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Introduction

Geometric measure theory concerns the geometric structure of Borel sets and
measures in euclidean spaces in order to study their regularities (i.e. if they
possess some smoothness) or irregularities, with the aim to find criteria which
guarantee rectifiability (see, e.g., [4, 30, 32, 50]). Every set or measure can
be decomposed in its rectifiable and its non-rectifiable part and these parts
behave entirely different. From geometric measure theory follows connections
with the decomposition of a measure into absolutely continuous part, jump
part and Cantor part and so the notion of dimensional density of a set in terms
of the density of its induced measure. Roughly speaking, rectifiable sets and
measures are the largest class of sets on which an analogue of the classical
calculus on manifolds (approximation by tangent spaces, etc.) can be performed.
Thus Hausdorff measures, Hausdorff dimensions, rectifiable sets, area and coarea
formulas, Minkowski content are the basic ingredients of geometric measure
theory, and they turn to be essential tools whenever one has to deal with sets at
different Hausdorff dimensions and in several problems raised by image analysis,
solid and liquid crystals theory, continuous mechanics...

In many real applications, the need of dealing with the same kind of prob-
lems in a stochastic context emerges. Application areas include crystallization
processes (see [47, 21], and references therein; see also [66] for the crystallization
processes on sea shells); tumor growth [6] and angiogenesis [27]; spread of fires in
the woods, spread of a pollutant in the environment; etc. All quoted processes
may be described by time dependent random closed sets at different Hausdorff
dimensions (for instance, crystallization processes are modelled in general by full
dimensional growing sets, and lower dimensional interfaces, while angiogenesis
by systems of random curves).

Typical problems concern the characterization of such random objects in

terms of relevant quantities (mean densities, volume and surface expected mea-
sures,...) characterizing the geometric process. Therefore, in a stochastic set-
ting, we have to deal with tools of stochastic geometry, together with concepts
of geometric measure theory.
It is well known that if a result holds “almost surely”, in general it does not
hold “in mean”, and viceversa. Thus the application, in a stochastic context,
of methods and results which are proper of a deterministic setting (in our case,
methods and results form geometric measure theory), requires additional regu-
larity conditions on the referring random set.

In dependence of its regularity, a random closed set ©,, with Hausdorff di-



mension n (i.e. dimy 0, (w) =n for a.e. w € ), may induce a random Radon
measure

pe, () ==H"(O©,N")

on RY (H™ is the n-dimensional Hausdorff measure), and, as a consequence, an
expected measure
Elpe, ()] := E[H" (6, N )].

In several real applications it is of interest to study the density (said mean
density) of the measure E[ueg, | [13], and, in the dynamical case, its evolution in
time [54, 55].

The principal aim of the present thesis is to provide a framework for dealing
with random closed sets at different Hausdorff dimensions in order to describe
them in terms of their mean densities, based, whenever necessary, on concepts
and results from geometric measure theory.

It is clear that, if n < d, for a.e. w € €, the measure ug, (w) is singular,
while its expected measure E[ug, | may be absolutely continuous with respect
to the usual d-dimensional Lebesgue measure v?. Thus, a first problem, is to
introduce a suitable formalism which apply both to random closed sets with
singular expected measure, and not. To this end, rectifiability conditions on
the referring random set, together with basic ideas of the theory of generalized
functions are needed. So we introduce a Delta formalism, & la Dirac, for the
description of random measures associated with random closed sets of lower
dimensions, such that the well known usual Dirac delta at a point follows as a
particular case (see, for instance, [40, 45, 67]). In this way, in the context of time
dependent growing random sets, we provide a natural framework for deriving
evolution equations for mean densities at all (integer) Hausdorff dimensions, in
terms of the relevant kinetic parameters associated with a given growth process
26, 24].

In dealing with mean densities, a concept of absolutely continuous random
closed set arises in a natural way in terms of the expected measure; indeed, an
interesting property of a random set in R? is whether the expected measure
induced by the random set is absolutely continuous or not with respect to the
d-dimensional Lebesgue measure v%. In classical literature on stochastic geome-
try (see, e.g., [49]) the concept of continuity of a random closed set has not been
sufficiently analyzed, and does not seem to provide sufficient insight about the
structure of the relevant random closed set, so that we have introduced defini-
tions of discrete, continuous and absolutely continuous random closed set, which
extend the standard definition of discrete, continuous and absolutely continu-
ous random variable, respectively [23, 25]. The definition of absolute continuity
is given in terms of the absolute continuity of the expected measure associated
with the random set with respect to ¢, so that geometrical stochastic properties
of the random set may be related to its mean density.

In many real applications such as fibre processes, n-facets of random tes-
sellations of dimension n < d in spaces of dimension d > 1, several problems
are related to the estimation of such mean densities (see e.g. [13, 55, 64]). For
instance, in R?, since points and lines are v2-negligible, it is natural to make



use of their 2-D box approximation. As a matter of fact, a computer graphics
representation of them is anyway provided in terms of pixels, which can only
offer a 2-D box approximation of points in R?. By geometric measure theory we
know that the Hausdorff measure of a sufficiently regular set can be obtained
as limit of the Lebesgue measure (much more robust and computable) of its
enlargement by Minkowski addition. Thus, we consider a particular approxi-
mation of the mean densities for sufficiently regular random closed sets based
on a stochastic version of the existence of the Minkowski content [2]. This pro-
cedure suggests unbiased density estimators and it is consistent with the usual
histogram estimation of probability densities of a random variable, known in
literature [58].

The “enlargement” of a growing set in time may be regarded as a suitable
Minkowski enlargement; since first order Steiner formulas propose a relation
between the Hausdorff measure of the boundary of a set and the derivative in r =
0 of the volume of the enlarged set by Minkowski addition with a ball of radius
r, we ask if a mean first order Steiner formula holds for some classes of random
closed sets. To treat directly mean first order Steiner formulas is still an open
problem. Here we start by almost sure convergence (i.e. the random closed set
satisfies a first order Steiner formula P-a.s.), and we obtain the L!-convergence
(i.e. the mean first order Steiner formula) by means of uniform integrability
conditions. The most general result known in current literature is that a first
order Steiner formula holds (in the deterministic case) for unions of sets with
positive reach (see [59, 42, 37]), and it is proved by tools of integral and convex
geometry. Here we offer a different proof of this for finite unions of sets with
positive reach, which seems to be more tractable in the stochastic case, based
on elementary tools of measure theory (in particular on the inclusion-exclusion
theorem), togheter with a basic Federer’s result on sets with positive reach.
Further, through a different approach, by considering sets with finite perimeter,
we prove that a first order Steiner formula holds for sets with Lipschitz boundary,
and we give also a local version of it. Then, by applying the quoted result on the
existence of the Minkowski content in a stochastic setting (which guarantees the
exchange between limit and expectation), we obtain that a local mean first order
Steiner formula holds, under suitable regularity assumptions on the random set
[1]. This result plays a fundamental role in deriving evolution equations for the
mean densities of growing random closed sets.

Since many real phenomena may be modelled as dynamic germ-grain models,
we consider, as working example, geometric processes associated with birth-and-
growth processes driven by a marked point process N = {(T;, X;)}ieny on Ry
with marks in R?, modelling births, at random times 7; € R,, and related
random spatial locations X; € R? [39, 64]. Once born, each germ generates
a grain, which is supposed to grow according with a deterministic space-time
dependent given field.

Denoted by ©! the evolving random closed set at time ¢, we provide a relation
between the time derivative of the mean densities of @' and the probability
density function of the random time of capture T'(z) of a point z € R% by the
growing random set. On one hand, by survival analysis [5], T'(z) is strictly



related to the hazard and survival functions of x; on the other hand, we prove
a relation between the hazard function and the spherical contact distribution
function, a well studied tool in stochastic geometry [36], which is in connection
with the mean first order Steiner formula associated with ©¢, and so with the
mean density of 00°¢.

Thus, under suitable general condition on the birth-and-growth process, we
may write evolution equations of the mean wvolume density associated to ©!
in terms of the growing rate and of the mean surface density (i.e. the mean
density associated to d©%). Such equations turn to be the stochastic analogous
of evolution equations known in literature for deterministic growing sets [12, 17,
19, 65]; indeed they may be formally obtained taking the expected value in the
deterministic equation.

In Chapter 1 we introduce some basic definitions and results from geometric
measure theory and from stochastic geometry, which will be useful in the sequel.
In Chapter 2 we give suitable regularity conditions on random closed sets such
that it is possible to deal with densities, to be meant in a generalized sense, in
order to treat also singular measures. According to Riesz Representation Theo-
rem, we may regard such densities as (random) linear functionals and interpret
them as generalized Radon-Nikodym derivatives (in a distributional sense), of
the associated expected measured. We do this first in the deterministic case,
then in the stochastic one. In Chapter 3 we introduce definitions of discrete,
continuous and absolutely continuous random closed set. In particular we dis-
tinguish between absolute continuous in mean and strong; this last one requires
additional regularity conditions on the random set, in order to exclude some
“pathological” cases, like sets with Hausdorff dimension n, but n-dimensional
Hausdorff measure zero. For absolutely continuous random sets it follows that
the associated mean generalized density is a classical real function. Clearly, ran-
dom variables may be regarded as particular 0-dimensional random closed set;
the definitions given extend the standard definition of discrete, continuous and
absolutely continuous random variable, respectively. Further, we observe that
the well known relations between discrete, continuous and absolutely continuous
part of a Radon measure hold also for random closed sets, although in a different
context. With the aim to face real problems related to the estimation of mean
densities in the general setting of spatially inhomogeneous processes, in Chap-
ter 4 we suggest and analyze an approximation of mean densities for sufficiently
regular random closed sets, based on d-dimensional enlargements by Minkowski
addition. We show how some known results in literature follow as particular
cases, and we provide a series of examples to exemplify various relevant situa-
tions. In Chapter 5 we consider first order Steiner formulas for closed sets in
R?. Roughly speaking, we may say that a first order Steiner formula holds for a
deterministic d-dimensional set A C R? if there exists the derivative in 7 = 0 of
the volume of the enlarged set Ag,. by Minkowski addition with a ball of radius
r. When A is stochastic and we consider its expected volume, we speak of mean
first order Steiner formula. We prove that under regularity assumptions on the
random set, a local mean first order Steienr formula holds. In Chapter 6 we
apply all previous results in the context of birth-and-growth processes. The



problem of the absolute continuity of T'(z) in terms of quantities characterizing
the process is taken into account, and connections with the concepts of hazard
functions and spherical contact distribution functions, together with mean lo-
cal Steiner formulas at first order, are studied. As a result it follows that an
evolution equation (to be taken in a weak form) holds for the mean density of
the growing set. The particular case of a Poissonian nucleation process, often
taken as a model in several real applications, is also considered and compared
with other different nucleation processes in order to make clearer the crucial
property of independence of increment, typical of the Poisson process.



Chapter 1

Preliminaries and notations

In this chapter we recall concepts and results of current literature which are
relevant for our analysis.

1.1 Measures and derivatives

We remember some basic definitions (e.g. see [4, 29, 30, 60, 61]).
A positive measure p over a set X is a function defined on some o-algebra S of
subsets of X and taking values in the range [0, co] such that

(i) (@) =0,

(i) p(Uj2y By) = 2252 n(E;)
for every countable sequence of disjoint sets {E;} C S.

If the property (ii) is weakened to subadditivity, u is called outer measure; more
precisely, an outer measure p on a set X is a function defined on all subsets of
X such that

(i) u(®) =0,
(i) u(E) < p(E') if B C B,

(i) p(UjZ, Ej) < 2252, u(Ey)  for any {E;} C X.

Outer measure are useful since there is always a o-algebra of subsets on
which they behave as measures.
A subset E of X is called p-measurable, or measurable with respect to the outer
measure b if

wA)=pu(ANE)+ u(A\E) VA C X.

Theorem 1.1 (/30], p. 3) Let p be an outer measure. The collection S of u-
measurable sets forms a o-algebra, and the restriction of i to S is a measure.

Besides, all Borel sets are u-measurable if and only if Caratheodory’s criterion
holds:
Let 1 be an outer measure on the metric space X such that

dist(E,F) >0 = pw(EUF)=u(E)+ u(F) for any E, F C X;



then the restriction of u to the Borel sets of X is a positive measure.

Let us consider the space R? and denote by v? the usual d-dimensional
Lebesgue measure. Note that v is an outer measure and, according to Carathe-
odory criterion, its restriction to the Borel o-algebra Bga of R? is a Radon
measure.

We recall now some basic definitions:

e A measure p on R? is called Borel if every Borel set is p-measurable.

e A measure p on R? is Borel regular if 11 is Borel and for each A C R? there
exists a Borel set B such that A C B and pu(A) = p(B).

e A measure ;1 on R? is a Radon measure if y1 is Borel regular and p(K) < oo
for each compact set K C R<.

Note that, given a Borel regular measure x on R?, we can generate a Radon
measure by restricting p to a measurable set of finite measure.
Let us consider a positive Radon measure 1 on R9.

e 1 is said to be concentrated on a set Ejy if it is defined and equal to zero
on every Borel set E C RY\ Ej.

u is said to be continuous if it is defined and equal to zero on every set of
measure zero containing a single point (i.e. u({z}) =0V 2 € R%).

1 is said to be absolutely continuous if it is defined and equal to zero on
every set of measure zero.

w1 is said to be singular if it is concentrated on a set Ey of measure zero.

A singular measure p is said to be discrete if it is concentrated on a set
Fy of measure zero containing no more than countably many points.

Beside, we remind that every measure p can be represented in the form
w(E)=A(E)+ S(E)+ D(E), (1.1)

where A(FE) is absolutely continuous, S(E) is continuous and singular, and D(E)
is discrete.
We denote by p« and p the absolutely continuous part and the singular part
of p, respectively. So, an equivalent form of (1.1) is

M= T L
Remark 1.2

1 absolutely continuous = u continuous, but not the reverse;

w discrete = p singular, but not the reverse.

Note that not all the finite measures on (R, Bg) that are singular, are also
discrete. An example is the measure induced by the Cantor (singular) function:



it is singular with respect to the Lebesgue measure, but it assigns measure zero
to every point of R, and so it is continuous and singular. The Cantor set is the
subset of [0, 1] constructed as follows:

the “middle third” of the interval [0, 1] is removed, i.e. the open interval (%, %)
of length % Next, the middle thirds of the two remaining intervals are removed,
i.e. the interval (%, 2) is removed from [0, 3] and (%, ) is removed from [3,1].
Then the middle thirds of each of the four intervals [0, 1], [2, 1], [2, I] and [, 1]
are removed, and so on. The remaining closed set C' is called the Cantor set.
Equivalently, if we denote by

12
b= 53)

12 78
E2 - (979)U(§7§)

we may represent the Cantor set by

C:=[0,1] — D E,.
n=1

It follows that C' is closed, it has no interior points, it has the power of contin-
uum and it has Lebesgue measure zero.

Now, let Ay, As, ..., Agn_1 be the subintervals of | J;_, E;, ordered with increas-
ing order; for example, if n = 3:

E{UFE;UE;

1 2 12 7 8 12 19 20 78 25 26
*(2*7»2*7)U(§7§)U(2*772*7)U(gvg)u(ﬁvﬁ)u(gvg)u(?fﬁ)
— A UAyU. .. UAs

We set
k . "
Fn(x)z—2n ifoe Ay, k=1,2,...,2" -1

completing by linear interpolation; for example, if n = 2 (see Fig.1.1):

12 1 2 78
ElUEQ == (§,§)U(§,§)U(§,§):A1UA2U A3
1
FQ(«%') = Z ifl'EAl
1
3

It can be shown that

10
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Figure 1.1: The function F,(z) when n = 2.

F:0,1] — [0,1]
x +— F(z):= lim F,(z)

n—oo

is increasing and continuous. Let p be the measure on R so defined:

p((=00,0) =0,
([0, 2]) = F(z) Ve € [0,1],
p((1, +00)) = 0.

Then, u(C) = 1 and p({z}) = 0 Vz € R; thus it is continuous and singular,
but it is not discrete since it is concentrated on a set which is not countable.
In other words, it can not be written as >, d,,, where z; € [0,1] and 6, is the
Dirac delta at point z;.

From now on, r is a positive quantity (i.e. » € R;), and so r — 0 has to be
intended 7 — 0.

