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Abstract

In many applications it is of great importance to handle evolution equations about
random closed sets of different (even though integer) Hausdorff dimensions, including lo-
cal information about initial conditions and growth parameters. Following a standard
approach in geometric measure theory such sets may be described in terms of suitable
measures. For a random closed set of lower dimension with respect to the environment
space, the relevant measures induced by its realizations are singular with respect to the
Lebesgue measure, and so their usual Radon-Nikodym derivatives are zero almost every-
where. In this paper we suggest to cope with these difficulties by introducing random
generalized densities (distributions) & la Dirac-Schwarz, for both the deterministic case
and the stochastic case. In this last one we analyze mean generalized densities, and relate
them to densities of the expected values of the relevant measures. Many models of interest
in material science and in biomedicine are based on time dependent random closed sets,
as the ones describing the evolution of (possibly space and time inhomogeneous) growth
processes; in such a situation, the Delta formalism provides a natural framework for deriv-
ing evolution equations for mean densities at all (integer) Hausdorfl dimensions, in terms
of the local relevant kinetic parameters of birth and growth. In this context connections
with the concepts of hazard function, and spherical contact function are offered.
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1 Preliminaries and notations

We remind here concepts and results of current literature which are relevant for our analysis.
Let us consider the space R? and denote by v the usual d-dimensional Lebesgue measure,
and by Bga the Borel o-algebra of R%.

We know that every positive Radon measure p on R% can be represented in the form

B=pe + 1,

where pe and p are the absolutely continuous part with respect to ¢, and the singular part

of u, respectively. Denoted by B,.(z) the d-dimensional closed ball centered in x with radius r,



it is possible to define the following quantities:

i — ) := limin M
DS i(B, () W@ = ImRE )

Definition 1 If (Dp)(z) = (Dp)(x) < 400, then their common value is called the symmetric
derivative of p at x and is denoted by (Du)(x).
(Dp)(x) and (Dp)(z) are also called upper and lower densities of p at z.

As a consequence of the Besicovitch Derivation Theorem (see [3], p.54), we have that (Du)(z)

exists for v?-a.e. x € RY and it is the Radon-Nikodym derivative of j; while p, is the
restriction of y1 to the v%-negligible set {z € R : lim, o 5%?%:;; = 00}

Let us denote by H?® the s-dimensional Hausdorff measure, and recall the following definition

about the dimensional density of a set.

Definition 2 Let A be a subset of R?, H*-measurable, with 0 < H*(A) < oo (0 < s < o).

The upper and lower s-dimensional densities of A at a point x € R? are defined as

D . H* (AN B, (z))
DS A =1 SAATTDe (1))
() =T swp ==y

and i

D*(A, z) := liminf H(AN B (x))

S NOr
respectively, where b(s) = %) IfD° (A,2) = D°(A, z) we say that the s-dimensional density
2

of A at x exists and we write D*(A,x) for the common value.

Note that when s is integer, say s = n, than b(n) = b, the volume of the unit ball in R™.

We are going to consider a class of subsets of R? with integer dimension.

Definition 3 Given an integer n € [0,d], we say that a closed subset A of R? is n-regular, if

it satisfies the following conditions:

(i) H"(AN Br(0)) < oo for any R > 0;

(ii) ll—%T =1 for H"-a.e. v € A.
Note that condition (ii) is related to a characterization of the H™-rectifiability of the set A ([15],
p.256, 267, [3], p.83).

Remark 4 We may observe that if ©,, is an n-reqular closed set in R?, we have

lim
r—0 by rm

H"(©,NB,(z)) [ 1 H™-a.e. x € O, (1)
10 Vo & O,.

In fact, since OF is open, Yo & ©,, Irg > 0 such that Vr < ro B,(x) C OY, that is H"(0, N
B,(z)) =0 for all r < ro; thus the limit equals 0, YV € ©F.



For a general set A, problems about “H™-a.e.” and 7 arise when we consider a point
x € OA or singular. For example, if A is a closed square in R?, for all point x on the edges
H2(AN B,.(x))

lim ——————~22 =

1
r—0 b27’2 2 ’

while for each of the four vertices the limit equals 1/4.

Observe that in both of cases the set of such points has H2-measure 0.

From now on we shall consider n-regular closed sets ©,, in Rd, with 0 <n <d.

As a consequence, for n < d, (by assuming 0 - co = 0), by (1) we also have:

. H"(©,NB(z) .
Thg%) bgrd N llg(l) bpr™ bard

H" (0, N By(x)) byr™ [ oo H™-a.e. © € O,
0 Vr & 0,.

Note that in the particular case n = 0, with ©y = X, point in R? (X, is indeed a 0O-regular

closed set),
H°(Xo N By()) { oo ifz=Xo,

Ly by 1 0 ifx# X

Note that, if ©,, is an n-regular closed set in R? with n < d, then the Radon measure
o, () == H" (0,1

is a singular measure with respect to v, and so (Dpue, )(z) = 0 v¥-a.e. z € R,
But, in analogy with the Dirac delta function dy, () associated with a point X, € R, we may

introduce the following definition

Definition 5 We call dg
O, the quantity

the generalized density (or, briefly, the density) associated with

n?

. H™(©,NB.(x))
de, (x) = lim T gl

)

finite or not.

