZ<s)>\D<s> k()Y — vz, s)H" (dy)Q(ds)dz

: /BR(O) /K /u—Z(s)) k(2)€B ) (s)H" (dy)Q(ds)dz
= /BR(O) k(z)dZ/KfBR(x)(S)H”(E(s))Q(dS) < oo,
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Hence, we may apply the Dominated Convergence Theorem to (28) in order to obtain

lim EDG" (z)] = lim / // k(2)A(y — vz, s)H" (dy)Q(ds)d=
Rt JK J (@~ 2(s)\D(s)

N—oo N—>oo

(2) / K()d / /( oy @R (@)Q)

/ / Ay, $)H™(dy)Q(ds) L xe, (),
(@—2(s))

thus proving that Xgiv(;v) is asymptotically unbiased for H%a.e. z € R%. g

Proof of Proposition 4
Let C C RY, a € RY, and & g, (o) satisfy (9). By Remark 4 in [52] we know that (A1) guarantees
that

g H(Z(s))y 2744, R4 if R < 2
H (Z(S)@R) < { Hn(E( )),Y712n4dban if R Z 9 (30)
Let &a0,0(8,9,t) = Lia—2(t))er (W)EC,Br (a) (5, 1), for any (s,y,t) € K x R? x K; then
La—zt)e, (V) sup 9@, 8,9,t) < La—z(t))e, (V) sup sup g(x,s,y,1)
2€Cgdiam(z(s)) YEB1(a)gdiam(z (1)) L€ECadiam(2(s))
§ ga,C(Sayat)a
and
[ M E 6Dl 00 (ds,de)
R x K?2
= e H ' (E(8))H ((a — Z(t))a1)éc, B, () (5, 1) Q2 (ds, dt)
(30) —1o9n 4d n/— n/—
< 4TH274%, H"(Z(s))H"(E(1))éc,B, () (5, 1) Q21 (ds, dt) < oo
K2
O

Proof of Theorem 6
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Let us notice that

Var(s™ (2)) = E[(kry = Ml (2))*] = (Elkry * Hf, (2)])

N
Bl <, )’

2
(m%@b / i+2(s:) TN TNy)Hn(dy)) } +
NE[ Z /9”71+Z(5i) %k(xrj\/y)?{n(dy) /mj-O-Z(sJ) r%k( TN )H"(d )}

(zi,8i), (wj,85) € P,
T # x

(A.5),(A.6) 1 / —y 2
N Kde( ez T ( - )7—[ ( 3/)) (w, s)dwQ(ds) +

(KxR4)2

1 T — 1 r—7 B _
—k H"™(d —k H"(d , S, w, s)dwd ds, ds).
(/111+Z(s) r]d\[ ( N ) ( y) /'+Z(§) T]d\/' ( N ) ( @)g(w S, w §) w wQ[2]< S 5)

w

We remind that k(z) < M1p,)(z) for any z € R% for N sufficiently large so that ry <
min{1,1/2R}, we get

]:t[ KxR4 </w+Z(s T;Vk( ’I;V )Hn(dy))2)\(w7s)de(ds)

N r?vd / /R /Z(s) /Z(é) N )’“(m _g\,_ w)A(wa s)H™ (dy)H™ (dy)dwQ(ds)

= / / / k(2 + L) M@ =y = rvz, 5)d=H" (dy)H (d5)Q(ds) (31)
TN Z(s) J Z(s) JRd TN
< (2)1Bg0) ()AMz —y — 7Nz, 8) M1p, . (y+rnz)@)H"(dY)H" (dy)d=Q(ds)
Rd Z(s») Z(s)
< 2)1B,0)(2) sup A&, ) MH™(ZE(s) N By yr(y +ryz))H" (dy)dzQ(ds)
R4 f€x—Z(s)—rnz

IN

/ / sBM( ) MH™(E(5) 1 Bayy n(9))H" (dy)Q(ds)

2
HZQ“

(Al) c ~ n n
< Nod / » B () () MY (2rn R)"H" (dy)Q(ds)

M~2"R™
N?“}iv "

A2)

/HHE ) B (a) (3 )Q(dS)(< 00.