We know that, denoted by B,(z) the d-dimensional closed ball centered in
x with radius r, it is possible to define the following quantities:

(Dh)(x) = lim sup L5 (2)

NS T ) (2W(@) = lim inf U Br(@)

r=0 v4(By(x))

Definition 1.3 If (Dp)(z) = (Dp)(z) < oo, then their common value is
called the symmetric derivative of p at x and is denoted by (Du)(z).
(Dp)(x) and (Dp)(z) are also called upper and lower densities of p at x.

The following is an application of the Besicovitch derivation theorem ([4], p. 54):

Theorem 1.4 Let pu be a positive Radon measure on RY. Then, for vi-a.e. x,

the limit (B, ()
= lim o))
f(x) = ;Ho vi(B,(x))

11



exists in R; besides, the Radon-Nikodym decomposition of 1 is given by
_rd
p=fre+p,

where 1) (-) = u(EN -), with E the v¥-negligible set

E:{xeRd:}%m:w}'

Thus, the above theorem provides a characterization of the support of the sin-
gular part. In particular, as a consequence of the theorem, we have that

(C1) p L v <= (Dp)(x) =0 viae;

(C2) p< vl uB)= / (Dp)(x)v?(dz) for all Borel set B C R%.
B
Even if, usually, by “density of p” it is understood the Radon-Nikodym
derivative of p with respect to v¢, and so it is meant that p is absolutely
continuous, actually, it is well known in literature the Delta “function” at a
point Xy, as the (generalized) density of the singular Dirac measure [45].

Remark 1.5 Consider the Dirac measure €y, associated with a point X, € R4,

defined as
1 ifXy€eA,

exo(A) = { 0 if Xo & A.

Obviously e, is singular with respect to v, and by (C1) we have that Dex, = 0

v%a.e.; in fact, in this case, in accordance with Theorem 1.4 we have that:
lim Xo(Br(2)) ' Ler (1.2)
im ————-- = .
r—0 bard lim — =+o00 if 2 = Xo,
r—0 1
where b; (j = 0,...,d) is the j-dimensional measure of the unit ball in R/;

note that v4(B,(z)) = bgr?. We introduce the Dirac delta function éx, as the
“generalized density” (distribution) of x, such that (see Section 1.3)

/ Sx, (x)v(dx) == ex, (A). (1.3)
A
Due to (1.2) we may claim in a “generalized” sense that

_ 0 lfl‘;éXO,
0, () = { +oo if x = Xy,

and
1 if X €A,

EXO(A):/A(SXO(;E)I/d(dx) ::{ 0 if Xo & A:

so, formally, dx,(z) is a “fictitious” function which equal zero everywhere except
at © = Xy and has an integral equal to 1.

12



By analogy with the Delta function, we want to introduce a concept of “den-
sity” for particular singular measures on R? (for example, the measure of the
intersection of a given surface with a d-dimensional subset of R%).

Note that, if we consider the restriction of the Lebesgue measure v¢ to a mea-
surable subset A of R?, then the density of the absolutely continuous measure
v¥ (AN ) is also called the Lebesgue density of A.

We have the following theorem.

Theorem 1.6 (Lebesgue density theorem) (/30], p.14) Let A be a mea-
surable subset of RY. Then the Lebesque density of A at point x

lim vi (AN B,.(z))

r—0 bd’f“d (14)

exists and equals 1 if v € A and 0 if v € A for vi-a.e. x.

For lower dimensional sets, the natural analogues of Lebesgue densities are
the socalled dimensional densities, given in terms of the Hausdorff measure.

1.2 Hausdorff measures and related concepts

Definition 1.7 Let ACR%, 0 < s < 00, 0 < < 0o. Define

H3(A) == inf { " b(s) (dla;ncj) : Ac |0y, diamC; <6y,
=1 j=1
s/2
where b(s) = e ond
2

H(A) := lim H5(A) = sup H5(A).
6—0 6>0
H* is called s-dimensional Hausdorff outer measure on R?.
The restriction of H® to the o-algebra of H®-measurable sets is called s-dimensional
Hausdorff measure.

Note that when s is integer, say s = n, than b(n) = b, the volume of the unit
ball in R™.

Countable subadditivity follows immediately from the definition, so H® is an
outer measure; further, H? is a Borel regular measure, but not a Radon measure
if 0 < s < d, since R? in not o-finite with respect to H*. The measurability of
Borel sets follows from Caratheodory’s criterion. Indeed, we have the following

Proposition 1.8 [/] The measure H® are outer measures in R? and, in partic-
ular, o-additive on Bga.

The o-algebra of H*-measurable sets includes the Borel sets and the socalled
Souslin sets. Souslin sets, unlike the Borel sets, are defined explicitly in terms
of unions and intersections of closed sets; in particular, they are sets of the form

E=J () Eiisir:
k=1

i1,i.. k

13



where F1,;, 4, is a closed set for each finite sequence {iy, s, ..., 4} of positive
integers.

It may be shown that every Borel set is a Souslin set and that, if the underline
metric space is complete, then any continuous image of a Souslin set is Souslin.
Further, if u is an outer measure on a metric space, then the Souslin sets are
p-measurable.

Remark 1.9 If s = k is an integer, H* agrees with ordinary “k-dimensional
surface area” on nice sets (see [29] p.61), that is, for C! k-dimensional subman-
ifolds of R?, it coincides with the usual k-dimensional area (e.g. the length for
k =1 or the surface for k = 2) ([64] p.22; [4] p.73).

Theorem 1.10 (/29], p. 63) As outer measures,
H? =% on R? (and so HY(A) = v¥(A) for any Borel set A C R?);
H' = vl on RY;

HO =10 is the usual counting measure.

In particular, by the definition of Hausdorff measure, it follows that ([29], p. 65):
Let A c R% and 0 < s < t < oo; then

i) H5(A) < oo = HI(A) =0,
ii) HI(A) >0 = H(A) = oo.
Definition 1.11 The Hausdorff dimension of a set A C R? is defined to be
dimg(A) := inf{0 < s < 0o | H*(A) = 0}.

Remark 1.12 dimy (A) need not to be an integer; for example, the Hausdorff
dimension of the Cantor set is s = log2/log3 = 0,6309... (see [30] p. 14).
Besides, dimy(A) = s does not imply that H*(A) is positive and finite; we may
have dimy(A) = s and H*(A4) =0, or H*(A) = oo. (See also [57].)

Here and in the following, we denote by A, intA, closA and OA the comple-
mentary set, the interior, the closure and the boundary of a set A, respectively.

Theorem 1.13 ([29], p.72) Assume that A C R%, A is H*-measurable, and
H?(A) < c0. Then

i) for H*-a.e. x € AC

i) for H®-a.e. x € A

1 S(AN B
gglimsup—H( N B (x))

< 1.
r—0 b(s)rs -
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Definition 1.14 Let A be a subset of R H*-measurable with 0 < H*(A) < oo
(0 < s < o). The upper and lower s-dimensional densities of A at a point
x € R? are defined as

s — limsu H* (AN B,(x))
D’ (Az) =1 T_}Op —b(s)rs

and
H* (AN B,(x))

D*(A,x) = IIITIL}(I)lf O
respectively. If ES(A, x) = D°(A, x) we say that the s-dimensional density of A
at x exists and we write D*(A,x) for the common value.

Theorem 1.15 (/30], p. 63) Let A be a subset of RY, H*-measurable with 0 <
H*(A) < c0. If s in not integer, then, if there exists, D*(A,x) # 1 H®-q.o.

Roughly speaking, the existence of the dimensional density equal to 1 of a set
means that it can be considered, in some sense, “regular”.

Similarly, for a measure p on R™, 0 < m < d, m integer, we may define the
m-dimensional density D™ (u,x) of p at x by

m i (B ()
D" (p,x) := 711_)1% b (1.5)
Compare also with Definition 1.3.
Note that for any subset A of RY, D™(A,x) = D™(H[, x), where H[} is the
measure defined by
A(E)=H"(ANE).

Hence, the m-dimensional density of measures actually generalizes the notion
of m-dimensional density of sets. (See [56] or [32]).

In the following we will introduce a concept of “generalized density” that
recalls both the definition of the Lebesgue density (1.4) and the definition of
the dimensional density (1.5). In fact, for a set A with Hausdorff dimension m,
we will consider the limit

iy WA B, ()
r—0 ded

Definition 1.16 (/32], p. 251) Let A be a subset of a metric space X, m a
positive integer and ¢ a measure over X :

1) A is m-rectifiable if and only if there exists a Lipschitzian function map-
ping a bounded subset of R™ onto A;

2) A is countably m-rectifiable if and only if A equals the union of a countable
family whose members are m-rectifiable;

3) A is countably (¢, m)-rectifiable if and only if there exists a countably
m-rectifiable set containing ¢-almost all of A;

15



4) A is (¢, m)-rectifiable if and only if A is countably (¢, m)-rectifiable and
#(A) < 0.

When X = R? and ¢ = H™, we write H™-rectifiable, instead of (H™,m)-

rectifiable.

The tangential properties of H™-rectifiable sets generalize those of m-dimensional
submanifolds of class 1; so, from the point of view of measure theory, a rectifiable

set behaves like submanifolds that admit a tangent space at almost every point.

Roughly, H™-rectifiable sets are characterized by the equivalent properties of
being countable union of measurable pieces of m-dimensional C! submanifolds

or of possessing “approximate tangent space” H™-almost everywhere ([34], p. 90;

see also [56]).

By Definition 1.16, an H™-rectifiable set is contained in the union of the
images of countably many Lipschitz functions from R™ to R¢, apart for a null
H™ set. It includes countably unions of immersed manifolds.

More precisely ([34], p. 90 and following):
If A is a countably H™-rectifiable set, then we can write A as a disjoint union

A=AqU fj Ag,
k=1

where H™(Ag) = 0 and each A is a Borel subset of an m-dimensional C*-
submanifold, or, equivalently,

oo
A=AyU U e (Ag),
k=1
where H™(Ag) = 0 and fj, : A, C R™ — R? are Lipschitz maps.

As a consequence, countably O-rectifiable and countably H°-rectifiable sets
correspond to finite or countable sets, while H -rectifiable sets correspond to
finite sets. In particular, the graph of a Lipschitz function of m variables is an
example of countably m-rectifiable set.

Notice that the definition of rectifiability of a set is related to the measure
defined on the set itself, and as well a notion of rectifiable set and tangent planes
is given, similarly a notion of rectifiable and tangent measure may be defined.
(As we said at the beginning, we consider positive Radon measure, but the
following definitions can be given for more general vector measures; see [4]).

In order to look at the asymptotic behavior of a measure p in R? near a point
x of its support, it is convenient to introduce the rescaled measure

Hor(B) = e +7B), B € By

around z, and to analyze the behavior of suitable normalizations of p; , as
r — 0.

Definition 1.17 We denote by Tan(u, z) the set of all finite Radon measures
on B1(0) which are the weak™ limits of

M, r;
n(Br(2))
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for some infinitesimal sequence {r;} C (0,00). The elements of Tan(u,x) are
called tangent measures to p at x.

Remark 1.18 An interesting example of tangent measure comes considering
tangent planes to regular embedded manifolds. Let I' C R? be a m-dimensional
C! surface and let yu = Hﬁl. Then Tan(u,x) contains only the measure

1 m
bf |7 () Vx € F,

where 7(z) is the tangent space to I" at z.

Definition 1.19 A Radon measure p is said m-rectifiable if there ezists a
countably H™ -rectifiable set S and a Borel function 6 : S — R such that

p=0HS. (1.6)

Remark 1.20 i) In the extreme cases m = 0, and m = d we obtain the
class of purely atomic measures and the class of all measures absolutely

continuous with respect to v%.

ii) According to Radon-Nikodym theorem, p is representable by (1.6) for
suitable S € Bga and 0 : S — R, if and only if it is absolutely continuous
with respect to H™, and concentrate on a set o-finite with respect to
H*. Tt can be proved (see Theorem 1.22) that if u is concentrated on a
countably H™-rectifiable set, then the function 6(x) coincides p-a.e. with
D™(u, x).

m-rectifiable measures are, for almost every point x, asymptotically concen-
trated near to z on an affine m-plane. This allows to define an approximate
tangent space to m-rectifiable measures (and to countably H™-rectifiable sets as
well) which plays, in this context, the same role played by the classical tangent
space in differential geometry.

Definition 1.21 We say that a Radon measure p has approximate tangent
space m with multiplicity 8 € R at =, and we write

Tan™ (pu, z) = OH[7

if 'uimr locally weakly* converges to 6’H|m7r inR% as r — 0.
r

In other words, the approximate tangent space to u is the unique m-plane 7 on
which the measures 1, ,./r™ are asymptotically concentrated. (See Appendix A
for the particular case of rectifiable curves).
Note that, when the following limits make sense,
B 1 B1(0 1
D™ () = tim BT _ Ly 2 (Bil0) O

r—0 b, r™ by, 7—0 rim m I

(B1(0)) = 0.

More precisely, the following theorem holds:
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Theorem 1.22 (Rectifiability criterion for measures) ([//, p.94) Let u a
positive Radon measure on an open set Q C RY.

(i) If p= GHT’S’ and S is countably H™-rectifiable, then p admits an approzi-
mate tangent space with multiplicity 0(x) for H™-a.e. x € S. In particular
0(x) = D™(u,x) for H™-a.e. x € S.

(ii) If p is concentred on a Borel set S and admits an approximate tangent
space with multiplicity 6(z) > 0 for p-a.e. x € S, then S is countably
H™-rectifiable and p = 97’(’@, In particular

3 Tan™ (u,x) for p—a.e. x € Q@ = u is k-rectifiable.

Definition 1.23 Let S C R? be a countably H™-rectifiable set and let {S;} be
a partition of H™-almost all of S into H™-rectifiable sets; we define Tan™ (S, x)

to be the approximate tangent space to Hl"éj at x for any x € S; where the latter
is defined.

Note that if M is a m-dimensional C''-manifold, then the approximate tangent
space coincide with the classical tangent space.
From all this, it is clear the following theorem:

Theorem 1.24 ([32], p. 256, 267) A subset A of R? is countably H™-rectifiable
if and only if H™-almost all of A is contained in the union of some countable
family of m dimensional submanifolds of class 1 of RY.
If A is an H™-rectifiable set and an H™-measurable subset of RY, then, for
H™-a.e. x € A,
lim H™(AN B.(x))
r—0 by, r™

=1, (1.7)

and the approzximate tangent space at x is an m-dimensional vectorsubspace of
R,

In particular, the reverse holds ([4], p. 83):

Theorem 1.25 (Besicovitch-Marstrand-Mattila) Let A € Bra with H™(A) <
0o. Then, A is H™-rectifiable if and only if

i FE(AN By (2)

r—0 bm’rm

=1, H™-a.e. x € A.

1.3 Basic ideas of the theory of generalized func-
tions

If S ¢ R? is given by an at most countable union of points in R?, we know
that it is well defined the counting measure H°(S N -) induced by S, so that
HO(SN A) “counts” the number of points of S which also belong to a Borel set
A.

In case S reduces to a single point Xy, we know that the Dirac measure ex,
coincides with the counting measure H%(Xy N -), and in Remark 1.5 we have
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introduced the usual Dirac delta function dx, associated to Xy. In the classical
theory of generalized functions (see e.g. [45]),

/A Sx, (2)dz = 14(Xo) = HO(Xo N A) (1.8)

(here 1 4 stands for the characteristic function of A), and we remind that dx, ()
can be obtained as the limit of a sequence of “classical” integrable functions
om(x) (dx,(x) = mlgnOO ©m(x)) such that

lim om(z)de = HO(Xo N A).

m—00 A

Remark 1.26 The integral in (1.8) does not represent a usual (Lebesgue) in-
tegral, but it is only a “symbol” for H°(Xy N A); in fact, since dx,(x) = 0 for
any x # Xj, its Lebesgue integral should be equal to zero. Thus, we cannot
interchange limit and integral, even if it is formally allowed by (1.8).

Well known examples of approximating sequences of dx, with Xy € R are the

Gaussian functions
m —m? (x—X0)2
e )

Pm(z) = ﬁ

or the simple functions

m
Pm(z) = 51[)(07i Xo+41(%): (1.9)

m’ m

We revisit now the basics of the theory of generalized functions ([45] p. 206
and following).

Definition 1.27 Let X be a set and F(X,R) be the collection of all real-valued
functions defined on X.
A subset U C F(X,R) of this set is a linear space if and only if

(a) 0 €U;
(b) if f,g€U, then f+g € lU;
(c)if feld andt € R, thentf e U.