In this way de, () can be considered as the generalized density (or the generalized Radon-
Nikodym derivative) of the measure pug, with respect to 4. We may notice that in the case
Oy = Xo, dx,(x) coincides with the well known delta function at a point X, that is the
(generalized) density of the singular Dirac measure ex, [20].

The usefulness of introducing this generalized function will turn to be clear in the following,
in particular in the stochastic case, where we shall give an example in which it is natural to
deal with this kind of density associated to a random lower-dimensional closed set.

For a full comprehension of this, we expose now our definitions and results, and we will sum-
marize in the Conclusions why we find necessary to work directly with these delta functions in
general situations.

We like to notice that the possible use of random distributions in spatial statistics had

already been anticipated by Matheron in [21].



2 Densities as linear functionals

2.1 The deterministic case

We know that the Dirac delta dx, at a point Xo € R? can be defined as a linear functional
associated with a finite Borel measure, the well known Dirac measure €x,, concentrated at Xo;
as such it is the (generalized) density of ex,.

In fact, we recall that, according to Riesz theorem, Radon measures in R¢ (i.e. nonnegative
and o-additive set functions defined on the Borel o-algebra Bgra which are finite on bounded
sets) can be canonically identified with linear and order preserving functionals on C.(R%, R),
the space of continuous functions with compact support in R?. The identification is provided

by the integral operator, i.e.
(h= [ fdu  ¥feCRLR),
R

If 4 < v, it admits, as Radon-Nikodym density, a classical function 0, defined almost every-

where in R?, so that

(.5)= [ F@iua)e  vfeCRLR)

in the usual sense of Lebesgue integral.
If 41 L v, we may speak of a density d,, only in the sense of distributions (it is almost everywhere

trivial, but it is co on a set of v%-measure zero). In this case the symbol

RGN

can still be adopted, provided the integral on the left hand side is understood in a generalized
sense, and not as a Lebesgue integral.

In either cases, from now on, we will denote by (6, f) the quantity (u, f).

Accordingly, we say that a sequence of measures p,, weakly* converges to a Radon measure
if (8,,,,, f) converges to (8, f) for any f € C.(R%,R). A classical criterion (see for instance [14]
or [3]) states that u, weakly* converge to p if and only if y,,(A) — u(A) for any bounded open
set A with p(90A) = 0.

Using the common integral representation for generalized functions
/ Sxy(z)dz == ex,(A) = H*(Xo N A),
A

we have

Gxnf) = [ Oxo(a)f@)de = F(Xo), 1€ CuRYR)

If we define, for m € N,
m

m’



(here 14 stands for the characteristic function of A), we have

lim om(2)dz = H(X, N A),

m—0o0 A

for any measurable set A such that H°(Xo N dA) = 0; in other words, the associated measures
tm = ©mr? weakly* converge to the measure €y, (equivalently, the linear functionals ,,
weakly* converge to the linear functional dx,), as m — oo.

Now we are ready to introduce the delta function of an n-regular set ©, as the linear
functional (the generalized function) de, () in a similar way.

Consider the measure defined on the Borel g-algebra of R?, as follows

po, (A) :=H"(©,NA), A € Bga. (3)
Define now the function H(O, N B, (x))
(m) . n r\Z
5@n (z) = T’
and correspondingly the associated measure y = 5(r) 2.

us) (A / 5“) dv, A€ Bga.

In accordance with the the functional notation we have introduced in terms of the respective

= /Rd Fx)ug)

o) = [ e, da, ()

(generalized) densities, we have

for any f € C.(R%, R).

We may prove the following result.

Proposition 6 For all f € C.(RY,R), it holds

hn%)/ fz dx—/ f(x)pe, dz.

Proof. Thanks to the quoted criterion on weak* convergence of measures on metric spaces, we
may limit ourselves to prove that for any bounded Borel A of R? such that e, (0A) = 0, the
following holds

lim 1) (A) = pe, (4)-
It is clear that, for any fixed r > 0 and for any bounded fixed set A, there exists a compact set
K containing A such that H"(0,,N B, (z)) = H"(©, N K N B,(z)) for all z € A. Thus, we have

r) L H"(©,, N B.(x))
ll—r%'u (A) a ll—r% R lA(x) bd’l“d

. 14(2) (/ , )
= lim 1z (o (y)H"(dy) | dx
mo/Rd bt \Jo g T ) ()R (dy)

. 1a(2)1p, () (y)
= 1 — T H(d dx:
’“IE% R (/(—)mK bar? H(dy) ) da;

dx




by exchanging the integrals and using the identity 1p (2)(y) = 15, (2),
1 1
i ( / <>B<><>d) HO (dy)
=0 Je,nKk \Jrd bar
YANB
r—0 0,.NK bdr
(AN B,

since v(AN B, (y) < 1, and by hypothesis we know that H" (0, N K) < oo,

ded

 VHANB.W), .
- /@ i PR
V(AN B, ()

Do =0 for all y € (closA)“,
dr

by H™"(©, N0A) =0, and lir%

:1/ tim LA B W) gm0 — n(0, (1 imt ),
€]

aNintA 70 bar?
AN B,
since, by the Lebesgue density theorem ([15], p.14), liH(l) w =1 for every y € intA.
T d
So, by the condition H"(0,, N JA) = 0, we conclude that
lim 1) (4) = pie, (A). (5)