<
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Similarly,

% (KxRi): (/wm idk(w - y)’H"(dy)/ idk(x — g)?—["(d@)g(w, 5, @, 3)dwdiQpy (ds, d3)

)TN N o+2(3) TN N
1
< — k:(z)dz/ k(z)dz
N JBr(0) Br(0)
HIE()HER)  sup s 9y 5,5, 3)Qp (s, )
K2

YEBR(T)pdiamz(s) YEBR(T) pdiamz(5)

1 IR (43)
<N K2H "(E(s)H"(E(5))EBR(2),Br(x) (5, 5)Qz (ds, ds) < oo,

so that the assertion follows. O

Proof of Theorem 8

Let us observe that fRd z;k(z)dz = 0, being k radially symmetric; thus, by a Taylor series expansion
we get:

Bias(\GN (2)) := EDGY ()] = de, () =

(2_8) z xr — — rxnz.8)dz n s) — "
- /K/Z(S) [ MA@ =y = vz 5)dzH (d)Q(ds) — N, (2)

=[] LR e = 3 Some sz

laj=1

1
+ Y DI — y — Ornz, )2 | dH (dy)Q(ds) — e, ()

Jal=2

@ TJQV/ / / k(z) Z %Dg)\(m—y—GTNz,s)zadz’H"(dy)Q(ds),
K JZ(s) JRd Q.

jal=2

with 6 € (0,1) depending on z, y, z, s.

By hypothesis, for any fixed s € K and y ¢ U|a\:2 D) (s), with ’H"(UM:QD(@)(S)) =0, we have
that

e}

. 1 « « 1 (03
A}gnoo k(2)1—z(5)(y) Z aDm)\(y—Her,s)z =k(2)1,—z(5(y) — DS\ (y, 5)z%;

| !
la|=2 la|=2

moreover, since k(z) < M1p,)(z) for any z € R?, for N sufficiently large so that ry < 1, the
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following holds

/ / : / 1' DiXNz —y — Oryz, s)za‘dzH"(dy)Q(ds)
(s) JRE a:

\|2

M1g, — sup DI, s)| - |z%dzH" (dy)Q(ds
<[ L. L B<o><>|22a,w s IDINE )] (@)Q(

(A2bis) M
< M e / HHE()ED) (5)Q(ds) < +o0. (32)
|Q|Z-2 ot Ja K Pt
By applying now the Dominated Convergence Theorem we get

i 2208 > / “d// H™(dy)Q(ds) = C
NE)IIOOT_‘ = 2 R z ) ( y) ( S)— Bias(x)~
As far as the variance is concerned, by the proof of Theorem 6 we know that:
Var [XgN ()]
2
]E[(k;rN * ’H” (x))z} — (E[km * "H"@n (x)])
N

N/ /]R /wms }1 i( rNy>’H"(dy)>2)\(w7s)de(ds) + 0(%)
(&1 Nr?\,/ /Z( )/Z( )/Rd k:(z)k z+ yr;Ng))\(m —y—rnz, s)dzH"(dy)H"(dy)Q(ds) + O(%)
/ / /]Rd Mz —y—ryz, s)(/yz() k(z+ u})H"(dw))dz’H”(dy)Q(ds) + O(%)

N’I"N

:W// / k(z)lBR(O)(Z))‘(y_TN273)1(D(5))”(3/)
TN K Jz—Z(s) JR?
n n 1
[H(s)m k(z + w)H™ (dw)dzH (dy)Q(ds)+o(7N = n)

N

being supp(k) C Bgr(0), and H"(D(s)) =0 for any s € K, and d > n.
Let us observe that, by Theorem A.5, for any s € K, z € R and H"-a.e. y € z — Z(s),

i KL, (DN = vV ) [, b+ w)H ()
TN

= KLy (N0 9o (1) [ b+ w)HO (), (33

o

having denoted by m,>* the approximate tangent space to z — 2 (s) at y.
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Moreover, for N sufficiently large so that ry < min{1, ﬁ}, we get

// ” /Rd 2)1B,0)(2)AY — 782, 8) L (D(s))e(¥)