Definition 1.28 A linear functional is a function ® : U — R, defined on a

linear space U, such that
(a) (0) = 0;
(b) ©(f+g) =2(f) + 2(g) for all f,g €U;
(c) D(tf) = tD(f) for all f €U and t € R.

Let ¢ be a fixed function on the real line, integrable over any finite inter-
val, and let f € C.(R,R), where C.(R,R) denotes the space of all continuous
functions f : R — R with compact support. Consider the linear functional

o0

f € CRR) — T,(f) = (¢, f) = / o(z) f(z)dz € R. (1.10)

— 00
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In this way we may identify the function ¢ as a linear functional defined on
C.(R,R).

The function f is said test function. The space of test functions, called the
test space, may be chosen in various other ways, depending on specific applica-
tions. For example, it might consist of all continuous functions with a compact
support, as above; however, it makes sense to require the test functions satisfy
rather stringent smoothness conditions whenever we want to differentiate them.
In the theory of generalized functions, the test space, denoted by K, is usually
chosen as the set of all functions f of compact support with continuous deriva-
tives of all orders (equivalently, the set of all infinitely differentiable functions).
Clearly K is a linear space.

In particular, the following notion of convergence in K is introduced.

Definition 1.29 A sequence {fm} of functions in K is said to converge to a
function f € K if

1. there exists an interval outside which all the functions f,, vanish;

2. the sequence { ff,]f)} of derivatives of order k converges uniformly on this
interval to f*) | for any k=0,1,2, .. ..

The linear space K equipped with this notion of convergence is called the test
space, and the functions in K are called test functions.

Definition 1.30 Fvery continuous linear functional T(f) on the test space K
is called a generalized function on (—oo,00), where continuity of T(f) means
that fu, — f in K implies T'(fm) — T(f).

However, there are many other linear functionals on K besides functionals
of the form (1.10); for example, the linear functional assigning to any function
f its value at the point x = 0. Generalized functions defined by locally inte-
grable functions are called regular, and all other generalized functions are called
singular (for example the Dirac delta function defined before).

Usually, a representation of the form (1.10) is given to all generalized func-
tions, even in the singular case, where such integrals have to be understood as
an extension of the Lebesgue integral, that is, not as usual Lebesgue integrals,
but as a formal representation of the linear functional T

Addition of generalized functions and multiplication of generalized functions
by real numbers are defined in the same way as for linear functionals in general.

Definition 1.31 A sequence of generalized functions T,, is said to converge to
a generalized function T if T,(f) — T(f) for every f € K.

In other words, convergence of generalized functions is just the weak* conver-
b
gence of continuous linear functionals on K.

Note that generalized functions are particular linear functionals, and it is

well known that integration with respect to a fixed measure is “linear”. In the
following we will consider linear functionals defined by measures, according to
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the usual identification by Riesz Representation Theorem, so that we will regard
them as generalized functions on the usual test space C, in order to interpret
them as the “generalized density” of the associated measure, with respect to
the usual Lebesgue measure (see Chapter 2).

1.4 Random closed sets

Throughout this section we refer to [49, 52, 53].

Roughly speaking, a random closed set is a random element in the space of all
closed subsets of a basic setting space X.

Let X be a locally compact, Hausdorff, and separable space (i.e. each point in
X admits a compact neighborhood, and the topology of X admits a countable
base). We denote by F the class of the closed subsets in X', and by Fp the class
of the closed sets hitting B, and by FZ the complementary class:

Fp:={F €F : FNB # (},

FB.={FecF: FNB=0}

The space F is topologized by the topology op, generated by the two families
FX . with K compact subset of X, and F, with G open subset of X.

It can be proved (see [49], p.3) that the space F is compact, Hausdorff, and
separable.

Definition 1.32 A random closed set (RACS) © is a measurable map
0:(Q,F,P) — (F,op).

The measurability of such a map © is guaranteed if
{w:BOW)NK #A0}eF (1.11)

for all compact set K (see [49]). This means that, observing a realization of ©,
we can always say if © hits or misses a given compact set K.

Note that © is a function whose values are closed sets. Such functions are a
usual object of set-valued analysis. For instance, the measurability condition
(1.11) coincides with the condition of measurability of set-valued functions, that
we remind briefly (see [9], p.307):

Definition 1.33 Consider a measurable space (X,X), a complete separable
metric space Y, and a set-valued map F : X — Y with closed images.

The map F is called measurable if the inverse image of each open set is a
measurable set: for every open subset O CY, we have

FHO):={zecX : F)NnO #0} € X.

We will deal with random closed set in the Euclidean space R?. Here are
several examples of random closed sets: random points and point processes,
random spheres and balls, etc.
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The definition ensures that many functional f(©) are measurable, i.e. they
become random variables. For instance, the d-dimensional Lebesgue measure of
0, v%(0), is a measurable functional. The same is true for the surface area (if
it is well defined), and many other functionals known for convex geometry (see
62]).

Measurability of some set-theoretic operations can be deduced from topo-
logical properties (the so called semicontinuity) of related maps.

For instance, if © and Z are random closed sets, then © UZ, © NZ and 9O are
random closed sets.

Definition 1.34 We say that a random closed set © has Hausdorff dimension
s if dimyO(w) = s for P-a.e. w € Q.

Note that a random variable is a particular case of a random closed set with 0
Hausdorff dimension.

1.4.1 Capacity functionals and Choquet Theorem

The distribution of a random closed set © is described by the corresponding
probability measure P on op. Fortunately, P is determined by its values on Fg
for K running through the class K¢ of compacts in R?, only.

It well known that the probability law of an ordinary random variable is entirely
determined if the corresponding distribution function is given. In the case of a
random closed set, there exists a very similar notion.

Let © be a random closed set associated with a probability law on op. For any
K € K let To(K) be equal to P(Kg), i.e

To(K)=P(Kg) =P({w : O(W)NK #0}), KKk

Definition 1.35 The functional To is said to be the capacity (or hitting) func-
tional of ©.

Considered as a function on K¢, the capacity functional Te is an alternating
Choquet capacity of infinite order, i.e. it satisfies the following properties:

(T1) Te(0) = 0;

(T2) To(K,) < To(Ks) if K1 C K, so that Tg is a monotone functional;
(

(

)
T3) Te is upper semi-continuous on K%, i.e. To(K,) | To(K) as K, | K;
)

T4) the following functionals recurrently defined by
Sl(Ko,K> = T@(K()UK)fTe(Ko)
Sn(KO;Kla"'aKn) = Sn—l(KO;K1>"'7Kn—1)

— n—l(KO U Kn;Kla .. -7Kn—1)

are non-negative for all n > 0 and Ko, K1, ..., K, € K%
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Note that the value of S, (Ko; K1,...,K,) is equal to the probability that ©
misses Ky, but hits Ky,..., K,

The properties of Tg resemble those of distribution function. Property (T3) is
the same as right-continuity, and (T2) is the extension of the notion of mono-
tonicity. However, in contrast to measures, the functional Tg is not additive,
but only subadditive, i.e.

To(K1 UKy) <Te(K1)+ To(K?)
for all compact sets Ky and Ks.

Remark 1.36 If © = X is a random point in R%, then Tx (K) = P(X € K) is
the probability distribution of X. Besides, it can be proven that the capacity
functional Ty is additive if and only if © is a random singleton.

The following theorem establishes one-to-one correspondence between Cho-
quet capacities and distributions of random closed sets.

Theorem 1.37 (Choquet) Let T be a functional on K. Then there erists a
(necessarily unique) probability P on oy satisfying

P(Fx)=T(K), Kekd,

if and only if T is an alternating Choquet capacity of infinite order such that
0<T(K)<1andT(®) =0.

Thus, the capacity functional determines uniquely the distribution of a ran-
dom closed set. It plays in the theory of random sets the same role as the
distribution function in classical probability theory.

Remark 1.38 Generally speaking, the family of all compact sets is too large,
which makes it difficult to define T (K) for all K € K% In this connection,
an important problem arises to reduce the class of test sets needed. That is to
say, is the distribution of a random closed set determined by the values T'(K),
K € M, for a certain class M C K?? In general, it can be proved that the
distribution of a random closed set is determined by the values of its capacity
functional on the class of all finite unions of balls of positive radii, or the class
of all finite unions of parallelepipeds.

1.4.2 Stationary and isotropic random closed sets

Definition 1.39 A random closed set © is said to be stationary if © has the
same distribution as © + a for all a € RY.

By Choquet Theorem, © is stationary if and only if To(K) is translation-
invariant.

Definition 1.40 A random closed set © is said to be isotropic if © has the
same distribution as r© for all rotation r.
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Let © be a random closed set in R?. Fubini’s theorem implies that, for a general
o-finite measure p (for example the d-dimensional Lebesgue measure), u(0) is
a random variable, and

Blu(©)] = [ Ple < Ou(x) (1.12)
Note that, if © is stationary, then P(z € ©) does not depend on z and is equal
to P(0 € ©). By (1.12, for any W € K¢,

Elp(©@nW)] =P(0 € ©)u(W).

The constant E[p(© N W)]/u(W) = P(0 € O) is called the volume fraction of
O; it characterizes the part of volume covered by ©.

1.4.3 Weak convergence of random closed sets

Weak convergence of random closed sets is a particular case of weak convergence
of probability measures, since a random closed set is associated with a certain
probability measure on og. (For further details see e.g. [52].)

Definition 1.41 A sequence of random closed sets ©,,, n > 1, is said to con-
verge weakly if the corresponding probability measures P,, n > 1, converge
weakly in the usual sense; namely,

lim P(U) = P(U) (1.13)

n—oo

for each U € of such that P(OU) = 0, for the boundary of U with respect to the
hit-or-miss topology (i.e. U is a continuity set for the limiting measure).

To check (1.13) for all U € oy is rather difficult, but it has been proved (see [52]
and references therein) that a reduction is possible, by letting U to be equal to
Fg for K running through K¢. In particular, the class Fg is a continuity set
for the limiting measure if

P(Fx) = P(Fink)-

In other words,
PONK #0,0NintK =) =0, (1.14)

for the corresponding limiting random set ©.
In terms of the limiting capacity functional T, denoting by

To(intK) := sup{Te(K’') : K' € K¢ K' C intK},

the class of compact sets satisfying (1.14) is denoted by Sr, and it is easy to
see that
Sr{K € K¢ : To(K) = To(intK)}.

It follows that the pointwise convergence of capacity functionals on Sy im-
plies the weak convergence of the corresponding probability measures on op:

Proposition 1.42 The sequence of random closed sets ©,, converges to © if
To,(K) =To(K)

for each K belonging to St.
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1.5 Point processes

1.5.1 General definitions

Throughout this Section we refer to [28, 41, 46].

Roughly speaking, a point process in a space R? is a random distribution of
points in R4. A point process can be described in two equivalent ways: as
random counting measure, and as random closed set.

Point processes as random measures

Let M be the set of all locally finite measures p on (R?, Bga). Denote by M
the smallest o-algebra on M such that all the maps

weEM — u(A)eR VA€ Bga
are measurable; i.e. it is the g-algebra containing all sets of the type
{neM : u(A) € B with A € Bra, B € Bgr}. (1.15)

If u(A) € N for any A, then p is said counting measure; further, it is said simple
if p({z}) <1 Vo eR4

Let N be the set of all counting measures, and N be the associated o-algebra
as in (1.15).

Definition 1.43 Let (Q, F,P) be a probability space.
e A random measure on R is a measurable map M : (Q, F,P) — (M, M).
e A point process in R? is a measurable map ® : (Q, F,P) — (N, N).

Thus, point processes are particular random measures, and they may be written

+oo
P = E EX;»
i=1

(where ¢ is the Dirac measure, X; : (Q,F) — (R%, Bga) is a random vector,
1 € N), or, explicitly:

in the form:

+oo
(A,w) =Y ex,w)(A)  VAE Bpa.
1=1

Note that
o for any fixed A € Bga, P(A,-) is a discrete random variable;
e for any fixed w € Q, ®(-,w) is a measure on Bya.

Notation: in the following we will write ®(A) instead of ®(A,w), and we will
consider only simple processes.
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Point processes as random closed sets
Let S be the set of all sequences ¢ = {, }nen in R? such that:

(i) @ is locally finite, i.e. any bounded subset of R? contains finitely many
points of ;

(ii) ¢ is simple, i.e. x; # x; Vi # j.
Denote by S the smallest o-algebra containing the family
S:={Sp.| B € Bga,s € {1,2,..}}
where Sp s :={¢ € S| card(p N B) = s} (card stands for cardinality).

Definition 1.44 A point process on R is a measurable map

o (Q,F,P)— (S5,S).
Thus, a point process can be seen as a random sequence of point in R?, and so
as a random closed set of null dimension.

Equivalence of the two definitions

There exists an one-to-one correspondence between N and S, which allows to
identify counting measures and sequences of point in RZ.
The bijection is given by the function card as follows:

card(pN A) = card(P(A,w)) = p(A)

where ¢ € S and p € N are the realizations in w of ®, as sequence of points in
R?, and as counting measure, respectively.

It will be clear by the context when ® is regarded as counting measure or random
closed set.

1.5.2 Distribution of a point process

As random measure, a point process @ : (Q, F,P) — (N, N) induces a distribu-
tion P on (N, ) such that
PY)=P@cY)=PlweQ: dw)cY}), YeN.

As random closed set, a point process ® : (,F,P) — (S5,S) induces a
distribution P on (S,S) such that

PY)=P@cY)=P{weQ: dw)eY}), YeS.

The one-to-one correspondence between N and S puts in the same relation
P and P.
It can be shown [28] that the distribution of a random measure £ is completely
determined by its finite-dimensional distributions, i.e. by the joint distributions,
for all finite families of bounded Borel sets By, ..., By, of the random variables
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§(B1), ..., &(Bk).
For a point process ® they are the probabilities of type

P(®(B;) =ny,...,P(By) = ng),

where nq,...,ny are nonnegative integer.
A particular case of finite-dimensional distributions is given by the socalled
void probabilities

vg = P{peS:cardlpn B)=0})
= P{weQ:®w)NB=0})
- P®(B)=0)
with B € Bga.

Remark 1.45 If a point process is simple, then its distribution is completely
specifies by the values vy, with K running through the class K of compacts
in R?. Such a characterization may be obtained by regarding ® as a random
closed set in R? and then applying the Choquet Theorem.

Since a point process is a particular random closed set, definitions of stationary
and isotropic point processes follow immediately by Definitions 1.39 and 1.40.
1.5.3 Moment measures

While moments of a random variable are real numbers, moments of a point
process are measures.

Definition 1.46 The n-moment measure of a point process ® is the measure
w™ on Bgna so defined:

flag, ..., mn)u(") (d(z1,...,2n))

/S Z fz1,...,2,)P(dp)

Rrd T1,..,Tn €Y
= E Z fxe,. . xn)
T1,..,Tn €P

where f is a nonnegative measurable function on R™®.

Remark 1.47 If f is the characteristic function of the set By X - - - x B,,, where
By, ..., B, are Borel subsets of R?, we have that

p™(By x -+ x By) 1p,(21)---1p,(zn)

I
M

if in particular By = ... = B,, = B, then



Therefore p(™) allows to obtain the n-th moment of the random variable ®(B).
Moreover, if ® is stationary, then the moment measures are translation invariant,
i.e.

p™(By x -+ x By) = p"™((By +x) x -+ x (Bp + 1)) VoeR
An important particular case is given by n = 1.

Definition 1.48 The first moment measure of a point process ® is called in-
tensity measure.

Denoted by A the intensity measure of ®, by definition it is the measure on Bga
so defined:

A(B) = E(B(B)) = / (B)P(dy).

Thus, A(B) is the mean number of points of ® in B.
Further, in accordance with Definition 1.46, for any nonnegative measurable
function f on R?, by Fubini’s theorem, it follows that

E </ fd<I>> E (Z f(x))

zed

/ 3 f(2)P(dg)

TEP

[ [ f@etanpae) = [ s,

It is clear that, if ® is stationary, then A is translation invariant. In such a case
we known that there exists a positive constant A, said intensity of the point
process @, so that A = Ayy.

1.5.4 Particular examples of point processes
Point processes on the real line

A point process ® on R may be taken to model a process of arrival times t;
(times in which certain events occur); so, in general, ® is supposed to assume
only nonnegative values.