O

By the above proposition we may claim that the sequence of measures ug}l weakly* converges

; in other words, the sequence of linear functionals (583 weakly* converges

n?

to the measure peo

to the linear functional de,,, i.e.
(%o, f) = lm(35),f)  Vf € C.(R"R). (6)
We may like to point out that the role of the sequence {@,,(x)} for n = 0 in (2), is played here,

for any n € {0,1,...,d}, by {H(@"mBT(x))

T }, by taking r = 1/m. We notice that if n =0
ar
and @0 = Xo, then

H(Xo N By(2)) _ 1p,xp)(@) _ Lxog, (@)

ded ded bdrd

which is the usual “enlargement” of the point Xy (X, is the Minkowski sum X, @ B,.(0)); in

the case d = 1 we have in particular that

r 1
050 (@) = 31y (@),

in accordance with (2).

Remark 7 This convergence result can also be understood noticing that 582 (x) is the convo-

lution (e.g. [3]) of the measure pe, with the kernel

1
pr(y) := WlBT(o) (y)-



In analogy with the classical Dirac delta, we may regard the continuous linear functional
o, as a generalized function on the usual test space C,(R% R), and, in accordance with the

usual representation of distributions in the theory of generalized functions, we formally write
[ F@)de, (2)dr = (e, . ). 7

If we rewrite (6) with the notation in (7), we have a formal exchange of limit and integral

lim @) H" (O, N B.(x))

B . H™(©,NB,(x))
fim by dz = y f(z) lim dz.

r—0 bd’rd
Further, we notice that the classical Dirac delta dx,(z) associated to a point Xy now follows

as a particular case.

Remark 8 IfO is a piecewise smooth surface S in R™ (and so n-regular), then, by the definition
in (4), it follows that, for any test function f,

65.0) = [ 1@ as
which is the definition of 0s in [24] on page 33.

In terms of the above arguments, we may state that do, () is the (generalized) density of

the measure pg, , defined by (3), with respect to the usual Lebesgue measure v on R¢ and,

n?

formally, we may define

N (1) = o, (x). 0

Note that if n = d, then ug, is absolutely continuous with respect to v, and déﬁd (z) is the

classical Radon-Nikodym derivative.

2.2 The stochastic case
We recall that a random closed set = in R? is a measurable map
E: (Qva]P)) - (F7UIF)7

where F denotes the class of the closed subsets in R?, and oy is the so called hit-or-miss topology
(see [22]).

Definition 9 Given an integer n, with 0 < n < d, we say that a random closed set ©,, in R4

18 n-regular, if it satisfies the following conditions:
(i) for almost all w € Q, O, (w) is an n-regular closed set in R?;

(i1) E[H™(©, N Br(0))] < oo for any R > 0.



(For a discussion about measurability of H"(©,,) we refer to [5, 21, 25]).
Suppose now that ©,, is a random n-regular closed set in R?. By condition (ii) the random

measure
pe, () :=H"(©,N")

is almost surely a Radon measure, and we may consider the corresponding expected measure
Elpe,](+) :=E[H"(0, N)].

In this case do, () is a random quantity, and de,, is a random linear functional in the following

sense:

Definition 10 Let (Q2, F,P) be a probability space, and T'(w) be a linear functional on a suitable
test space S for any w € Q).
We say that T is a random linear functional on S if and only if (T, s) is a real random variable
Vs €S; i.e.

VseS, VV eDBg {we : (T(w),s)eV}CF.

Remark 11 The definition above is the analogous of the well known definition for Banach

valued random variables (see, e.g., [4, 7, 8]).

Now, if T' is a random linear functional on S, then it makes sense to compute the expected

value of the random variable (T, s) for any s € S:

BI(T.5)) = [ (T(w).) dP(o).
If for any s € S the random variable (T, s) is integrable, then the map
seS +— E[(T,s)]eR

is well defined.
Hence, by extending the definition of expected value of a random operator a la Pettis (or

Gelfand-Pettis, [4, 7, 8]), we may define the expected linear functional associated with T as
follows (see [21]) .

Definition 12 Let T be a random linear functional T on S.
If for any s € S the random variable (T, s) is integrable, then we define the expected linear
functional of T as the linear functional E[T] such that

(E[T],s) =E[(T, 9)] Vs € S;

i.e.

E[T] :se€ S+ (E[T],s) := /Q(T(w),s) dP(w) € R.



Note that E[T] is well defined since (E[T],s) < oo for all s € S, and if s = r, then (E[T],s) =
(E[T],r). Besides, it easy to check the linearity of E[T]:

(E[T],as + Br) = «(E[T], s) + B(E[T], ).

for any o, 0 € R and s,r € S.
Let us now come back to consider the random linear functional de,, associated with an

n-regular random closed set ©,,. We have
we (F,P) — do,(w) =do,(w)

and, for any f € C.(R% R), (do,, f) is an integrable random variable, since certainly an M € R
exists such that |f(z)] < M for any x in the support E of f, and by hypothesis we know that
EH"(©, NE)] < co.

As before, for the measurability of (de, , f) we refer to [5, 25].