/w k(z+ w)H”(dw))dzH"(dy)Q(dS)

N

</ Hlpum(z) s AEs)
K Jz—Z(s) JR4 fex—Z(s)—rnz

i e k(z+ (¥ —y)/ry)H"(dg)dzH" (dy)Q(ds)

/ / / 1510) () (5) / 15, (o) — ¥+ 72 M (d)d=H" (dy)Q(ds)
Z(s) JRE =(s)

=(s

| /\

IN

21 pd p
M [ ) [ M= 6D 0 B (@) Q(0)
K x—Z(s)

N

AL _ (A2)
< 2R [ (I E)QU) S o,
K

Therefore, by applying the Dominated Convergence Theorem, we get

hm Nrﬁl\, ”Var[)\” N( )] (34)

:]\}gnoo// 2(s) /Rd 2)1B,0)(2)AY — Nz, 8)L(p(s))e (V)
/w k(z + w)H" (dw)dzH" (dy)Q(ds) + o(1)

. >/Rd a2, o) ) / Kz ) (dw)dz A (dy)Q(ds)

B /K /R /x_z(s) /7r E(2)k(z + w)A(y, s)H" (dw)H" (dy)dzQ(ds) = Cyap(x).

O
Proof of Proposition 10
By the proof of Theorem 8, we know that, for NV sufficiently large so that ry < 1,
Bias(\5Y (2))? (32) M o 2
Bias(he, @) ( P 12°|dz / H"(E(s))gwéﬁ(s)Q(dsD <400 Hlae zeW,
w jafe & /Br(O) K ‘
which is integrable on W; thus, by (11) and the Dominated Convergence Theorem, we get
. ]- . Tk.N 2 / 2
lim — Bias(A\gy dx = Cg, dx. 35
Jim [ [Bios(gY @)Par = [ Chute)ie (35)
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Similarly, by the proof of Theorem 6, we deduce the following upper bound for the variance, for
N sufficiently large so that ry < min{1,1/(2R)}, H%-a.e. z € W,

N Var( (@) = i B[+ 1Y (@)2] = (Bl M, ()]
< MAPR / H™(E(5))Ew n (5)Q(ds)
K

+'r'?l\r7n H" (5(5))7{”(E(§))§W®R,W®R (s, E)Q[Q] (ds’ ds) < oo,

K2

which is integrable on W; thus, by (34) and the Dominated Convergence Theorem, we get

lim Nrfl\f”/ Var(xg’N(x))dx = / Cyar(x)da. (36)
N—o0 w " w
The assertion directly follows by (18), (35) and (36). O

Appendix A. Background

Appendiz A.1. Kernel density estimation of random variables

Let X be an absolutely continuous real random variable having p.d.f f, and let {X;};en be a
countable sample of X, i.e. a sequence of random variables i.i.d. as X. A (scaled) kernel density

estimator f)l(v (z) of f(z), based on a kernel k, is defined as

. 1 XL e X;
fx (x) = Nrw Zk( ~ ), z € R. (A1)
i=1

A kernel is usually taken as a unimodal probability density function on the real line; in this
case it is usually assumed that it satisfies the following conditions

1. 0 < k(z) < M for all z € R, for some M > 0;
2. k is symmetric with respect to zero;
3. Jpk(z)dz=1.

We may notice that, since k is a kernel, the following holds

¢ = /k‘(z)de < +o00.

We further assume that
co 1= / 2*k(2)dz € (0, +00).
R

The scaling parameter ry € (0,4+00), also known as the bandwidth of the estimate, is respon-
sible of the smoothness of the kernel estimate; smaller rx’s generate more noisy estimates, while
larger rn’s generate smoother estimates.

Advantages of kernel estimates of a density functions are well know in literature [45], [31], [53];
in particular we may remind that, due to the above assumptions on k, we know that
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e the kernel estimate ]?)J(V is a pdf on R;

e the kernel estimate f)I(V inherits the smoothness of the kernel k; i.e. if k is n times continuously
differentiable, f¥ is n times continuously differentiable, too.