Such a process can be described in four equivalent ways. The first one is common
to every point process, as we have seen in the previous sections; the others follows
by the ordering property of R:

i) As counting measure.
O(A)=#{i:t; € A} A € Bg.

ii) As integer-valued increasing step-function.
This description follows by regarding ® as function on R, , rather than as set-
function ®(A). So we may define

o(t) = o([0, ]) (1.16)
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with ®(0) := 0. Note that ®(t) is a step-function, with unit jumps, and @ is
also called counting process.

If the process assumes only positive values, then it is natural to interpret points
t; as arrival times. Otherwise we may extend (1.16) in the following way:

o((0, 1)) (t > 0)
B(t)=1{ 0 (t = 0)
—o((£,0)) (t < 0)

®(t) is again a right-continuous and integer-valued function.
Further, ®(¢) determines ®(A) for any Borel set A, and so it describes the point
process by a step function.
iii) As sequence of points.
By setting
ti=inf{t>0:®(t) >i} (i=12,...), (1.17)

we have the following relation:
L, <t & ®O)>i

Thus, a sequence of points {¢;} specifies the function ®(¢), and so the point
process ®. If & assumes also negative values, it is possible to extend (1.17) in a
similar way as in ii):

t; = inf{t: ®(t) > i}
_ { inf{t > 0: ®((0,¢]) > ¢} (i=1,2,...)
=\ —if{t>0:B((—t,0)) > —i +1} (i=0,-1,...)

Note that ti S ti+1 Vi.

iv) As sequence of intervals.
By setting
T =t —ti-1,
where {¢;} is the sequence of points defined in iii), the point process ® is entirely
specified by the sequence of intervals {;}.

Remark 1.49 If @ is stationary with intensity A, we know that its intensity
measure A is given by Av!. In particular the constant A can be determined by

) = Jig 220 > 0)
h10 h

the following limit

(1.18)
Note that (1.18) is equivalent to say that

P(®(t,t 4+ h] >0) = P(at least an arrival in (¢,¢ + h])
= Mi+o(h) (h]0).

Let ®; := ®([0,t]) be the counting process associated to a point process ®
on Ry. We said that it denotes the number of events which occur up to time
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t. The available information at time t are described by a sub-c-algebra H; of
F; thus we have an increasing family of o-algebras H = {H;, 0 <t < oo}, i.e.
Hs C H; for any s < t. The filtration H is said history of the process if ®; is
H,-measurable for any 0 <t < oo, i.e. {®,} is adapted to H.

The natural filtration Z = {Z;, 0 < t < oo}, where Z; is the o-algebra gener-
ated by {®; : s < t}, is said internal history of the process and it is the smallest
o-algebra which makes ¢ adapted.

We recall that if M is such that H; = (1,5, Hs Vs, then it is said to be right
continuous.

Note that, since a counting process is right continuous and locally finite, neces-
sarily its internal history is right continuous.

Definition 1.50 The sub-o-algebra of Br, ® F generated by the sets
(s, t] x U con s<t e Ué€MHs;
is called predictable o-algebra of H.

Definition 1.51 A process ¥ is said to be H-predictable if it is measurable
with respect to the predictable o-algebra of H, as function on R x Q.

Notation: H_y = {H;_},
where Ho— = Ho and H;_ = limsup,, Hs = /., Hs.

Theorem 1.52 [28] A H-predictable process is H_y-adapted.

We recall that if (2, F,P) is a probability space, H is a filtration on (2, F)
and {¥,;}o<t<oo is a process H-adapted, such that E(|¥;|) < co V¢, then ¥ is
said H-martingale if

E(U; | Hs) =T as. for 0<s<t<oo
(sub-, super- martingale if >, < respectively ).

Definition 1.53 Let ® be a point process on RT and H = {H;} be a filtration
such that:

i) H is complete and right continuous;
i) Iy CHy YVt (i.e. ® H-adapted);
iii) E(P;) < oo V.

The compensator of ® with respect to His a random measure A on RT such
that:

1. {A;} is H-predictable;

2. for any H-predictable process C > 0

([ ) -5 " ew
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(For a proof of existence and uniqueness of A, see [46]).

By hypotheses ii) and iii) of Definition 1.53, and since the process @, is not
decreasing, it follows that it is a submartingale with respect to H. By Doob-
Meyer decomposition theorem, the compensator A is given by a predictable
process such that the process M, := ®; — A; is a zero-mean martingale.

As a consequence, we have that, for any U € H,,

E(®; — @5 U) =E(4A; — As; U) (1.19)

Since A; is H;_-measurable, then (1.19) may be so interpreted in infinitesimal
terms:

dA; = E(d®; | H,_) (1.20)

(where dA; = Ay — Ay_qt = Ay — A;—, and the infinitesimal increment dt is
positive).

As random measure on R*, the compensator may be absolutely continuous
with respect to the Lebesgue measure. In such a case its density is said stochastic
intensity:

Definition 1.54 A positive predictable process A = {\;} such that

t
Atz/ Asds
0

is the compensator of ® is said stochastic intensity of ®.

By dA; = \dt and (1.20), and remembering that ® is simple, we have the
following interpretation of A\; as the rate of occurring of a new event:

Aedt = E(d®; |Hy_) = P(d®; = 1| H;_) = P(dD; > 0| He).

Poisson point process

The Poisson point process is the most fundamental example of a point process.
It is characterized by a deterministic continuous compensator.

Definition 1.55 (Poisson process) Let A be a Radon measure on RY. A
point process ® on R? is called a Poisson point process with intensity measure

A if

i) whenever Ay, ..., Ay € Bra are disjoint, the random variables ®(Ay), ..., P(Ax)
are independent;

it) for each A € Bgra and k > 0,

P(®(A) = k) = e—A<A)LA)k. (1.21)

(By convention, ®(A) = oo a.s. if A(A) = 0.)
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In particular it follows that

P(®(dz) =0) = 1— A(dz)+ o(A(dz))
P(®(dz) = 1) A(dx) 4 o(A(dx))
P(®(dz) > 1) = o(A(dz)).

We may notice that, by (1.21), the process ® is not stationary in general.

If A is absolutely continuous with respect to v with density A € R, then ®
is said to be a homogeneous Poisson point process with intensity A; in this case
® is stationary and isotropic, and A represents the mean number of points per
unit volume.

Definition 1.56 A random point X is said to be uniformly distributed in a
compact set W C R if, for any Borel set B C W,

va(B)
Pz € B) = .
A point process @%,3) given by n independent points x1,...,x, uniformly dis-

tributed in W is called binomial point process with n points.

It follows that, if B C W, then <I>(V$)(B) is a random variable with Binomial
distribution B(np(B)), with p(B) = 242\

It is easy to prove that if ® is a stationary Poisson point process, then its
restriction to a compact set W, with the condition that ®(W) = n, is a binomial

point process with n points.

Now let us consider the particular case of a Poisson point process on R .
We recall that a point process ® on R, is said to have independent increments if
([0, s]) and ®((s,t]) are independent for all s,¢t € Ry with s < ¢. In particular
the following assertions are equivalent:

(i) the point process ® as independent increments;

(ii) for all & € N and mutually disjoint sets By,..., By € Bg,, the random
variables ®(By), ..., ®(By) are independent;

(iii) for all & € N and mutually disjoint sets Bi,..., B, € Bg,, the point

processes ®p,,...,Pp, are independent.

k

Thus, by Definition 1.55, it follows that a Poisson point process ® on R, has
independent increment.
A continuous intensity measure and the independence of increment characterize
a Poisson point process:

Proposition 1.57 ® is a Poisson point process with intensity measure A if and
only if ® has independent increments and A({t}) = 0 Vt € RT.

By (1.20) it follows that the compensator of a point process with independent
increments is deterministic. In particular the following theorem holds.
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Theorem 1.58 [/6] A point process ® has independent increments if and only
if it has a deterministic compensator given by the intensity measure A.

As a corollary of the previous theorem, we have that any stationary point pro-
cess with independent increment is a Poisson point process, since the intensity
measure of a stationary point process is necessarily continuous.

Summarizing, ® is a Poisson point process if one of the following condition is
satisfied:

e ® has a continuous and deterministic compensator;
e ® has independent increment and continuous intensity measure ;

e & has continuous intensity measure A and for any bounded Borel set A
the void probabilities of the process are given by

P(®(A) =0) = e M.

1.5.5 Marked point processes

Definition 1.59 A marked point process (MPP) ® on R? with marks in a
complete separable metric space K is a point process on R* x K with the prop-
erty that the marginal process (or nonmarked process, or underlying process)
{®(B x K) : B € Bra} is a point process.

Note that, by definition, it follows that a point process on a product space is
not a marked point process, in general.

Thus, let P = >.; €x; be a point process on R?; a marked point process with
underlying process P is any point process on R? x K

=) ex,z)- (1.22)
K is said mark space, while the random element Z; of K is the mark associated
to Xz

Definition 1.60 A marked point process ® = {(X,; Z,)} is stationary if Vy €
RY the translated process ®, = {(X,, + y; Zn)} has the same distribution of ®.

As a consequence, if a marked point process is stationary, than it is so also the
marginal process.

Definition 1.61 (Independent marking) Let ® be a point process on R?
and let Z; be independent and identically distributed (IID) random elements of
K, such that ® and {Z;} are independent. Then the marked point process @ as
in (1.22) is said to be obtained from ® by independent marking.

Note that, in general, a mark Z; does not only depend on X;, but also on the
history of the process or on other factors.
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Definition 1.62 (Position-dependent marking) A marked point process ® =
{(Xi,Z;)} such that the distribution of Z; depends only on X; is said to be ob-
tained by independent marking.

It is clear that ®(Bx L) represents the number of points which are in B € Bga
with marks in L € K.
Since a marked point process is a particular process on a product space, Defi-
nition 1.48 may be extended in a natural way as follows:

Definition 1.63 The intensity measure A of a marked point process ® on R?
with marks in K is the o-finite measure on Bra @ Bk so defined:

A(B x L) := E(®(B x L))

Thus, A(B x L) represents the mean number of points of ® in B with marks in
L.

Definition 1.64 (Kernel) [{6] Let (X, X) and (Y,Y) be measurable spaces.
A kernel from X toY is a mapping from X x Y into [0,00] such that

K (-, A) is measurable for all A€ Y,

K(x,-) is a measure on' Y for all x € X.
It is called stochastic (substochastic) if K(z,Y) =1 (< 1) for all z € X.

We remind that two measures p1 and us are equivalent if p1 < po and po << pg.
The following theorem is a generalization of the Radon-Nikodym theorem.

Theorem 1.65 (Disintegration theorem) [/6] Let (Y,By) be a complete
separable metric space and let m be a o-finite measure on X X Y. Then there
exist a o-finite measure p on X equivalent to m(- x Y), and a o-finite kernel
K from X to Y such that

m(B) = // 1p(x,y)K(z, dy)u(dz) VB € Bx ® By (1.23)

and

[ t@mae <) = [ [ K ducs)

for any integrable function f.

If in particular m(- x Y) is o-finite, then one can choose p = m(-xY). In
that case K(x,Y) =1 for pu-a.e. x and the kernel K is uniquely determined by
(1.23) up to a set of m-measure zero.

Since the intensity measure A and the mark space K satisfy the above theorem,
we have that

A(d(z x y)) = A(d)Q(, dy),

where Q(z,-) turns to be a probability measure on the mark space, said mark
distribution at a point x.
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Remark 1.66 1. If @ is independent of z, then A is a product measure on
R? x K; so
A=AR®Q,

and @ is called mark distribution. (For example when @ is independent
marking, or when it is stationary.)

2. If ® is stationary, then the underlying process ® is stationary as well, and
A='®Q,

where ) is the intensity of ®.

Moreover, by stationarity it follows that A(-x L), L € Bk is translational
invariant; thus there exists a positive constant Ay, called intensity of ®
with respect to L such that A(- x L) = Apve(-).

Let ® = {(T,, Z,}) be a marked point process on Ry with mark space
(K, Bk). Since T,, may represent the occurring time of a certain event, while
the mark Z,, the associated information, then ® may be taken as model for a
stochastic system which evolves in time. Thus, for any ¢t € Ry and L € Bk,

(L) =Y 1(Tn)1L(Zn)
n=1

is the number of events during [0, ¢], with marks in L.
If we set
T, :=0(Ps(L) : 0<s<t, LeBK)),

then Z = {Z, : t > 0} is a filtration and it represents the internal history of the
process.

Theorem 1.67 [/1] Let ® be a marked point process such that the underlying
process ® satisfies the hypotheses of Definition 1.53.
Then there exists a random measure A on RT x K such that

a) for any L € Bk, the process A:(L) = A([0,t] x L) is predictable;

b) for any nonnegative predictable process C,

#(Loc) == (o)

If {H;} is a filtration representing the history of the process, the {H; }-predictable
random measure A is called compensator of ® and, VL € Bk, M;(L) :=
®,(L) — A4(L) is a zero mean martingale.

We may notice that

E(®(dt x dz)) = E(A(dt x dz)) = A(dt x dz).

Further, if A and A are the compensator of ® and ®, respectively, then A(- x
K) = A. Tt can be shown that A of ® can be factorized as follows:

A(dt x dz) = K (t,dz) A(dt), (1.24)
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where K is a {H; }-predictable stochastic kernel from Q@ xR to K. In particular
we have that
K(t,B) =P(Z; € B|®(dt) = 1, H,_);

i.e. K(t,-) represents the conditional probability distribution of a mark, given
the history of the process and given that the associated point is born at time ¢.

Remark 1.68 If ® is a position-dependent marking, then K does not depend
on H;_, and so K is not random. In fact, in this case, it is a kernel from R, to
K, and

P(Z,, € dz|®) = K(T,,,dx)
The marked point process @ is also called a position-dependent K-marking of
P.

The kernel K is not random also for an independent marking process:

Theorem 1.69 Let ® = {(T},, Z,)} be an independent marking marked point
process on RY with internal history {Z;} and let Q the mark distribution Q . If
® = {T,} is the underlying process with compensator A, then

A(dt x dz) = A(dt)Q(dx)
is the compensator of ® with respect to T.
Note that if ® is stationary, then the marks are independent of @, and it
easily follows that Q(-) = E[K(-)].
Poisson marked point process on R

Definition 1.70 (Marked Poisson process) ([46/, p. 18) Let K be a stochas-
tic kernel form Ry to K and ® a position-dependent K-marking of a Poisson
process P = ®(- x K) with continuous and locally bounded intensity measure
A. Then ® is called a marked Poisson process.

The name marked Poisson process is due to the fact that

P(®(A) =n) = Al4) A neN, AeRyxK,

where

A(d(t, z)) == K(t,dz)A(dt).

Since the kernel K in (1.24) associated to a position-dependent marked point
process @ is deterministic (see Remark 1.68), then it follows that the compen-
sator of ® is deterministic if and only if the compensator of the underlying
process is deterministic. As a consequence, we have that a Poisson marked
point process has a deterministic compensator (which coincides with the inten-
sity measure A of the process).

Finally, if a Poisson marked point process ® is stationary with mark distri-
bution @, then we know that its intensity measure A is of the type AdtQ(dz),
with A € R;. In particular, the following theorem holds:
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Theorem 1.71 [38] Let ® be a marked point process on Ry with deterministic
compensator A(dt x dz). Then ® is a stationary marked Poisson process if

and only if there exists a o-finite measure p(dx) on the mark space such that
A(dt x da) = dtu(dz).
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Chapter 2

Densities as linear
functionals

In the previous chapter we have introduced the concept of density of a subset of
R? and of density of a measure, together to the notion of rectifiability of a set,
which gives information about the “regularity” of the set. Moreover we have
observed that the usual Dirac delta function dy, associated to a point X, € R?
may be seen as a singular generalized function, which, in a certain sense, play
the role of the density of the counting measure H%(X, N -), associated to Xo.
It is clear that any sufficiently regular subset S of R? may induce a Radon
measure on R%, and so it can be defined a linear functional associated to S,
acting in a similar way to the Dirac delta of a point Xj.

In this chapter we wish to introduce a Delta formalism, & la Dirac, for the
description of random measures associated with random closed sets of lower
dimensions with respect to the environment space R? which will provide a
natural framework in several applications, as we will see in the sequel (see
[26, 24]).