Thus, we may define the expected linear functional E[dg,] on C.(R? R) by

(Elde, ], ) :=E[(e,, f)]- 9)

Remark 13 By condition (ii) in Definition 9, the expected measure E[ue, | is a Radon measure

in R%; as usual, we may consider the associated linear functional as follows:
Go.f) = [ F@)BluoJ(de), £ € CuR'R). (10)

We show that E[de, ] = de, .

Proposition 14 The linear functionals E[de,] and do,, defined in (9) and (10), respectively,

are equivalent.

Proof. Let us consider a function f € C.(R?,R). By definition (10) we have
) k
(bo,, f) = k1£20j§::laj1E[H (0, N A4))],

where fj, = 2?21 a;1la;, k=1,2,...,is, as usual, a sequence of simple functions converging to f.
(Note that the limit does not depend on the chosen approximating sequence of simple functions,
and the convergence is uniform.)

For any k,
k

Fk = Zaﬂ'{"(@n N AJ)

j=1
is a random variable, and limy_ . Fi, = (do,, f)-
Consider the sequence {Fy}. We know that an M € R exists such that |f| < M, and so
la;| < M Vj; besides, since A; is a partition of the support E of f, it follows that Vk
k
Fr <MY H"©,NA4;)=MH"(0,NnE).

j=1



By hypothesis E[H™(0,, N E)] < oo, so that the Dominated Convergence Theorem implies the

following chain of equalities:

(bo,, f) = /Rd f(@)E[pe,]( hm Zaj nNA;)] = hm E Za] (©,NA;)

k
—E | 3 07001 4))| =l /)] = (Bl |, )

O

As in the deterministic case, we may define the mean generalized density E[de, |(z) of E[ue, ]

by the following formal integral representation:
/ Efdo. ](z)dz := E[H"(0, N A)],
A

with

Further, we may represent E[dg, | as the limit of a sequence of functionals defined by suitable
measures, in a similar way as in the previous section.

Let us define E[H™(©,, N By (x))]
T " n r il
E[5))(2) == b ’

and denote by E[ugi] the measure with density the function E[égj](w), with respect to the

Lebesgue measure v%.

Let us introduce the linear functional E[égi] associated with the measure E[ugi], as follows:

BUS D)= [ F@BE)), ] e CRR)
By the same arguments as in the deterministic case, we now show that the measures E[ugi]
weakly* converge to the measure E[ueg,]. In fact, the following result, which may be regarded

as the stochastic analogue of Proposition 6, holds.

Proposition 15 For any bounded Borel set A of R? such that E[ue, (0A)] = 0 we have
lim E[ug) (4)] = Elpe, (4)].

Proof. 1t is clear that, for any fixed » > 0 and for any bounded fixed set A, there exists a
compact set K containing A such that H"(0,,(w) N B.(z)) = H"(O,(w) N K N B,.(z)) for all
x € A, w € ) further, the condition E[ue, (0A)] = 0 implies

P(H™ (0, NJA) > 0) = 0; (11)

10



Thus we have that

lim B (4) = tim [ 1) <@;ﬂdBr<x>>1
T =0 JRd r

— 7—’0/]Rd byrd //@n(w 15, (2)(y)H" (dy) dP(w) du;

by exchanging the integrals and using the identity 1p (2)(y) = 1B,y (2),

= o 0 a0
B T )

r—0 byrd

dz

Note that, by (11),

EU@ OKZM‘B’“(Z"))H"(dy)} EU@ mKIﬂ(AmBT(y))H”(dyHH”(@nﬂﬁA)O ,

bdrd bdrd
and that
. vi(AN B, n
o [ PEREO ey < [ ) = @) n K
O (w)NK d’ O, (w)NK

(ii) E[H"(©, N K)] < oo by hypothesis;
(iii) by (5), for any A as in (11),

- V(AN B,(»)

7 H'(dy) = H"(Op(w)NKNA)=H"(O,w)NA);
=0 Jo, (w)nk bar

thus, by the Dominated Convergence Theorem, we have

: Vd(AﬁBT(y)) n : Vd(AmBT(y)) n n

_E [lim / PUANB W) 4 gy | 170, 0 04) = 0] = B (0, 1 A)].
0,NK

r—0 ded
O

The quoted criterion on the characterization of weak convergence of sequences of measures

implies that the sequence of measures E[ugi] weakly* converges to the measure Elug, ], i.e.

lim [ f(x)E[pd))(dz) = | J@Ele,](da) VS € Co(R,R);

r—0 Rd

(T)]

or, in other words, the sequence of linear functionals E[égn converges weakly* to the linear

functional E[dg, ], i.e.

(Ele], /) = im (E[53)], f)  Vf € Co(R!,R). (12)

11



By using the integral representation of (dg, , f) and (E[de,], f), Eq. (9) becomes

y f(x)E[do, |(x)dx =E [ y f(x)de, (w)dw] : (13)

so that, formally, we may exchange integral and expectation.