The guidelines for choosing an optimal kernel estimator are thus based on the required analytical
properties of the kernel k, and on an optimal choice of the bandwidth 7y, so to obtain optimal
statistical properties of f%', which include unbiasedness, minimal variance, and consistency.

By assuming that the underlying density f and the chosen kernel k are sufficiently smooth, (in
particular, provided that f € C?) it can be shown (see e.g. [45, Chapter 3], [53, p. 20-21]) that

~ 1
Bias(f¥ (x)) = Ef”(x)cy“?v +o(r%), for imy oo 7™n =0

Var(f¥ (z)) =

1
clf() (NTN), for hmoorN—Oand li_r>nDONrN:oo.

As a consequence, the following assertion is proved in [40].

Theorem A.1. Let X be an absolutely continuous real random variable having p.d.f f, and let
{X;}ien be a countable sample of X, i.e. a sequence of random variables i.i.d. as X. Then the
kernel estimate fX( ) of f defined in (A.1) is asymptotically unbiased and weakly consistent at all
points x at which f is continuous, if vy is such that

lim ry =0 and lim Nry = oo.
N —oc0 N—oc0

For a given sample size N € N\ {0}, a compromise is required about an optimal choice of the
bandwidth, since the bias tends to 0 as the bandwidth decreases, but correspondingly the variance
diverges. A well known measure of both effects is the pointwise mean square error (MSE(f¥(z)))
defined as follows.

MSE(f¥ (z)) = E[(fX (2)) — f(2))?] = [Bias(f¥ (x))]* + Var(f¥ (z)), zeR.

We are now ready to obtain an optimal bandwidth for estimating f(x), by minimizing M SE (fj(v (x)).
The analysis is simplified by considering the asymptotic approximation of the mean square error,

i.e. the quantity
N 1 1
AMSE(fR (@) = (5" @)eark)” + 55— f(@);

an optimal bandwidth is then given by (e.g.,[31, p. 59], [45, 40])

M (@) = argminAMSE(R (0)) = {| 577 (Z;}c,(f(‘”;))Q. (A.2)

A criterion for obtaining a uniform choice of the optimal bandwidth is based on the integrated

mean square error (MISE(fX )), defined as follows (e.g., see [31, p. 60])

MISE(fY) : / MSE(fY (x))dz
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By considering, as above, the asymptotic approzimation of the MISE, i.e. the quantity

AMISE(RY) = —er + (el 1)

it follows that a global optimal bandwidth is given by

o, . 7l 5 c
rNAMISE = arnglnAMISE(f)J(V(x)) = WIJMH)Q (A.3)

Equation (A.3) shows in particular the dependence of both optimal bandwidths upon || f”
which is a measure of the roughness of the unknown pdf f. Methods for estimating ||f”||? are
discussed in [31] (see also [45, 43, 37, 10] and references therein).

A natural extension to the multivariate case R?, d € N\ 0 is obtained by introducing a multi-
variate kernel defined as follows.

I

Definition A.2 (Multivariate kernel). A measurable function k : R? — R is said to be a
multivariate kernel if it satisfies the following conditions,

1. 0<k(z) <M forallze R?, for some M > 0;
2. k is mdially symmetric;
3. Jpa k(2)dz = 1.

Given a countable sample {X;};cn of an absolutely continuous d—dimensional random vector X
having p.d.f f, the multivariate kernel density estimator of f, based on a chosen kernel k, and
scaling parameter ry € (0,+00), is defined, as in the scalar case, by

N 1 N T —
Y@= e 3ok
N

Xi) , z€R%L (A.4)

By introducing the scaled kernel

(@) =~k (f) ,
N\ N

we may rewrite Eq. (A.4) in the form

K@ : Nrglv Z/R

where * stands for the usual convolution product, having noticed that the Dirac measure ¢x,, ¢ =
1,... N, can be rewritten as the restriction to X; of the 0-dimensional Hausdorff measure H°.