If ©,, is almost surely a set of locally finite n-dimensional Hausdorff measure,
then it induces a random measure pe, defined by

e, (A) :==H"(©, N A4), A € Bga.

It is clear that, if n < d and e, (.) is @ Radon measure for almost every w € €2,
then it is singular with respect to the d-dimensional Lebesgue measure v%
so its usual Radon-Nikodym derivative is zero almost everywhere. On the other
hand, in dependence of the probability law of ©,,, the expected measure

, and

Elne,)(4) = E[H"(0, N A), A€ By

may be either singular or absolutely continuous with respect to v¢.

As a consequence, it seems to arise the problem of introducing a notion of
generalized Radon-Nikodym derivative of the measure E[ug, ], which we will
denote by E[dg, ], i.e. a generalized function (a continuous linear functional
on a suitable test space; see Section 1.3), in a similar way as the usual Dirac
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delta dx, of a point Xy. That is, formally, we might write [, E[de,](z)dz :=
E[H" (0, N A)]. In the case E[ue,] turns to be absolutely continuous with
respect to 1%, E[dg, ] is the usual Radon-Nikodym derivative.

Further, as we may express the usual Dirac delta function in terms of a suitable
approximating sequence of classical functions, we will show that it is possible
to approximate E[dg, | by sequences of classical functions.

2.1 The deterministic case

An important link between Radon measures and linear functionals is given by
the Riesz Theorem [29], p.49:

Theorem 2.1 (Riesz Representation Theorem) Let L : C.(RY, R™) — R
be a linear functional satisfying

sup{L(f) | f € Cc(R",R™), |f| <1, spt(f) C K} < o0

for each compact set K C R? (spt(f) denotes the support of f).
Then there exists a Radon measure ;1 on R and a p-measurable function o :
R? — R™ such that

(i) lo(x)| =1 for p-a.e. x,
(”) L(f) = fRd frodp
for all f € C.(RER™).

As a consequence, we have that if L : C,(R%,R) — R is a nonnegative linear
and continuous functional, then there exists a unique positive Radon measure
p on R? such that

L(f) :/Rdfd“ Vf € C.(R%,R).

Thus, by Riesz Theorem, we may say that the space of the Radon measures
on RY is the dual of the Banach space C.(R?, R).
Accordingly, we have the following notion of weak convergence of measures:

Definition 2.2 Let p, pr (kK = 1,2,...) be Radon measures on R?. We say
that the measures p, weakly® converge to the measure p if

lim fduk:/ fdu  YfeC.(RYLR).
k—oo JRrd Rd

We remind now the well known criterion on weak® convergence of measures,
which will be useful in the following.

Theorem 2.3 Let u, py (k=1,2,...) be Radon measures on R:. The follow-
ing statements are equivalent:

@ Jin [ fdw= [ raw viecrm.
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(ii) limsup g (K) < u(K) for each compact set K C RY.

k—o0

(iii) w(U) < likm inf py,(U) for each open set U C RY.
—00
(iv) klim ur(B) = u(B) for each bounded Borel set B C RY with u(0B) = 0.

We know (Section 1.1) that, given a positive Radon measure p on R?, by
the Besicovitch derivation theorem we have that the limit
T M(B,,.(I))
Oplw) = N =
exists in R for v%a.e. = € R? and it is a version of the Radon-Nikodym
derivative of fi«, while jz is the restriction of p to the v%-negligible set {z €
R : §,(x) = oo}
According to Riesz Theorem, Radon measures in R% can be canonically identified
with linear and order preserving functionals on C.(R%,R). The identification is
provided by the integral operator, i.e.

wh) = [ fdn e CRLR),

If i < v?, it admits, as Radon-Nikodym density, a classical function 0, defined
almost everywhere in R?, so that

(wh) = [ f@h()e  VF e CRLR)

in the usual sense of Lebesgue integral.

If 4 L v, we may speak of a density d,, only in the sense of distributions (it is
almost everywhere trivial, but it is co on a set of v¥-measure zero). In this case
the symbol

f(@)ou()de == (u, f)
Rd

can still be adopted, provided the integral on the left hand side is understood
in a generalized sense, and not as a Lebesgue integral.

In either cases, from now on, we will denote by (d,, f) the quantity (u, f).
Accordingly, a sequence of measures p,, weakly* converges to a Radon measure
wif (8, , f) converges to (8, f) for any f € C.(R%,R).

In the previous chapter we saw the Dirac delta dx, at a point X, both as a
generalized function (Section 1.3), and as the generalized density of the Dirac
measure (Remark 1.5). More precisely, it is the continuous linear functional
associated to the Dirac measure €x,,.

Consider the simple case X € R.
As generalized function on the usual test space C.(R,R), we have

(6Xoa f) = f(XO)v fe CC(R?R); (21)

as “density” of the measure €x,, we have

/ F (@) (@) = / f@)ex,(dz) = f(Xo), € Cu(R.R).
R R
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It is clear that we may define the action of dx, for any function f: R — R, as
n (2.1), but the assumption f € C.(R,R) is necessary in order to guarantee the
continuity of dx, as functional, and to have dx, as limit of a sequence of linear
functionals.

For example, let Xy = 0 and consider the sequence of linear functionals 5(()m)
defined by

(60m f) = / F(@)om(2)da, (2.2)

where m
pm(z) =Sl 1 1)(2).

Note that ., (z) — do(z), and (6(()m),f) — (b0, f) for any f € C.(R,R), while,
if we choose g(z) = 19 4)(2), b > 0, then g & C.(R,R) and we have

m 1
(6o,9)=1  but (5 ),g)—>§.

Thus, for this particular function g, we should choose another suitable sequence
{om} (e.g. m(z) :=ml_1 1)(x)).

Let us notice also that (dg,g) = eo(A), where A = [0,b] C R, and 0 € 94, so
that 9(0A) # 0. It easily follows that the sequence of measures €ém) =

s(gm) (A) := /Acpm(x)d:r, A € By,

weakly* converge to the measure €y, and so it is clear the correspondence be-
tween the weak™® convergence of functionals 6(()7”) to dg, and the weak™ conver-
gence of measures 58”) to gg.

In order to extend such & la Dirac approach to any other dimension 0 < n <
d, we are going to consider a class of sufficiently regular random closed sets in

R? of integer dimension n < d.

Definition 2.4 (n-regular sets) Given an integer n € [0,d], we say that a
closed subset S of R% is n-regular, if it satisfies the following conditions:

(1) H"(S N Bg(0)) < oo for any R > 0;
H™(S N B,(x))

b,rm™

(ii) lir% =1 for H"-a.e. z € S.
Remark 2.5 Note that condition (ii) is related to a characterization of the
countable H"-rectifiability of the set S (see Section 1.2).

Let ©,, be a n-regular closed subset of R?. Then it follows that
(2.3)

lim
r—0 bn’f‘n

H'(©,NB.(z) [ 1 H™-a.e. v € O,

In fact, since ©F is open, Vo € ©,, Iry > 0 such that Vr < ry B,.(z) C OF, that
is H™(0©,, N B,.(x)) = 0 for all r < rg; thus the limit equals 0, Vz € 6¢.
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Observe that, for a general set A, problems about “H™-a.e.” and “V” arise
when we consider a point x € JA or singular. For example, if A is a closed
square in R?, for all point = on the edges

H*(ANB 1
i AN B@) _ 1
r—0 bQT‘Q 2
while for each of the four vertices the limit equals 1/4; notice that in both of
cases the set of such points has H2-measure 0.
As a consequence, for n < d, (by assuming 000 = 0), by (2.3) we also have:

H" (O, N B.(x)) H" (O, N By(x)) bpr™ { 00 H'-a.e. x € O,

li =1 =
rl—I% bgrd rl—rf%) bprn bgrd 0 Ve & 0,.

Note that in the particular case n = 0, with Oy = X point in R? (X, is indeed
a O-regular closed set),

H°(Xo N By(x)) _ { oo if z = X,

fim 0 if x # Xo;

r—0 byrd
Note that, if ©,, is an n-regular closed set in R? with n < d, then the Radon
measure

pe, () =H"(OnN")
is a singular measure with respect to v¢, and so (Dpe, )(x) = 0 v¥-a.e. x € R4,

But, in analogy with the Dirac delta function dx,(x) associated with a point
Xo € R?, we may introduce the following definition

Definition 2.6 We call dg,, the generalized density (or, briefly, the density)
associated with ©,, the quantity

So. (z) = lim 11On 0 Br(z))

lim o , (2.4)

finite or not.

In this way de, (z) can be considered as the generalized density (or the
generalized Radon-Nikodym derivative) of the measure pg, with respect to vy.
Note that, by definition, de, (z) = lim,_, =Bz

bdrd

Remark 2.7 In the case Oy = Xy, dx,(x) coincides with the well known delta
function at a point Xy, the (generalized) density of the singular Dirac measure
€x,- As the well known Dirac delta dx,(z) allows the localization of a mass
at point Xy, the delta function o, (x) allows the “localization” of the mass
associated to the n-regular closed set ©,,.

Now we are ready to show that for a n-regular set ©,,, the density dg, ()
can be seen as a linear functional (or as a generalized function) defined by the
measure (e, , in a similar way as for the classical delta function dx,(z) of a
point X described above.

Since, for n < d, de, takes only the values 0 and oo, it provides almost no
information of practical use on ©,, or even on pe,. This is not the case for
some natural approximations at the scale r of dg,, defined below.
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Definition 2.8 Let r > 0 and let ©,, be n-reqular. We set

(7‘) (LI?) — /’(‘@n(BT(x)) — Hn(@n mBT(I))
On ' de‘d bdrd

and, correspondingly, the associated measures ugz = 5(@? ve:

1S (B) ;:/ 03) (x)dz, B € Bga.
B

Identifying, as usual, measures with linear functionals on C.(R% R), ac-
cording to the functional notation introduced before in terms of the respective
densities, we may consider the linear functionals associated with the measures
ugi and pe, as follows:

650 = [ @) = [ f@)5S)w)a.

(0. f) = [ F(@ho, (da). (25)

for any f € C.(R%,R).
We may prove the following result.

Proposition 2.9 For all f € C.(R% R),

lim f(:z:),ugida: :/ f(@)pe, dz.
R4 Rd

r—0

Proof. Thanks to the quoted criterion on weak* convergence of measures on
metric spaces (Theorem 2.3), we may limit ourselves to prove that for any
bounded Borel A of R such that e, (9A) = 0, the following holds

lim ugi (A) = pe, (A).

r—0

It is clear that, for any fixed r > 0 and for any bounded fixed set A, there exists
a compact set K containing A such that H"(0,,NB,(z)) = H"(0,NKNB,(x))
for all x € A. Thus, we have

. T . Hn ®n ﬂBr X
lim N(@Z (4) = lim - 1A($)%

- }13%) /]Rd bgr ( 0.NK Lon() (W) (dy) | do
1 1
= lim </ "‘(I)BT(””)(y)Hn(dy)) dz;
R4 0,NK

r—0 byrd

dx

by exchanging the integrals and using the identity 15 (2)(y) = 15, (y)(2),

~ lim . (/Rd 1A(33)1B,-(y)($)dx> H (dy)

r—0 bd’]"d
vi(AN B,(y))
- 1 " (dy);
Tli% @an bdrd H ( y)?
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V(AN B, (y))

since
ded

< 1, and by hypothesis we know that H"(0,, N K) < oo,

:/ lim Vd(AmBr(y))Hn(dy);
©

nnE 70 bar?
YANB
by H"(©, N0A) =0, and lir% w =0 for all y € (closA)“,
r— ar
d(AN B,
= / lim V(—d(y))'H"(dy) =H"(0, NintA),
©,,NintA "0 bar
AN B,
since, by the Lebesgue density theorem (Theorem 1.6), lir% w =1
T— d
for every y € intA.
So, by the condition H"(©, N 90A) = 0, we conclude that
lim 18 (A) = po, (A). (2.6)
O

Notice that, in the case n = d, dg, is a classical function, and we will also
use the following well known fact:

5(52) (x) — dg,(x) as r — 0 for viae. € R

By the proposition above we may claim that the sequence of measures ,ugi

weakly* converges to the measure pg,; in other words, the sequence of linear

n

functionals 582 weakly* converges to the linear functional dg, , i.e.
(%, f) = lm(55). /) Vf € Ce(R",R). (2.7)
We may like to point out that the role of the sequence {¢,,(z)} for n = 0
in (1.9), is played here, for any n € {0,1,...,d}, by {H"(@nbﬁdBr(m))}, by
taking = 1/m. We notice that if n = 0 and Oy = Xy, then .
HO(XoNBo(z))  1p,(xo)(x)  lxo,, (7)

bd’l”d o de’d o bdrd ’
which is the usual “enlargement” of the point Xy by Minkowski addition with the
closed ball B,.(0) (see definition below); in the case d = 1 we have in particular
that

. 1
6,()(3 (x) = El[XO*ﬁXO‘FT] ($)7

in accordance with (1.9).

Definition 2.10 (Minkowski addition) The Minkowski addition A & B of
two subsets A and B of R? is the set so defined:

A®B:={a+b:ac A be B}
We denote by Ag, the Minkowski addition of a set A with the closed ball B,.(0),

i.e.

Ag, = {x € R? . dist(x, A) <7}
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Remark 2.11 The convergence result shown in Proposition 2.9 can also be
understood noticing that (5((;3 (x) is the convolution (e.g. [4]) of the measure

e, with the kernel
1
pr() =y Ls,0)()-

In analogy with the classical Dirac delta, we may regard the continuous linear
functional dg,, as a generalized function on the usual test space C.(R% R), and,
in accordance with the usual representation of distributions in the theory of
generalized functions, we formally write

y f(x)de, (z)dx = (de,, f)- (2.8)

By the weak convergence of 5&3 to de,,, if we rewrite (2.7) with the notation in
(2.8), we have a formal exchange of limit and integral

B  H™"(0,N B,(z))
o= [ g0y FEE TR

H™(©, N By (x))

by dx.

r—0

lim f(z)
R4

Further, we notice that the classical Dirac delta dx,(z) associated to a point
X, follows now as a particular case.

Remark 2.12 If O is a piecewise smooth surface S in R” (and so n-regular),
then, by the definition in (2.5), it follows that, for any test function f,

65.0) = [ 1w as
which is the definition of dg in [67] on page 33.

In terms of the above arguments, we may state that dg, () is the (general-

ized) density of the measure pg, , with respect to the usual Lebesgue measure

v? on R? and, formally, we may define

dpe,,

i (x) :=do,, (). (2.9)
Note that if n = d, then ug, is absolutely continuous with respect to v, and
dgﬁd (z) is the classical Radon-Nikodym derivative.

Finally, according to Riesz Theorem, the linear functional g, defines a mea-
sure on R?, and this is a way to construct the Lebesgue measure (see discussion
in Example 1.56 in [4]).

2.2 The stochastic case

We consider now random closed sets.

Definition 2.13 (Random n-regular sets) Given an integer n, with 0 <
n < d, we say that a random closed set ©,, in R? is n-regular, if it satisfies
the following conditions:
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(i) for almost all w € Q, ©,(w) is an n-reqular closed set in R%;
(i) E[H"(0,, N Br(0))] < co for any R > 0.

(For a discussion of the delicate issue of measurability of the random variables
H™"(©, N A), we refer to [11, 48, 68]).

Suppose now that ©,, is a random n-regular closed set in R%. By condition
(ii) the random measure

po, (1) ==H"(©rN")

is almost surely a Radon measure, and we may consider the corresponding
expected measure
Elpe,|(+) :=E[H"(©nN-)]. (2.10)

In this case dg, (x) is a random quantity, and de,, is a random linear functional
in the following sense:

Definition 2.14 Let (Q, F,P) be a probability space, and L(w) be a linear func-
tional on a suitable test space S for any w € Q.

We say that L is a random linear functional on S if and only if (L, s) is a real
random variable Vs € S; i.e.

VseS, VYV e B {we : (Lw),s) eV} CF.

Remark 2.15 The definition above is the analogous of the well known defi-
nition for Banach valued random variable. We recall the following definitions
(see, e.g., [7, 15]):

i) Let B be a separable Banach space with norm || - || and Borel o-algebra 5.
A B-valued random variable defined on (Q, F,P) is a F — B measurable
function.

It can be proved that X : (2, F) — (B, B) is a B-valued random variable
if and only if 2*(X) is a real random variable for every x* € B*.

ii) A B-valued random variable X is weakly integrable if x*(X) is integrable
for all * € B* and if there exists an element of B, denoted by E[X], such
that

E[lz*(X)] = =" (E[X]) Vz* € B”.