Further, by (12), as for the deterministic case, we have the formal exchange of limit and integral

]E[Hn(@n N Br(x))]
de'd

dz.

lim [ f(z) dr— [ ) tim B0 (On 0 Br(a))
Rd e

r—0 bd’]"d

Remark 16 When n = d, integral and expectation in (13) can be really exchanged by Fubini’s
theorem, since in this case both pe, and Elue,] are absolutely continuous with respect to v
and do,(z) = 1o, (), vi-a.s.

d

In particular do,(z) = 1o,(x), v*-a.s. implies that

E[do,](z) = P(z € ©4), vi-a.s.,

and it is well known the following chain of equalities according with our definition of E[de,]

([19], p-46):
Ejp!(©4NA)] = E ( /]R d 1@dm4(x)dx> _E ( /A 1@d(:c)da:> _ /A E(le,(z))dz = / P(z € O4)dz.

A

In material science, the density
p(x) :=E[de,](x) = P(z € Oq)
is known as the (degree of) crystallinity.

Again, we may formally state that (see (8))

Elhon] () = Eldo, (@)

We know that E[H"(©,,N -)] is singular with respect to v if and only if its density equals zero

dE
almost everywhere, i.e., by our notations, if and only if %(w)

=0 véa.e. In this case
E[do, ](x) has the same role of a Dirac delta, so, as in the deterministic case, we may interpret
E[de,] as a generalized function on the usual test space C.(R%,R), the mean Delta function of
the random closed set ©,, or, in term of the measure E[ueg, ], as its generalized density.

On the other hand, if ©,, is not a pathological set, i.e. H"(0,)(w) > 0 for P-ae. w € Q
(n < d), we may notice that, even though for a.e. realization 6,, of ©,, the measure ug, is
positive and singular (and so it is not absolutely continuous), the expected measure E[ug, |

may be absolutely continuous with respect to .

Example: Consider the case n = 0. Let ©g = X be a random point in R%; then, in this case,
HO(Xo N A) =14(Xo), and so

E[H°(XoN A)] = P(X, € A).

12



If Xy is a continuous random point with pdf py,, then E[H(Xy N )] is absolutely continuous
and, in this case, E[0x,]() is just the probability density function px, (z), so [, E[dx,](z)v¢(dz)
is the usual Lebesgue integral.

Note that we formally have

E[ix,)(z /a 2)pxo (y)r4(dy) = /a Wpxo W) (dy) = px, (2);

and, in accordance with (13),

/A E[5x, |(z)(dz) = /A P, ()0 (dz) = P(Xo € A) = E[HO(XoNA)] = { / Sxo(x dx)}

If instead X is discrete, i.e. Xg = x; with probability p;, only for an at most countable
set of points z; € R, then E[H"(Xy N -)] is singular and, as in the previous case, we have that
E[dx,](z) coincides with the probability distribution px, of Xp.

In fact, in this case px, (z) = >, pids, (), and by computing the expectation of dx,, we formally
obtain

E[éxo](x) = 6w1 (-T)pl + 6w2 p2 +- Zpl T; pXo( )

Remark 17 By Remark 16 and the considerations on the above example, we may claim that,
in the cases n = d and n = 0 with Xo continuous, the expected linear functionals E[de,] and
Eldx,] are defined by the function p(x) := P(x € ©4) and by the pdf px, of Xo, respectively, in
the following way

(Elfo.l.) = [ f@)p(oyia

and

(E[0x,], f /f z)px, (v

In fact, let us consider the random point Xo; in accordance with the definition in (9):

(E[(SXOL f) = - f(x)pXo (Z)d.’ﬂ = ]E[f(XO)] - E[(éxoa f)]

For a discussion about continuity and absolute continuity of random closed sets we refer to
[12, 13].

3 Space-time dependent linear functionals

In this section we wish to analyze the case in which a random closed set © may depend upon
time as, for example, in the case in which it models the evolution due to a growth process, so
that we have a geometric random process {©!, t € R, }, such that for any ¢ € R, the random
set O satisfies all the relevant assumptions required in Section 2.2.
Correspondingly the associated linear functional dg¢ will also be a function of time.

In order to provide evolution equations for such space-time dependent linear functionals, we

need to define partial derivatives of linear functionals depending on more than one variable.

13



Consider a linear functional L acting on the test space S of functions s in k variables; we

formally represent it as
(L,s) =: . d(x1,. .. xp)s(xr, ..., zi)d(z, .. xp).
Let us denote by L the linear functional defined by
(Lh, s) = . d(x1, ... i+ hy. o xp)s(x, .. xg)d(2, - TE).

We define the weak partial derivative of the functional L with respect to the variable x; as
follows (see also [17], p.20).

Definition 18 We say that a linear functional L on the space Sk, admits a weak partial
derivative with respect to x;, denoted by %L, if and only if %L is a linear functional on

h
the same space Sy and {Lih_L} weakly*® converges to %L, i.e.

h _
lim (Li L,s) = (aL,s) for all s € S.
8@

h—0 h
Consider, as an example, a growth process satisfying the following assumptions [9, 10]:
(i) for any t € Ry, and any s > 0, ©f C ©!Fs;

(ii) for any t € Ry, ©! is a d-regular random closed set in R¢, and 9O* is a (d — 1)-regular
random closed set.