5X (dy) = ka*?{ (x),

Appendiz A.2. Point processes and germ-grain representation of random closed sets

We briefly recall here that, by means of marked point processes in R? with marks in the class
of compact subset of R%, every random closed set in R? can be represented as a germ-grain model
(see e.g., [5] and references therein). To lighten the presentation, we shall use similar notation to
previous works [51, 52]; in particular, we refer to [52, Sec. 2.2] for further details.
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A point process dinRisa locally finite collection {¢; };ew of random points in R?; equivalently,
it can be seen as a random counting measure, that is a measurable map from a probability space
(€2, 3, P) into the space of locally finite counting measures on RY (e.g., see [21, 36]). We shall always
consider simple point processes @, i.c. ®({z}) <1 for all z € R%. The measure A(A) := E[®(A)]
on Bga is called intensity measure of ®; whenever it is absolutely continuous with respect to H<,
its density is called intensity of ®.

Marked point processes generalize the above notion; we recall that a marked point process ® =
{&;, K;}ien on R? with marks in a Polish space K (a complete and separable metric space) is a point
process on R% x K with the property that the unmarked process {®(B) : B € Bga} := {®(BxK) :
B € Bga} is a point process in R, The point process ® is called the underlying point process,
while K is called the mark space; the random element K; of K is the mark associated to the point
& € ®. @ is said to be stationary if the distribution of {§; + z, K; };en is independent of z € R4,
If the marks are independent and identically distributed, and independent of the unmarked point
process @, then ® is said to be an independent marking of ®.

The intensity measure of ®, say A, is a o-finite measure on Brayk defined as A(B x L) :=
E[®(B x L)], the mean number of points of ® in B with marks in L. We recall that Campbell’s
formula for marked point processes reads as follows [5]:

E[( 3 f(x,K)] :/ f(z, K)A(d(z, K)). (A.5)

d
©,K)ed RIXK

A common assumption is that, given a probability measure ¢ on K, called the distribu-
tion of marks, there exists a measurable function A : RY x K — Ry such that A(d(z, K)) =
Az, K)dzQ(dK); if ® is stationary, then its intensity measure is of the type A = A\v? ® Q for some
A > 0. If ® is an independent marking of ®, then A(d(z, K)) = A(dz)Q(dK).

Another important measure associated to ® is the so-called second factorial moment measure, vy,
defined on Bra k)2 as follows [47]:

/f(ﬂﬂl,Kl,l’z,Kz)l/[z](d(ml,Kh:Esz)) :E[ Z [z, Kiyzj, Kj) |, (A.6)
(zi1Ki)7(z.i7K.7) € o,

for any non-negative measurable function f on (R? x K)2. Informally, vig)(d(w1, Ky, 22, K2)) rep-
resents the joint probability that there are points at two specific locations z; and xo with marks
K, and Ks, respectively. Similarly to A, we shall assume that there exist a measurable function
g: (R*x K)? — Ry, and a probability measure Qg on K? such that

vig)(d(z1, K1, 22, K2)) = g(21, K1, 72, K2)dz1dz2Q[2) (d(K1, K2)).

We remind that if ® is a marked Poisson point process (i.e. its underlying point process is a
Poisson process on R?) with intensity measure A, then vy = A® A. (See [52, Sec. 2.2] for a more
complete discussion about vy, and additional references.)

We also recall that point processes in C?, the class of compact subsets of R?, are called particle
process (e.g., see [5] and references therein), and it is well known that, by a center map, any
particle process can be transformed into a marked point process ® on R¢ with marks in C%, by
representing any compact set C' as a pair (x, Z), where  may be interpreted as the “location” of C'
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and Z := C —x the “shape” (or “form”) of C' (e.g., see [5, p. 192] and [34]). In this case the marked
point process ® = {(&;, Z;) }ien is also called germ-grain model. Thus, every random closed set in
R? can be represented as a germ-grain model, by a suitable marked point process ® = {&;, Z; }ien-
In many examples and applications the random sets Z;, ¢ € N are uniquely determined by suitable
random parameters S € K. For instance, in the very simple case of random balls, K = R, and
S is the radius of a ball centred in the origin; in applications to birth-and-growth processes, in
some models K = R and S is the spatial location of the nucleus (e.g., [2, Example 2]); in segment
processes in R?, K = Ry x [0,27] and S = (L, ), where L and « are the random length and
orientation of the segment through the origin, respectively (e.g., [51], Example 2); etc.