E[X] is called weak expectation of X, or expected value in the sense of
Pettis (or Gelfand-Pettis).

It can be proved that X is integrable if and only if X has a Bochner
expected value. (The interested reader may refer to [7]).

Note that, if we consider the application
L: (Q’]:,P) - (8*,83*)a

where &* is the dual of S (i.e. for any w € Q, L(w) is a continuous linear
functional on a space S), in general S* is not a separable Banach space and
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so we are not in the same situation described in Remark 2.15; even if S* is a
separable Banach space, we should be able to define s**(L) for any s** € §**.
In general S is not reflexive and we are directly interested in the action of L
on the elements of S; so it is clear that it is more natural to define a random
linear functional L as in Definition 2.14, and we consider L “as” a B-valued
random variable. (Note that in the case §* is a separable Banach space and S
is reflexive, the two definitions coincide).

Now, if L is a random linear functional on &, then it makes sense to compute
the expected value of the random variable (L, s) for any s € S:

E[(L, s)] = /Q (L(w), s) dP(w).
If for any s € S the random variable (L, s) is integrable, then the map
seS8S +— E[(L,s)] R

is well defined.

Hence, by extending the definition of expected value of a random operator
a la Pettis (or Gelfand-Pettis, [7, 14, 15]), we may define the expected linear
functional associated with L as follows (see [48]).

Definition 2.16 Let L be a random linear functional L on S.
If for any s € S the random wvariable (L, s) is integrable, then we define the
expected linear functional of L as the linear functional E[L] such that

(E[L],s) = E[(L, s)] Vs € S;
E[L] : S — R
s — (E[L],s) := /Q(L(w),s) dP(w).

Note that E[L] is well defined since (E[L],s) < oo for all s € S, and if s = r,
then (E[L],s) = (E[L],r). Besides, it easy to check the linearity of E[L]:

(E[LL as+ fr) = a(E[L]v S) + ﬁ(E[L]a ’I“).
for any o, € R and s,7r € S.

Remark 2.17 A well known example of linear functional on R™ is the scalar
product by a fixed vector.

So, let us consider a random vector L = (Lq,...,L,) € R™; then L defines a
random linear functional by:

(L,v) := ZLﬂm veR™
i=1

It is well known that E[L] is defined as the vector with components the expected
values E[L;] of the components of L. This agrees with our definition of E[L] as
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functional; in fact we have that E[L] is again an element of R™ and in accordance
with Definition 2.16,

n

(E[L],v) = Y E[L;Jv; =&

=1

= E[(L,v)].

n
g L;v;
i=1

Let us now come back to consider the random linear functional dg,,, associ-
ated with an n-regular random closed set ©,,. We have

w e (Qvfa P) — 56n(w) = 5@n(w),

and, for any f € C.(R% R), (do,,f) is an integrable random variable, since
certainly an M € R exists such that |f(z)| < M for any z in the support E of
f, and by hypothesis we know that E[H"(©, N E)] < co.
As before, for the measurability of (de, , f) we refer to [11, 68].
Thus, by Definition 2.16, we may define the expected linear functional E[de, |
on C.(R% R) by

(Elbe,] f) i= El(b,., /)] (2.11)

Remark 2.18 By condition (ii) in Definition 2.13, the expected measure E[ue, ]
is a Radon measure in R?; as usual, we may consider the associated linear func-
tional as follows:

Gourf)i= [ f@EloJdo).  [ECRIR).  (212)

We show that E[de,] = de, .

Proposition 2.19 The linear functionals E[de, | and de, defined in (2.11) and
(2.12), respectively, are equivalent.

Proof. Let us consider a function f € C.(R? R). By definition (2.12) we have
) k
Ve, f) = klir&;ajE[H (©n N Aj)],

where fi = Z§:1 ajla,, k=1,2,..., is, as usual, a sequence of simple functions
converging to f. (Note that the limit does not depend on the chosen approxi-
mating sequence of simple function, and the convergence is uniform.)

For any £k,
k

Fy = Z(IJHTL(@“ N Aj)
j=1

is a random variable, and limj_,o, Fi, = (do,,, f)-
Consider the sequence {F})}. We know that an M € R exists such that |f] < M,
and so |aj| < M Vj; besides, since A; is a partition of the support E of f, it
follows that V&

k

F, <MY H"©,NA4;)=MH"(0,nE).

Jj=1
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By hypothesis E[H"(©,, N E)] < oo, so that the Dominated Convergence Theo-
rem implies the following chain of equalities:

Goh) = [ F@Blio,)do)
k

— kli_)noloz;ajE[H"(@n N A;j)]
J]=

k
= limE ZlajH”(@nmAj)
iz

k
= E knixolozlajﬂn(@nmAj)
iz

|
Remark 2.20 Equivalently, by the Riesz duality between continuous functions

and Radon measures, the linear functional E[dg, ] corresponds to a Radon mea-
sure, say fin, which satisfies by (2.11)

E[(de,, f)] = . f(@)in(dz)  Yf € C.(RYLR). (2.13)

By approximating characteristic functions of bounded open sets by C. functions,
from (2.13), we get
E[H"(©n N A)] = E[pe,](A)

for any bounded open set A. A simple application of Dynkin’s lemma then
gives that the identity above holds for all bounded Borel sets A, and provides
an alternative possible definition of the expected measure.

As in the deterministic case, we may define the mean generalized density
E[do,](z) of E[ue,] by the following formal integral representation:

/A Efdo, |(x)dz := E[H"(0, N A)],

with

Further, we can provide approximations of mean densities at the scale r, as in
the deterministic case.

Let us define E[H™(©, N B,(z))]
T " n it
E[6)](z) i e 7 (2.14)

and denote by E[u(@?] the measure with density the function E[égj](aj), with

respect to the Lebesgue measure v%.
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()] ()]7

Let us introduce the linear functional E[dg ] associated with the measure E[u

as follows:
D= [ F@ERSIE), 1 eCreR)

By the same arguments as in the deterministic case, we now show that the
measures E[Ngi] weakly* converge to the measure E[ug, ]. In fact, the following
result, which may be regarded as the stochastic analogue of Proposition 2.9,
holds.

Proposition 2.21 For any bounded Borel set A of R? such that E[ue, (0A)] =
0 we have
lim E[u) (4)] = Elue, (A)].

Proof. 1t is clear that, for any fixed r > 0 and for any bounded fixed set A, there
exists a compact set K containing A such that H" (0, (w)NBy(z)) = H"(On(w)N
KNB,(x)) forall z € A, w € ; further, the condition E[ue, (0A)] = 0 implies

P(H"(©, N 0A) > 0) = 0; (2.15)
Thus we have that
. ) L E[H™(©, N B.(z))]
ImES) (4) = [ ()=

= 1 1B, () (y)H" (dy) dP dz;
T%A”Wﬁfémmg<<><m (@)

by exchanging the integrals and using the identity 1p (2)(y) = 15, () (),

. 14(2)1p, () (x)
= hm// / LW dae H (dy) dP(w
r—0 O (w)NK JRY bard (dy) dP(w)

= limE [/@M (AQBT(»H"(dy)} .

r—0 bd’l’d

Note that, by (2.15),

E U@m( mB’“(y))H"(dy)] _E [/@M YUANB W) g n(qy) | 170, M 0A) =0

bd’l“d ded

and that

. I/d(AﬂBr(y)) n . o ; |
v /e)n(wm T gt WS / o ) =M ©n@) 1 K,

(ii) E[H"(©, N K)] < co by hypothesis;
(iii) by (2.6), for any A as in (2.15),

. V(AN B, (1))

>rW) gn () = H (0, (W)NKNA) = HY(O, (w)NA);
=0 /o, (w)nK bar
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thus, by the Dominated Convergence Theorem, we have

v4(AN B,(y))
lim E — 2 H™(d
20 [/@an bard H"(dy)

d
— lmE [ / VIANB W) g m 4y | 170, 0 04) = o}
r—0 O.NK bar

d
_E [lim / VAN B W) g m 4y 1170, 0 04) = o}
=0 Jo,nK bar

= E[H"(©, N A)].
O

The quoted criterion on the characterization of weak convergence of se-
quences of measures (Theorem 2.3, (iv)) implies that the sequence of measures
E[ugi] weakly™ converges to the measure E[ug, ], i.e.

i [ F()ERE))(dz) = / f(@)Elue,|(dz)  Vf € Co(R%R);

r—0

or, in other words, the sequence of linear functionals E[(ng] converges weakly*
to the linear functional E[dg,], i.e.

(E[de], f) = Uim (E[5E)]. /) Vf € Co(R",R). (2.16)

In accordance with the usual representation of distributions in the theory of
generalized functions, we formally write

g f(@)E[be, (v)]dz := (Elde,] f)-

Remark 2.22 In this context, our definition of E[dg ] given by (2.11) is coher-
ent with the integration of a generalized function with respect to a parameter,
known in literature ([40], p. 263):

Let (7, ) be a generalized function of z for all 7 in some domain D. If

/D (/R p(r.2)f (x)dx) ar

exists for every test function f, then [, (7, 2)d7 is said to exist as a generalized
function and is defined by

/Rd f(z) (/D <p(T,a:)d7> dz = /D (/}Rd o(T, m)f(x)dx) dr. (2.17)

In our case, D = Qand ¢(7,z) = dg, () (¢); thus, formally, we have [ ¢(7, z)dr
= [ 06, () (2)dP(w) = E[de, ()], and the definition given by (2.17) is exactly
the (2.11).

By using the integral representation of (de,, f) and (E[de,], f), Eq. (2.11)
becomes

[t ez = [ f(a)de, (e)as] (2.18)
Rd Rd
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so that, formally, we may exchange integral and expectation.
Further, by (2.16), as for the deterministic case, we have the formal exchange
of limit and integral

E[H™(©, N B.(z))]
ded

dz.

P Jea T dr= [ f(z)tim BP0 Br(@))
R4 o

r—0 ded

Remark 2.23 When n = d, integral and expectation in (2.18) can be really
exchanged by Fubini’s theorem, since in this case both pe, and Elue,] are
absolutely continuous with respect to v and de,(z) = 1, (), vi-a.s.

In particular dg,(z) = 1o, (), v¢-a.s. implies that

E[de,](x) = P(z € ©4), vias.,

and it is well known the following chain of equalities according with our defini-
tion of E[de, ] ([44], p.46):

Eb©nA] = E( [ 1oa)is)
IE( /A 1@d(33)dx)
J E(te, @)z
/A]P’(:UEG)d)dx.

Again, we may formally state that (see (2.9))

dE[ue, ]

o (@) =Ele,](). (2.19)

We know that E[H"(0,, N -)] is singular with respect to v if and only if its

density equals zero almost everywhere, i.e., by our notations, if and only if

dE
M(m) =0 vi-ae. In this case E[do,](z) has the same role of a Dirac

d

del(%g, so, as in the deterministic case, we may interpret E[dg, ] as a generalized
function on the usual test space C.(R%,R), the mean Delta function of the
random closed set ©,, or, in term of the measure E[ug,], as its generalized
density.

On the other hand, if ©,, is not a pathological set, i.e. H"(0,,)(w) > 0 for P-a.e.
w € Q (n < d), we may notice that, even though for a.e. realization 6,, of 6,
the measure pg,, is positive and singular (and so it is not absolutely continuous),
the expected measure E[ug, ] may be absolutely continuous with respect to v4.
(See Chapter 3.)

Example: Consider the case n = 0. Let ©¢ = X be a random point in R%;
then, in this case, H%(Xo N A) = 14(Xp), and so

E[H"(Xo N A)] = P(X, € A).
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If X is a continuous random point with pdf py,, then E[H?(XoN - )] is absolutely
continuous and, in this case, E[dx,](z) is just the probability density function
px, (@), so [, E[dx,](z)r?(dz) is the usual Lebesgue integral.

Note that we formally have

E[0x,] ()

/ by (2)px, (Y (dy)

/ S (1), () (dy)
pxo

and, in accordance with (2.18),

/ Elbx,)(@)ri(dz) = [ pxo(z)ri(da)
A A
= P(Xo S A)

= E[H°(X,N A)]

= E { /A 6X0(x)1/d(dx)}

If instead X is discrete, i.e. Xy = x; with probability p; only for an at most
countable set of points z; € R, then E[H°(X, N -)] is singular and, as in the
previous case, we have that E[dx,](z) coincides with the probability distribution
PXxo of Xo.

In fact, in this case px,(z) =Y, pids, (x), and by computing the expectation of
dx,, we formally obtain

E[dx,)(x) = 64, (x)p1 + 6, (¥)p2 + - sz 2 (7) = px, (2).

We show this by a simple example. Let Xy be a random point in R such that
it equals 1 with probability 1/4 and equals 3 with probability 3/4, then

E l /[0,2] 5x, (x)dx] _P(Xo€[0,2]) = ~

— /[012] <i51(x) + 353@;)) dz = /[072] E[6x, (z)]dx.

Besides, since X is discrete, E[H?(Xo N -)] « v%; in fact, if A = {3}, then
v3({3}) = 0, but E[H°(X, N {3})] = 3/4.
As a consequence, it is clear that

E[H"(Xo N A)] # HY(E[Xo] N A),
or, in an equivalent form, by using the functional notation defined above,

E[(0xy,1a)] # (0r(x0)s 14);

as we may expect by observing that if X is a random variable and f : R — R
is a general function not necessarily linear, then (dx, f) = f(X), and it is well

known that E[f(X)] # f(E[X]).
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Remark 2.24 By Remark 2.23 and the considerations on the above example,
we may claim that, in the cases n = d and n = 0 with X, continuous, the
expected linear functionals E[dg,] and E[0x,] are defined by the function p(x) :=
P(x € ©4) and by the pdf px, of Xy, respectively, as follows:

(Blfo.). )= [ flapa)s

and
(Eloxo), f) = | fl2)pxo(2)da.
R
In fact, let us consider the random point Xy; in accordance with the definition
in (2.11):
EBxs) = [ F@x @
= E[f(Xo)]
= E[(dx,, f)]-
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Chapter 3

Discrete, continuous and
absolutely continuous
random closed sets

Since for our purposes we have to deal with mean generalized densities of random
sets, just introduced, and an interesting property of a random set in R? is
whether its mean generalized density associated is a classical function, or a
generalized function (that is, whether the expected measure induced by the
random set is absolutely continuous or not with respect to the d-dimensional
Lebesgue measure v%), a concept of absolute continuity of random closed set in
R? arises in a natural way, related to the absolute continuity of the associated
expected measure. To this end we want to introduce in this chapter definitions
of discrete, continuous and absolutely continuous random closed set, coherently
with the classical O-dimensional case, in order to propose an extension of the
standard definition of discrete, continuous, and absolutely continuous random
variable, respectively.

(This chapter may be seen as a completion of [26, 25].)

3.1 Discrete and continuous random closed sets

For real-valued random variables it is well known the distinction between dis-
crete, continuous and absolutely continuous random variable, defined in terms
of the associated probability measure, with respect to the usual Lebesgue mea-
sure, since both are acting on the same Borel sigma algebra on the real line;
so, by the well known decomposition theorem of a measure, it is natural the
following definition:

Definition 3.1 Let (2, F,P) be a probability space, and Bg the Borel o-algebra
on R. A real-valued random variable X : (Q, F,P) — (R, Br) is said to be

e discrete, if its probability law Px is concentrated on an at most count-
able subset D of R; i.e. the set of its realizations is discrete (so that its
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cumulative distribution function Fx : R — R is a cadlag function);

Px({z}) =P(X =z) > 0,for x € D, and Px(D) =1,

e continuous if Px({z}) = P(X = z) =0 for all x € R (so that Fx is a
continuous function);

e absolutely continuous if Px is absolutely continuous with respect to the
usual Lebesque measure on R (so that Fx is an absolutely continuous
function with respect to such measure).

As a consequence, we may observe that, whenever a random variable is ab-
solutely continuous, it admits a probability density, while if it is discrete its
probability law is singular, with respect to the usual Lebesgue measure.

Remark 3.2 The most general case (also called mixed case) includes probabil-
ity laws that are the sum of all the three cases above. We shall ignore, for sake
of simplicity, the mixed case.