For any = € R? we may introduce a time of capture, as the random variable T'(z) such that
z € int® if t > T(x),
x ¢ Ol ift <T(z),

so that
x € 90T,

Let us introduce, on the test space C.(Ry x R% R) the following two linear functionals
(L1, f) 12/ dot () f(t, z)dtdx
R4 xR4

and
(Lo, f) := / Hrz (t)f(t,z)dtdx.
R+XRd

We know that
1 Vz € int®!

5@’5(37) = { 0 Vo g@t

14



As a consequence we may easily check that, for any test function f, (Lq, f) = (La, f), so that

we may formally write
§@t (:C) = HT(x) (t)

We have denoted by H, the Heaviside distribution associated with s € R, such that, for any
g € C.(R,R), we have

+oo
(Hop)= [ oo

We know that the distributional derivative of Hy is the delta function ds; as a consequence the

following holds.

Proposition 19 For any test function f € Co(R, x RZ R),
0
/ ft,z) =0t (x) dedt :/ f(t,2)0p ) (t) dodt = / f(T(x),z) dz.
Ry xRd ot Ry xRd R
Formally we may write

0

50 (@) = 1) (1)

Proof. According to the previous definition,

. 1
Al;r_r)lo AL /]lthd f(t,x) [botrat(z) — dot (2)] dzdt

. 1
= Alir—I}O AL /R+><Rd f(t,x) [HT(z) (t+ At) — HT(z) (t)] dxdt

OH
- / de [ dtf(t, o) —= () = / do [ dtf(t, )07 (t).
R4 R4 8t Rd R4

]

Consider the case in which T'(x) is a continuous random variable, and denote by prp(.)(t)
its probability density function. Then, by Remark 17, we may claim that, in a distributional

sense,
0
B | e (2) = prioy 0

In fact, coherently with the definition of expected linear functional, and by Proposition 19 we

have

E lA+XRdf(t,z);5@t(z) dxdt] —E [/dxf(T(z),x)} :/dx/dtf(t,x)pm)(t).

0
We may observe that, in this case, even if for any realization ©'(w) of ©1, —té@t(w) is a
singular generalized function, when we consider the expectation we obtain a regular generalized

function, i.e. a real integrable function. In particular the derivative is the usual derivative of
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functions. Thus, by observing that, since T'(x) is the random time of capture of z, P(z € ©%) =
P(T(z) < t), and E[dg:](z) = P(x € O!) (see Remark 17), the following holds too:

E L’i%f} (z) = pr(s)(t) = %HD(I €69 = %E[(s@t](x)' )

0 0
Hence, E {(5@} (z) and —E[dgt](z) coincide as functions, and by the equation above, we

ot ot

have the formal exchange between derivative and expectation.

3.1 An evolution equation for growth processes

Definition 20 /2] We say that a compact subset Z of R? admits one-sided Minkowski content
if the limit
d(= =
i FEor \ E)
r—0 r

exists finite.

In [2] conditions are provided on the set = in order to satisfy

d(= =
i FEer \EN 4)

r—0 r

= HIHOEN A) (15)

for any open set A C R? such that H?~ (92N 9A) = 0.
We shall see that an analogous result for random closed sets plays here a crucial role in deriving
an evolution equation for the mean density of an evolving random closed set.

With reference to the growth process considered above, an hazard function can be defined

as the rate of capture of point 2 € R? by the growth process, at time t.
Definition 21 The function

t+At t
Wt z) = Alimo P(x € © - |z & ©F)

. (16)

is called the hazard function associated to a point x € R? at time t.

When the time of capture of point , T'(z) is a continuous random variable, as in our hypotheses,

the following holds (see [11]):

h(t, ) = m; (17)

further, since

P(z ¢ ©') = P(z ¢ int®"),
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by (16) we have that

1 P(z € T2 —P(x € OF)

ht,z) = iltr?o At P(x ¢ intO?)
. Pz € ©FA |z £ intO!) — P(x € O |z ¢ intO?)
= lim
At]0 At
. E[dgi+at(z) |z € intO'] — E[de: | = € intO']
= lim
At]0 At
= %E[(;@t (7) |z ¢ intO"] (18)

Without loss of generalization, we may assume that, for any fixed t € R, 90! is a compact

random set. Then we have the following general result [2].

Theorem 22 Let ©! be a random closed set in R? satisfying (15) for a.e. w € Q, with boundary
00t countably He'-rectifiable and compact. Let T':  — R be the function so defined:

INw) := max{y >0 : 3 a probability measure n such that
n(Br(z)) > yrd™! Vo € 00 (w), r € (0,1)}.

If there exists a random variable Y with E[Y] < oo, such that 1/T(w) < Y (w) for P-a.e. w € Q,

then
E[H(6%,\ 6! N A)
lim

r—0 r

for any A € Bga such that E[HY1(00¢ N 9A)] = 0.

=E[H" (06" N A)], (19)

Proof. We note that 909! satisfies the hypotheses of Theorem 17 in [1]; from its proof we know
that for P-a.e. w € Q

d(HOt
H (82;1.57”(‘*))) < Y(w)2d714db§d. (20)
Since
H(O, (@) \ &' (W) NA) _ HI(OF,(w)\O'(w)) _ H' (99, (w))
r - r - 2r ’
by (20) and the Dominated Convergence Theorem the thesis follows. ]

We may like to notice that a wide class of random closed sets satisfy the above theorem; in
[1] several relevant examples are provided.