Appendiz A.3. Basic notions of geometric measure theory

We remind that a compact set A C R is called n-rectifiable (0 < n < d — 1 integer) if it can
be written as the image of a compact subset of R” by a Lipschitz map from R" to R%; more in
general, a closed subset A of R? is said to be countably H™-rectifiable if there exist countably many
n-dimensional Lipschitz graphs I'; C R? such that A\ U;I'; is H™-negligible. (For definitions and
basic properties of Hausdorff measure and rectifiable sets see, e.g., [4, 27, 30].)

We recall that, given a subset A of R? and an integer n with 0 < n < d, the n-dimensional
Minkowski content of A is defined as

iy gy H(Aer)

M (A) o lrlﬁ)l bg_prd—n’
whenever the limit exists finite, where Ag, is the parallel set of A at distance r > 0, i.e. Ag, :=
{s € R? : dist(z,4) < 7} (see, e.g. [4]). Well known general results about the existence of
the Minkowski content of closed sets in R¢ are related to rectifiability properties of the involved
sets; in particular, the following theorem proved in [4, p.110] provides a quite general condition
ensuring the existence of the n-dimensional Minkowski content of any compact subset of RY. We
call Radon measure in R? any nonnegative and o-additive set function defined on Bga which is
finite on bounded sets.

Theorem A.3. Let A C R? be a countably H™-rectifiable compact set, and assume that
n(B(z)) > yr", Vr e A, Vr € (0,1) (A7)
holds for some v > 0 and some Radon measure n < H™ in R%. Then M"(A) = H"(A).

Condition (A.7) is a kind of quantitative non-degeneracy condition which prevents A from being
too sparse; simple examples show that M™(A) can be infinite, and H™(A) arbitrarily small, when
this condition fails [4, 3]. The above theorem extends (see [4, Theorem 2.106]) the well-known
Federer’s result [30, p.275] to countably H™-rectifiable compact sets; in particular for any n-
rectifiable compact set A C R? there exists a suitable measure 7 satisfying (A.7) (see [3, Remark 1]).
As a consequence, for instance in the case n = d — 1, the boundary of any convex body or, more
in general, of a set with positive reach, and the boundary of a set with Lipschitz boundary satisfy
condition (A.7), which in many applications is fulfilled with 7(-) = H"(A N -) for some closed set
A D A (see [4, p.111], [3]). A regularity condition closely related to (A.7) is the so-called n-Ahlfors
regularity (e.g., see [22, 28]); more precisely, we say that a compact set A C R? is n-Abhlfors regular
if there exist v1,7v2 > 0 such that

nr" <HM (AN By (z)) < yar”, Vr e A, Vr € (0,1). (A.8)
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Finally, we recall the notion of approxrimate tangent space, which arises in the approximation
of the variance of the kernel density estimator in Theorem 8.
Let G,, be the set of unoriented n-dimensional subspaces of R%, and C,.(R%;R) be the space of all
the real valued continuous functions with compact support in R%.

Definition A.4. [4, Definition 2.79] Let A be a H"™-rectifiable compact set of R%, and Az r =
(A—2xz)/r, x € A, r > 0. We say that p = ’HlnA has approzimate tangent space 7, € G, with
multiplicity 1 at x, and we write

Tan" (4, 2) = M,

if ";11 _locally weakly* converge to ’Hﬁrz asr — 0, i.e.

lim / H(y)H™(dy) = / HW)H™(dy) ¥ € C.(R%R). (A.9)
Ag oy Ta

r—0

By Theorem 2.83 and Proposition 1.62 in [4] the following holds.

Theorem A.5. Let A be a H"-rectifiable compact set of RY, and let y = H|nA7 then p admits an

approximate tangent space with multiplicity 1 for H™-a.e. © € A. Moreover, (A.9) holds for any
bounded Borel measurable function ¢ : R4 — R with compact support such that le;r (disc(¢)) = 0.
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