The definition above may be extended to a random vector X in R? (i.e. a

random point in RY).
In the case of R%valued random variables, the concept of absolute continuity
is expressed with respect to the usual Lebesgue measure on R?. We might give
many simple, and still interesting, examples about the distribution of a random
point X in R¢; for example, when X is a random point uniformly distributed on
a surface S C RY, then X is continuous but singular, since its probability distri-
bution is concentrated on an uncountable subset of R with Lebesgue measure
Zero.

Hence, while the concepts of discrete and continuous random point in R?
are intrinsic properties of the associated probability law Px, the definition of
absolute continuity requires a reference measure, which in this case is the usual
Lebesgue measure on R?.

Problems arise when we refer to the probability law Pg of a random closed set
© in R%. We remember that a random closed set in R? is a measurable map

0:(Q,F,P) — (F,op),

where [ is the family of closed sets in R%, and oy is the sigma algebra generated
by the hit-or-miss topology (see Section 1.4).

On op we do not have a typical reference measure; so, we first limit our analysis
to the concepts of discrete and continuous random closed sets. Later we shall
introduce a concept of absolute continuity in terms of measures on R?, hence
with respect to the usual Lebesgue measure v?, which is consistent with relevant
interpretations from both theoretical and applied point of view.

Definition 3.3 Let © be a random closed set in R*. We say that © is

e discrete if its probability law Pg is concentrated an at most countable subset
of F; i.e there exist a family 01,05, . .. of closed subsets of R?, and a family
of real numbers p1,pa, ... € [0,1] such that P(© = 6;) =p; and Y, p; = 1;
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e continuous if

PO=0)=0, VoeF. (3.1)

Note that the definition given is consistent with the case that © is a random
variable or a random point in R?. In this case, since the possible realizations of
X are points in R, then P(X = #) = 0 for every subset  of R? which is not a
point, and so we say that X is continuous if and only if P(X = z) = 0 for any
x € R? (that is the usual definition).

As a simple example of discrete random closed set, consider a random square
© in R? which may assume only four realizations with probabilities p1, pa, ps
and py, respectively, as in the figure below.
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B®) | P 2
: Yp=1
A B i=1
_____ al
S ! ¥
1 | | |
| I | |
1 ! ——— o1
| |
| SR — |
P [l !

Figure 3.1: An example of discrete random closed set in R2.

As a simple example of continuous random closed set, consider a random unit
square © with edges A, B, C and D, as in Fig. 3.2, where A = (a,0) and a is a
real-valued random variable uniformly distributed in [0, 10].

B

Figure 3.2: An example of continuous random closed set in R?. Here © is a unit
square with two edges on the z-axis, and A = (a,0) with a ~ U|0, 10].

In a large number of cases, an equivalent condition to (3.1) is:

P(O = 99) =0, VO cF. (3.2)
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(We remind that the map © — 90 is measurable (see [49], p. 46)).

Now we prove that, when © is a random closed set, (3.2) is a sufficient condition
for the continuity of ©, and we show under which further condition on ©, it is
equivalent to (3.1).

Lemma 3.4 Let A and B be two subsets of R?. Then
A=B <= intA=intB, 0ANA=0BNB. (3.3)

Proof. <
A=intAU(OANA)=intBU (BN B) = B.

=
e By absurd let intA # intB, with z € intA, = & intB. So,

z € intA, x € (B U(OBN B)).

We have two possibilities: « € BY, or x € 0B N B.

If € B®, then we have an absurd, since, by hypothesis, A = B, and so
reA=zeB.

If z € 9B N B, then, Vr > 0, B,.(x) N BC # .
Since z € intA, then 37 > 0 such that, Vr < 7, B,.(z) N AY = 0.
It follows that, Vr < 7, B.(x) N A® = () and B,(z) N BY # §; but this is an
absurd because, by hypothesis, A = B.
e By absurd let 0AN A #9BN B, withx € 0ANA, x ¢ BN B. So,

r€dANA, zc (BYUintB).

We have two possibilities: z € B®, or « € intB.
By proceeding in the same way as above, the thesis follows. ([

Proposition 3.5 Let © be a random closed set in R%. Then
P(0O = 0A) =0, VACR? = P(O©=A)=0, VACR™L
Further, if © satisfies one of the following conditions:
1. int® = 0;

2. int® # 0, and for a.e. w € Q, if 0A = 9O(w), then there exist countably
infinitely many closed (distinct) sets {A;} such that 0A; = 0A(= 0O(w));
then
PO =A)=0, VACR? = P00 = 9A) =0, VA CR™.

Proof. Let A C R%.
If A is not closed, since by hypothesis ©(w) is closed for all w € Q, we have
PG =A)=0.
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Let A be closed. Then 0AN A= 0A, and 006N O = 06.
By (3.3) it follows:
PO@=A) = P(int® =intd, 00N O =9JAN A)
= P(int® = intA, 90 = 0A)
P06 = 0A) = 0.

IN

Let int© = 0.
Then, © = 9O. By absurd 3A C R? such that P(90 = A) > 0. Let B = 0A.
Then P(O© = B) =P(00 = 0A) > 0; that is absurd.

Let © be a random closed set with int® # (), such that it satisfies the
condition 2, and let A be a closed subset of R,
Let A C R? be such that there exists a sequence A1, Ag, ..., A,,... of closed
subsets of R? such that 0A; = 0A Vi, and A; # Aj; Vi # j. Then, by hypotheses,
it follows

P(0© = 0A) =Y P(© = A;) =0.
——
7 -0

In conclusion, by Proposition 3.5, we may observe that:

e If © is a random closed set in R? with dimension less than d, then (3.1)
and (3.2) are equivalent conditions for the continuity of ©.

e The class of random closed set © with int® # 0, satisfying condition 2,
is very large. Elements of this class are, for example, the Boolean models
[64] and all random closed sets © such that, for a.e. w € ,

O(w) = clos(intO(w)).

e In the case that © is a random set with int® # () and such that condition
2 is satisfied, the hypothesis that © is closed is necessary. In fact, as a
counterexample, let us consider the random set © defined by

O(w) := intB,(0) UP(w), we, (r>0),

where P is a random point uniformly distributed on 0B,(0).

Then it is clear that © is not closed, it is continuous, and, for all w € ,
00 = 9B,(0). Besides, the only closed sets A; C R? such that 0A; =
0B,(0) are: B,.(0), dB,(0) and (intB,(0))°.

Thus, even if the condition 2 is satisfied, we have P(00 = 0B,(0)) =1 > 0.

Finally, we show by a counterexample that, in general, if © is a random
closed set in R?, then

P(O©=A)=0, VACR? =5P(00 =9A) =0, VA CR™

Let us consider a sequence {x;};cr of points in R such that |, x; = C, where C
is the Cantor set. (Note that I is uncountable).
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Let X be a random variable uniformly distributed on C. Then P(X = ;) =0
for all ¢ € I.
Let © be the random set so defined: if X (w) = x;, then
@(w) = {.1‘1} U{J)Q} y---u {.131‘_1} U [Z‘i,l‘i+1] @] {J)H_g} U---u {1} (34)
—~—
={0}

It follows that, for all w € Q, ©(w) is closed and 00(w) = C. In particular,
since C' = 9C, we have that P(00 = 9C) =1 > 0.

Let A be a subset of R.

If A is not of the type (3.4), then P(© = A) =

If A is of the type (3.4), then P(© = A) = IE”( = xz) =0.

Summarizing, for any A C R, P(© = A) = 0, but there exists a subset C' of R
such that P(00 = 0C) > 0

3.1.1 A comparison with current literature

In current literature (see [49], p.45 and followings) definitions of continuity are
given, but, in many applications, such definitions do not provide a sufficient
insight about the structure of the relevant random closed set. Further they
do not say whether or not a mean density can be introduced for sets of lower
Hausdorff dimensions, with respect to the usual Lebesgue measure on R?. In
particular we remind the following definition:

Definition 3.6 (Matheron)

1. A random closed set © in R? is P-continuous at a point z € R? if

lmP({r e 0}n{y ¢ O} = lim P({z O} N {y € O} = 0.

© is P-continuous if it is P-continuous at every x € R%.
2. A random closed set © in R? is a.s. continuous at x € R? if
P(z € 0) =0, (3.5)
and © is a.s. continuous if it is continuous at any x € R?,

Note that “a.s.” reflects the fact that the definition is given in terms of the
probability law of ©, and not the fact that the condition (3.5) should be satisfied
by a.e. x € R%; in fact, in the definition above, © is a.s. continuous if and only
if (3.5) holds Vz € R%.

Proposition 3.7 [49]

i) Let © be a random closed set with associated capacity functional To. Then
© is P-continuous at x € R? if and only if

z=limz, inR? = To({z}) =limTe({z,}) (3.6)

it) a.s. continuity —> P-continuity.
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Notation: if a random closed set is a.s. continuous in the sense of Matheron,
we say that it is M-continuous.

The definition of continuity proposed by Matheron concerns the possibility of

exchanging the limit in (3.6). This kind of continuity is related to the continuity
of the functional Ty for any sequence {z,,} converging to a point = in RY.
But we may observe that, if © is a M-continuous random closed set, then, in
general, its capacity functional Tg is not continuous for any sequence {K,} of
compact sets converging (in the Hausdorff metric) to a compact set K. For
example, consider a random point X uniformly distributed on K = 9B;(0).
Clearly X is M-continuous, since P(X = x) = 0 for all x € R4 Let K, =
8B1+%(0). Then

limK, =K, but limTx(K,)# Tx(K),

since Tx (K,,) = 0 Vn, and Tx(K) = 1.

With the aim of giving suitable definitions of discrete, continuous and abso-
lutely continuous random closed set, in order to obtain analogous relations, well
known for measures (see Remark 1.2), this suggests our definition of continuity
of a random closed set. In particular, the main difference between our definition
of continuity and the one proposed by Matheron is:
to know that the random set © is not continuous by our definition implies that,
as in the case of a random variable, it may assume some configuration with
probability bigger than 0; to know that the random set © is not M-continuous
does not give this kind of information.

We show this with an example:

Let us consider in R? a line through the origin 0 which turns around 0 uniformly,
and let © be a fixed segment on it with extremes A and B as in Fig. 3.3; i.e.
imagine a segment [A4, B], with A, B > 0 on the z-axis, which turns around the
origin uniformly. Note that here © = 90.

N

()

A
/
7
P

&\

Figure 3.3: A continuous random segment in R%. Here « is a r.v. with distri-
bution UJ0, 27].

Clearly, P(© = 6) = 0 for any subset § of R?, and so we say that it is continuous.
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The same holds also in the case that A = 0, and so even if 0 € O(w) Yw € Q
(see Fig.3.4).

O ()

A

Figure 3.4: A continuous but not M-continuous random segment in R2. Here «
is a r.v. with distribution UJ0, 27].

Now, if we want to apply the Definition 3.6, when A # 0, we have that, Vo € R2,
P(x € 00) = 0, and so © is considered M-continuous; while if A = 0, then
P(0 € 99) =1, and so in this case it is not M-continuous.

In this example the not continuity is due to the fixed point 0 € ©; but we may
exhibit a similar example in which the random set © has no fixed points, and
obtain the same conclusions:

Let A = (0,0), B = (1,0), C = (1,1) and D = (0,1) be the edges of a square
and let us consider the two random sets ©; and ©; moving the square in a
prefixed direction (i.e. for any w, ©;(w) and ©2(w) are both a square). Let
©1 be the random square with edge A uniformly distributed on a subset of the
x-axis as in Fig.3.2 so that, if A = (a,0), then a is a random variable with
uniform distribution in [0, 10];

O,(@) o

I
I
l
1 AT B 10 1

Figure 3.5: An example of continuous but not M-continuous random closed set
in R?. Here O is a unit square with two edges on the z-axis, and A = (a,0)
with a ~ U|0, 10].

and let ©5 be the same square, but such that A is uniformly distributed on a
segment on the line y = z, i.e. A = (a,a) (see Fig.3.6).
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@,(®)

Figure 3.6: An example of random closed set in R? which is both continuous
and M-continuous. Here O5 is a unit square with two edges on the line y = z,
and A = (a,a) with a ~ U|0, 10].

By Definition 3.8, we say that ©; and ©5 are continuous. Instead, by Matheron’s
definition, we have that P(x € 902) = 0 for all z € R?, and so Oy is M-
continuous; while for any « = (s,0), or = (s,1), with s € [1,10], we have that
P(x € 001) = 1/10, and so ©; cannot be considered M-continuous.
Thus, although both ©; and ©; move in only one direction, it seems that the
reason why © is continuous, while ©; is not M-continuous, depends on the
specific direction of the movement of the square.

We may notice that, if © is M-continuous, since any point z € R? is a
compact set with empty interior, it follows that

PO Nz # 0, 90 Ninte = 0) = P(z € 90) = 0,

then any = € R? belongs to the class S of 90 (see Section 1.4.3). Thus,
Matheron’s definition of continuity seems to be related to the definition of the
class St, and so to the problem of the weak convergence of random sets. But
note that, even if for all 2 € R? we have P(x € 90) = 0, it does not imply that
K¢ coincides with S7. Thus, the knowledge that a random set © is M-continuous
does not determine the class St.

3.2 Absolutely continuous random closed sets

As we have previously observed, the concept of absolute continuity requires
a reference measure. Because in general on op we do not have one, we are
considering random sets in R% and in a lot of real applications it is of interest
to study their expected measures, it is natural to consider as reference measure
the d-dimensional Lebesgue measure on R¢.

For any lower dimensional random n-regular closed set ©,, in R?, while it is
clear that ue, () is a singular measure, it may well happen that the expected
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measure E[ue, ] is absolutely continuous with respect to v, and so the Radon-
Nikodym theorem ensures the existence of a density of this measure with respect
to v?. So it is natural the following definition.

Definition 3.8 (Absolute continuity in mean) Let © be a random closed
set in RY such that its associated expected measure E[ue] is a Radon measure.
We say that © is absolutely continuous in mean if the expected measure E[ue)]
is absolutely continuous with respect to v?.

Note that such a definition provides only information on the absolute conti-
nuity of the expected measure E[ug] associated to the random set, but it may
not give information on the geometric stochastic properties (e.g. arrangement)
of © in R,

In fact, while it is easy to check that the above definition is consistent with
the case in which © is a real random variable or a random point in R?, corre-
sponding to n = 0, if ©® has Hausdorff dimension d, then the expected measure
E[H4(© N -)] is, obviously, always absolutely continuous with respect to the

d-dimensional Lebesgue measure ¢

, even if © is a deterministic set. So, the
absolute continuity of the expected measure E[H%(© N -)] with respect to 4
does not provide information about the continuity of ©.
However, not only the d-dimensional case give no any kind of information about
the continuity of the random set; there exist also some pathological sets of lower
dimension which may be deterministic or discrete and, in the same time, their
expected measure is absolutely continuous. For example, consider a random
closed set ©,, such that, for almost every w € €, H"(0,(w)) = 0; than it
follows that E[H"(0,,)] = 0, and so it is clear that E[ue,] < v?. Therefore,
any random set with this property is absolutely continuous in mean, indepen-
dently of its probability law. For example, consider the case of a 2-dimensional
Brownian path in a fixed plane in R3 (i.e. consider a realization 65 of a planar
Brownian motion, as deterministic closed set in a plane in R?); it is known that
dimy(62) = 2, but H2(f2) = 0. Thus, there exist deterministic random closed
sets which are absolutely continuous in mean.

We have observed that the well known definitions for a random variable X
in Definition 3.1 are given in terms of its probability measure, and so, by the
quoted relations between measures in Remark 1.2, we may claim that

X absolutely continuous = X continuous, but not the reverse; (3.7)

X discrete = X singular, but not the reverse.

Since a random variable is a particular random closed set of Hausdorff dimension
0, we wish to introduce now a stronger definition of absolute continuity for
random closed sets, in order to obtain analogous relations for random sets with
Hausdorff dimension bigger than 0, so that (3.7) follows as particular case.

In Section 3.1 we have proposed a definition of discrete and continuous ran-
dom set in terms of its probability law, and we have observed, also thanks to
examples, how such definitions take into account the “random arrangement”
of the set in the space R?. As it emerges from Proposition 3.5 and from the
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examples given, the random variability of a random closed set is related to the
random variability of its boundary. This is the reason why we are going to
introduce a stronger definition of absolute continuity of a random closed set in
terms of the expected measure induced by its boundary.