Let us consider a normal growth process induced by a space and time dependent growth
rate G(t,x); i.e. we assume that almost every point of 90! admits a unit outer normal, and
that the growth of ©% occurs with nonnegative normal velocity G(t,z).

In particular G has to be continuous and such that
0<go<Gt,x) <Gy<oo  Y(t,x) € Ry xR

for some go, Gy € R. (E.g. see [9].)
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Remark 23 In the particular case of spherical growth, i.e. when G is constant, it is clear that

MO\ W) | O\ O') . HIO),(0)\ ')
At—0 At T A0 At e r ’

and, for any t € R, , O%(w) admits one-sided Minkowski content, so that we have

L O W) — 1O )

_ d—1 t
lim o = GH (90 (w)) .

In particular Theorem 22 applies (see also [1]) and so we get

L BIHA©2Y] — E[(©Y)

At—0 At = GE[H" 1 (00")]. (21)

We recall now the definition of the spherical contact distribution function associated to a

random closed set, which will play a crucial rule in the sequel.

Definition 24 The local spherical contact distribution function Hs= of an inhomogeneous

random set = is defined as
Hg=(r,z) =Pz € Eg, |z € E).

Proposition 25 Under the above assumption on the growth model, let G be sufficiently regular
so that Theorem 22 applies. In the hypothesis that the time of capture T(x) is a continuous
random variable with density, we have that the following evolution equation holds for the mean
density E[dg:](x) : 5

o Eler](x) = G(t, 2)Elboer](2), (22)

to be taken, as usual, in weak form.

Proof. By hypothesis ©! satisfies (19), which, in terms of the linear functionals previously

introduced, is equivalent to write

| Eldy I() ~ Eldo)(x)

r—0 r

= E[dger] (). (23)

For any fixed ¢, let us consider the spherical contact distribution Hg gt (-,x) of the crystallized
region O©! associated to a point z.

Under the regularity assumptions on G(t,x), it follows that (see also Proposition 2 in [11])

0
h(t,z) = G(t, ZE)EHS’@t(T,ZE)‘TZO. (24)
Note that, by Definition 24,
_ Pz € (05,.\0Y)
H&@t(r,l’) = P(.’E Q @t) ,
and so, by (24),
_ Gltz) 0 t t
h(t7x) - ]P)(SL' g @t) 87’P(x € (GEBT \ o ))‘r:o' (25)
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Thus, by (14), (17) and (25) we obtain that

0 0 _ 9 t t
E |:8t5@t (w)} = aE[égt](x) = G(t,x)arIF’(x € (05, \0%)),_- (26)
Now, we may notice that
0 . . . P(x € @’éh) — P(z € ©)
EP(Z‘ € ((—)@7' \9 ))l'r':() - }ILE% h
_ Paeol,)-Paeot)  Ebe, (z)—Eldor](x) (3
so that the thesis follows. O

Remark 26 Since for any fired x € R? we said that the time of capture T(x) is a continuous
random variable with probability density function prp)(t), it is clear by (26) that %E[(S@t]
is a classical real function. It follows that E[dpet] is a classical real function as well. As a
consequence, E[dgot] is a version of the usual Radon-Nikodym derivative of the measure Elpsot]

with respect to v¢, and so we may claim that it absolutely continuous.

4 Conclusions

For the growth process ©! introduced in the previous sections, we may notice that the evolution
of the realization ©!(w) may be described for a.e. w € 2, by the following (weak) equation (e.g.
[6, 9)):

9 Sor(x) = C{1,2)00ex (). (27)
The advantage of this expression, even though to be understood in a weak sense in terms of
viscosity solutions, is in the fact that it makes explicit the local dependence (both in time and
space) upon the growth field G by means of the (geometric) Dirac delta at a point x € 90°¢. In
this way equation (22) can be formally obtained by taking the expected value in (27), thanks
to the linearity of expectation, since we have assumed that G is a deterministic function.
(Obviously, it involves exchanges between limit and expectation, as in (19) for example). In
this paper we have shown that indeed, under suitable regularity assumptions on the process
©!, we may obtain (22) from (27) in a rigorous way, thus making effective our motivation to
introduce (mean) generalized geometric densities dg (E[dg]) associated to a (random) closed
set O.

We know that if ©,, is a lower dimensional random closed set in R? with Hausdordoff di-
mension n < d, then the Radon measures pg, () induced by its realizations are singular with
respect to the d-dimensional Lebesgue measure v, and so their usual Radon-Nikodym deriva-
tives are zero almost everywhere. On the other hand, depending upon the specific probability
law of ©,,, the expected measure E[ue,] may still be singular, but it may also happen that

it is absolutely continuous with respect to v¢; consequently in this case its Radon-Nikodym
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derivative happens to be a classical non trivial function.
Hence, by introducing the generalized density E[dg | for any n-regular random closed set ©,,,
we may formally deal with it as a classical function; it will be clear by the context, i.e. by
the specific hypotheses, whether ©,, is an absolutely continuous random closed set or not. In
[12] we have defined ©,, as an absolutely continuous random closed set if E[ug, ] is an absolute
continuous measure with respect to v, in which case E[dg,](x) is taken as the usual Radon-
Nykodym derivative associated with the measure E[ug, |; otherwise it is taken as a generalized
function, the generalized Radon-Nykodym derivative. As a consequence, in all situations in
which no distinction is required between absolutely continuous random closed sets or not, it is
clear how much convenient is to work directly with these generalized densities.

Further, we have shown how to approximate dg, (respectively E[dg,]) by sequences of
classical functions {682} ({E[dg}t]}, respectively).
This turns to be useful in several real applications in which one needs to estimate the density
of the expected measure E[ug, ] as, for example, when n = 1 in the case of fibre processes, or
line processes, or when n = d — 1 in the case of surface processes (see [1]).

By comparing (27) with (18), we may claim that
h(t,r) = G(t,z)E[dse: (7) | = & intO],

which leads to the interesting interpretation of

0 :
EH&@ (r,z)),_, = E[0per (z) |z ¢ intO'].

Acknowledgements It is a pleasure to acknowledge fruitful discussions with L. Ambrosio, of
the Scuola Normale Superiore in Pisa, A. Micheletti, of the Milan University, and M. Burger
of the J.Kepler University in Linz. A special thank is due to D. Jeulin for having attracted
the attention of the authors on the contribution of Matheron [21] to the theory of random
distributions in Geostatistics.

VC acknowledges the warm hospitality of the Austrian Academy of Sciences at RICAM
(Radon Institute for Computational and Applied Mathematics) in Linz, chaired by Prof. H.
Engl.

References

[1] Ambrosio, L., Capasso, V., Villa, E.; On the approximation of geometric den-
sities of random closed sets. RICAM Report 14/2006, Linz, 2006. Awvailable at:

http://www.ricam.oeaw.ac.at/publications/reports.

[2] Ambrosio, L., Colesanti, A., Villa, E., One-sided Minkowski content for some classes
of closed sets and applications to stochastic geometry. Preprint, 2007. Awailable at:

http://cvgmt.sns.it

20



Ambrosio, L., Fusco, N., Pallara, D., “Functions of Bounded Variation and Free Disconti-
nuity Problems”, Clarendon Press, Oxford, 2000.

Araujo, A., Giné, E., “The Central Limit Theorem for Real and Banach Valued Random
Variables”, John Wiley & Sons, New York, 1980.

Baddeley, A.J., Molchanov, I.S., On the expected measure of a random set. In Proceedings
of the International Symposium on Advances in Theory and Applications of Random Sets
(Fontainebleau, 1996), World Sci. Publishing, River Edge, NJ, 1997; 3-20.

Barles, G., Soner, H.M., Souganidis, P.E., Front propagation and phase-field theory. STAM
J. Contr.Optim. 1993, 31, 439-469.

Bharucha-Reid, A.T., “Random Integral Equations”, Academic Press, New York, 1972.

Bosq, D., “Linear Processes in Function Spaces. Theory and Applications”, Lecture Notes
in Statistics 149, Springer-Verlag, New York, 2000.

Burger, M., Growth fronts of first-order Hamilton-Jacobi equations. SFB Report 02-8, J.
Kepler University, Linz, 2002.

Burger, M., Capasso, V., Salani, C., Modelling multi-dimensional crystallization of poly-
mers in interaction with heat transfer. Nonlinear Analysis: Real World Application 2002,
3, 139-160.

Capasso, V., Villa, E., Survival functions and contact distribution functions for inhomoge-

neous, stochastic geometric marked point processes. Stoch. An. Appl. 2005, 23, 79-96.

Capasso, V., Villa, E., On the continuity and absolute continuity of random closed sets.
Stoch. An. Appl. 2006, 24, 381-397.

Capasso, V., Villa, E., On mean densities of inhomogeneous geometric processes arising in

material science and medicine, Image Anal. Stereol. 2007, 26, 23-36.

Evans, L.C., Gariepy, R.F., “Measure Theory and Fine Properties of Functions”, CRC
Press, Boca Raton, 1992.

Falconer, K.J., “The Geometry of Fractal Sets”, Cambridge University press, Cambridge,
1985.

Federer, H., “Geometric Measure Theory”, Spriger, Berlin, 1996.

Gelfand, .M., Shilov, G.E., “Generalized Functions. Properties and operations”, Academic
Press, New York, 1964.

Jones, D.S.; “The Theory of Generalised Functions”, Cambridge University Press, Cam-
bridge, 1982.

21



[19] Kolmogorov, A.N., “Foundations of the Theory of Probability”, Chelsea Pub. Co., New
York, 1956.

[20] Kolmogorov, A.N., Fomin, S. V., “Introductory Real Analysis”, Prentice-Hall, Englewood
Cliffs (N.J.), 1970.

[21] Matheron, G., “Les Variables Regionalisées et leur Estimation”, Masson et Cie, Paris,
1965.

[22] Matheron, G., “Random Sets and Integral Geometry”, John Wiley & Sons, New York,
1975.

[23] Morgan, F., “Geometric Measure Theory. A Beginner’s guide”, Academic Press, San diego,
1998.

[24] Vladimirov, V.S., “Generalized Functions in Mathematical Physics”, Mir Publishers,
Moscow, 1979.

[25] Zéhle, M., Random processes of Hausdorff rectifiable closed sets. Math. Nachr. 1982, 108,
49-72.

22