Further, since we want that this definition is coherent with the relation “ab-
solute continuity implies continuity”, and since we wish to propose a concept
of absolute continuity such that it may contain some relevant information on
the random set, it is clear that we have to exclude “pathological” sets like the
2-dimensional Brownian path discussed above. But this will be not a particular
restriction, because these kind of sets (i.e. sets with null Hausdorfl measure)
are not interesting in many real applications. In fact, which kind of information
could we have on a random set ©,, by the knowledge of its expected measure
Elpe, ], it E[H™(©,,)] = 07 Thus, we introduce now a class of random sets, which
contains all the random sets which appear in most of the real applications we
will consider in the following.

Definition 3.9 (R class) We say that a random closed set © in R? belongs
to the class R if

dimy(00) <d and P(HI™(99)(90) > 0) = 1.

Definition 3.10 (Strong absolute continuity) We say that a random closed
set © is (strong) absolutely continuous if © € R and

Efuse] < v (3.8)
on Bra.

Notation: Without any other specification, in the following we will write “ab-
solutely continuous random set” to mean a “strongly absolutely continuous ran-
dom set”.

Remark 3.11 If © is a random closed set in R such that dimy(©) = s < d,
then 00 = ©; therefore E[ug] = Eluge] and, by definition, it follows that there
is no distinction between absolute continuity strong and in mean.

On the other hand, any random closed sets in R with Hausdorff dimension
d is absolutely continuous in mean, but in general it is not absolutely continu-
ous in the strong sense (for instance all discrete random closed sets in R with
Hausdorff dimension d).
Note that, if © € R with dim (©) = d is sufficiently regular so that dimy(00) =
d — 1, then it is absolutely continuous if E[H4 (00 N -)] < v4().

Remark 3.12 In the particular case that ® = X is a random variable, the
Definition 3.10 coincides with the usual definition of absolute continuity of a
random variable. In fact, dimy X =0, X = X, and E[H°(X)] = P(X € RY) =
1, 0 X € R and then the condition (3.8) is equivalent to

EHY(X N )] =P(X €-) < i
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Note that, if ©; and ©5 are random squares as in the example in Section 3.1,

by Definition 3.10, it follows that © is absolutely continuous, while ©; is not.
In fact, we may notice that the expected measure given by E[H!(00 N -)] is
not absolutely continuous with respect to »2: if, for example, A is the segment
[0,11] on the x-axis, then we have that v?(A4) = 0, while E[H!(00; N A)] = 1.
We have just observed that also by Matheron’s definition of a.s. continuity of
random sets it follows that ©, is a.s. continuous, while ©; is not so. Since
that definition gives a condition on the law of the boundary, one might wonder
whether Matheron’s definition of continuity is equivalent to our notion of abso-
lute continuity. Really, it is not so; in fact, in the particular case when © = X
is a M-continuous random variable, then we have that P(X = z) = 0 for all
x € R, but this does not imply that X is absolutely continuous in the usual
sense. So it does not say whether or not a mean density can be introduced for
sets of lower Hausdorff dimension, with respect to the usual Lebesgue measure
on R%,
At this point, since in the previous section we have noticed that the points
x € R% which satisfy P(z € 90) = 0 belong to the class Sy, one might wonder
if a good definition of absolutely continuity could be the request that the class
St coincides with the whole family K¢ of compacts in R?. But this is not the
case; for example, let us consider

Ow) =B, (X)) CR? weQ reRy,

where X is a random point in R? with uniform distribution in some compact
set W. Surely, there exists a line [ such that P(0© N1 # () > 0. Since [ is
a compact set in R? with empty interior, it follows that Sy # K?. Note that,
even if we consider only the compact sets K € K? with int/K # (), again, we
have not a good definition of absolute continuity, since we do not reobtain the
particular case of a random variable (e.g. consider a random variable X in R
with distribution concentrated on the Cantor set).

There are situations in which the absolute continuity of the random set can
be related to some relevant parameters characterizing the set. For example,
consider as random closed set © the family of balls in R? with fixed radius and
random centre given by a spatial point process; so, in particular, © may be
a Boolean model. Note that, if the intensity measure of the point process is
discrete, than © turns to be discrete, while if the intensity measure is diffuse,
then © is an absolutely continuous random set.

It is interesting to notice that also the geometry of the random set plays a cru-
cial role in the correspondence between the absolute continuity of the intensity
measure and the absolute continuity of the resulting random closed set © as
in the above example. In other words, we might say that © is discrete if and
only if the intensity measure of the process of the centers is discrete since each
ball has fixed radius. Thus, in this case, the knowledge of the geometry of the
process let us study the random measure H%~1(90 N -), or related quantities,
in terms of the stochastic intensity of the point process.

Note that © can be seen as a particular marked point process in R¢, where the
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underlying point process is given by the Poisson point process, and the marks by
the length of the radius (see e.g. [37]). Now we present some other examples in
order to better clarify the role of the two main parameters of the marked point
process determining the random closed set ©; the intensity measure of the pro-
cess giving the random spatial position of the centers, and the distribution law
of the marks (the “objects” associated with each centre). Let © be the random
closed set given by a marked point process in R? with independent marks, such
that the underlying point process has intensity measure A, while the marks are
given by cubes in R? with edges of random length R, such that © € R;

e if A is a discrete measure, and the distribution law of R is discrete as well,
than the resulting random set © is discrete;

e if A is discrete, while the distribution law of R is absolutely continuous,
then it follows that © is an absolute continuous random closed set;

e if both A and R are absolutely continuous, then © is absolute continuous.

e if A is absolutely continuous, while R is discrete, than © is absolutely
continuous;

e if A is continuous, but not absolutely continuous, and R is discrete, than
O is not discrete, but we can say nothing about its continuity in general.

Note that the absolute continuity of the intensity measure does not always imply
the absolute continuity of ©. For example let us consider the case in which the
marks depend on the underlying process: the edge length of each cube may
depend on the coordinates of its centre, so that an edge of every cube lies on
a prefixed plane 7. As a consequence we have that E[H?~1(90 N )] # 0 with
v?(r) = 0, and so © is not absolutely continuous.

Obviously, the examples we have shown here (some of which are a bit patho-
logical) are given in order to clarify the meaning of our definitions of discrete,
continuous, and absolutely continuous random closed set.

An example of absolutely continuous time-dependent random closed set is dis-
cussed in Section 6.2.7.

3.2.1 A condition for the absolute continuity of a random
closed set

In order to verify if a random closed set © is absolutely continuous, we give now
a sufficient condition for (3.8).

Proposition 3.13 Let O, be a random closed set such that dimyO, = s < d
(and so O4 = 009;). Then

P(H*(©,NHA) >0)=0, VYACR?! = E[H©O,n-)] < v (3.9)

Proof. By absurd, suppose that 34 C R? such that v¥(A) = 0 and E[H*(0, N
A)] > 0.
We may notice that

vi(A) =0 = intA = 0. (3.10)
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In fact, by absurd let intA # @; then 3z € intA and 3B,.(z) C A, with r > 0.
Thus v4(A) > v¥(B,.(x)) = bgr? > 0.
It is clear that

EH’(©sNA)] >0 = PH(G;NA)>0)>0 (3.11)
Hence, we have the following chain of implications:

AC closAd = 9AUintA "2 94
3
0,NACO,NIA

I
H* (O, N A) < H (O, N OA)

4
) ) (3.11)
P(H*(©sN0A) >0) >P(H*(©,NnA)>0) > 0,

but this is an absurd, since P(H*(0, N 9A) > 0) = 0. O

Remark 3.14 Note that the condition
P(H*(©,NOA) >0) =0, VACR?

is sufficient, but not necessary. The opposite implication holds under the addi-
tional condition that v%(9A) = 0. In fact, E[H*(0s N -)] < v¥ does not imply,
in general, that, for any A C R, P(H*(05 N AA) > 0) = 0 holds.

For example, let X be an absolutely continuous random variable. Then, in this
case, d = 1, dimy(X) =0, and E[HO(X N )] =P(X € -) < v

Let A = Q; then 9A = R. So, even if E[H"(X N-)] is absolutely continuous, we
have that P(H*(X N9A) >0)=P(X e R) =1 > 0.

Proposition 3.15 Let O4 be a random closed set such that dimy©Os = s < d.
Then

E[H*(©,n-)] < v? = P(H*(O,NdA) >0) =0, VYAcCR?st HYIA)=0.
Proof. By absurd, 34 C R? with v%(0A) = 0, such that
P(H*(©sNDA) >0) > 0. (3.12)

H

Then

E[H*(©,NDA)] = E[H(©,N0A); H]+E[H(O,N0A); H]
= E[H*(©,N0A); H]
(3.12)
>

Hence, we may claim that there exists K = 94 C R? such that v%(K) = 0
and E[H®*(0; N K)] > 0; that is E[H*(©, N-)] is not absolutely continuous with
respect to v O
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Corollary 3.16 Let ©4 be a random closed set such that dimy©gs = s < d.
Then, VA C R? such that H(0A) = 0,

E[H5(0,N-)] < 1! = B(H*(O,NIA) > 0) = 0.

As we have just observed before, if dimy () = d, then E[H4(© N -)] <« v4,
in accordance with the proposition above. In fact, if A is a subset of R¢ such
that v4(0A) = 0, then H¥(© N JA) < HY(DA) = 0, and, as a consequence,
P(HY(© NOA) > 0) = 0.

3.2.2 A remark on the boundary of an absolutely contin-
uous random closed set

We remind that, by Matheron’s definition of a.s. continuity (see Definition 3.6),
if © is M-continuous, then

P(x €90)=0  VreR™L

As we have just observed, the requirement that such a property holds for all
x in R? seems to be too strong in our context. Now we show that also by our
definition of absolute continuity, in mean and strong, a similar property on 0O
may be obtained. In particular, the following holds.

Proposition 3.17 Let ©, be a random closed set with Hausdorff dimension
n <d. Then
P(z€©,)=0 for vl-a.e. x € R

Proof. Since n < d then E[v%(0,,)] = 0.
By Fubini’s theorem we have

E[p?(0,)] = /Q /R e, (@)de) = /IR ) /Q lo, (z)P(dw) dz = /R P €0,)de.

Thus, necessarily, we have that P(z € ©,,) for v%-a.e. x € R%. O

Note that the above proposition applies to any lower dimensional set, inde-
pendently of its probability law. If we suppose now that the expected measure
E[ue,] associated with ©,, (n < d) is absolutely continuous with respect to v4,
then the set of points z € R? such that P(x € ©,,) = 0 becomes “bigger”.

Proposition 3.18 Let ©,, be a random closed set with Hausdorff dimension
n < d and such that E[ue, ] < ve.
Then for any H"-measurable subset A of R with H*(A) > 0, v¢(A) = 0, we
have that

P(x € ©,)=0 H"-a.e. x € A.

Proof. By absurd there exists a H"-measurable subset A of R? with H*(A) > 0,
v4(A) = 0, such that P(z € ©,,) > 0 H"-a.e. x € A.
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By Corollary 2.10.48 in [32] we have that the measure H" is o-finite on A, so
that we may use Fubibi’s theorem. Thus it follows that

0< / P(z € ©,)H"(dz) = / / lo, (2)P(dw) H"(dz)
A alo
= / / lo, (z)H"(dz) P(dw) = E[H™(6,, N A)]
QJa
But this is in contrast with the assumption E[ue, ] < v?, because E[H"(0,,NA)]

should be equal to 0. ]

Note that, if © is a random closed set with Hasudorff dimension less than d,
then © = 0O, while if © € R, than dim#(00) < d.

Corollary 3.19 Let © be a random closed set in R with dimy (00) = n < d.
If one of the following two conditions is satisfied:

(i) 0O is absolutely continuous in mean,
(i) © is absolutely continuous,

then
Pz € 00) =0 H"-a.e. x € A,

for any H™-measurable subset A of R* with H*(A) > 0, v?(A) = 0.

As a simple example, consider the random segment with an extreme coinciding
with the origin as in Fig. 3.4. Clearly, it is absolutely continuous, in this case
n = 1, and the only point belonging to the random set with probability bigger
than 0 is the origin, which has null H! measure, as we expected.

3.2.3 Relations between discrete, continuous, and abso-
lutely continuous random closed sets

Throughout this section © is supposed to belong to the class R.

In analogy with measure theory, we give the following definition:

Definition 3.20 We say that a random closed set © in R? is singular if and
only if it is not absolutely continuous (in the sense of Definition 3.10).

In this way, the relations between the continuous and singular parts of a measure
(see Remark 1.2) hold also for a random closed set, although in a different
context. So, in terms of our definitions, we may claim the following.

Proposition 3.21

O absolutely continuous = © continuous, but not the reverse; (3.13)

© discrete = © singular, but not the reverse.  (3.14)
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Proof. A simple counterexample to (3.13) and (3.14) is given by the continuous,
but not absolutely continuous, random square ©; introduced in Section 3.1 and
mentioned in Section 3.2.

Let us prove the first implication; the second one follows in a similar way. By
absurd, let © be not continuous; then there exists § C R? such that P(© = 6) >
0, with H™(99)(59) > 0. Thus, we have that H%(90) = 0, but

E[HI™#(99) (90 N 99)]

= E[HImn99) (90 N 86); {w : © = 0}] + E[HI™"(99)(90 N 9h); {w : © # 6}]
> E[HI™799) (90 N 90); {w : © = 0}]

_ Hdimu(aé’)(ae)

> 0.

Hence, by Definition 3.10, © is not absolutely continuous, that is absurd. O

Now we wonder in what relation a random set © is with its subsets. In par-
ticular, if ©, for example, is an absolutely continuous random set with Hausdorff
dimension d, then may one claim that any of its subsets of lower dimension is
absolutely continuous, too? This is not true as we show by the following coun-
terexample.

Definition 3.22 Let © and Q be random closed sets in R? defined on the same
probability space (2, F,P). We say that Q C O if and only if

Yw € Q) QR(w) C B(w).
We may claim that:

e O absolutely continuous # every @@ C © is absolutely continuous.

For example, let us consider the random closed set © in R? given by
@(W) :BT‘(X((‘U))’ (“')697 TGRJ,.,

where X is a random point uniformly distributed in the unit square centered in
0. Then O is absolutely continuous.
Denoting by = the z-axis, let Q' :={w € Q : O(w) Nz # 0}. Then P(Q) > 0.
If we define ) ,

Ow)Nze fwel
it follows that Q C ©, dimyQ = 1, E[H}(Q)] > 0, and Q(w) C z for any w € Q.
As a consequence, since v?(z) = 0 and E[H}(Q N )] = E[HY(Q)] > 0, we may
claim that @ is not absolutely continuous. On the other hand, it is also true
that

e O singular # every @ C O is singular.

For example, let © = O U O3, where O, is singular, and ©, is absolutely
continuous, and let Q = ©5. Then, obviously, © is singular, while Q C O is
absolutely continuous.

But the following holds.
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Proposition 3.23 If dimyu© < d and O is discrete, then any subset Q € R of
O is singular.

Proof. By definition, there exist 01,65, ... closed subsets of R?, and p1,pa,... €
[0,1], such that P(© = 0;) = p; and >, p; = 1.

Since H%(6;) = 0 for all i, it follows that any countable union of them has
Lebesgue measure zero.

Thus, let A = [J, 6;; then v%(A) = 0 and, Vw € Q, O(w) C A.
As a consequence, V@) C O, we have that, Vw € Q, Q(w) C
dimyQ = s, (s € [0, dimyO]):

A; in particular, if

E[H*(QN A)] = E[H*(Q)] > 0,

i.e. @ is not absolutely continuous. O

Note that the hypothesis dimy© < d is crucial. As a simple counterexample,
consider a unit cube C'in R?; let O(w) = C Vw € €, and let X be a random point
uniformly distributed in C'. Then, obviously, dim»© = 3, © is deterministic
(and so discrete), and X C O; but X is, by definition, absolutely continuous.

In conclusion, we may notice that when we pass from the case of a random
point X in RY, to the case of a general random closed set © with dimension
bigger than zero, the analysis of the random set becomes more complex.
An intuitive reason of this lies in the fact that a point in R? has no proper
subsets, while any connected subset of R? whose dimension is not zero, has
uncountably many proper sets, and it can not be written as a countable union
of its subsets in a unique way.

We may summarize the relations between continuity, absolute continuity and
M-continuity by the following proposition.

Proposition 3.24 i) M-continuity Z; continuity;

it) absolute continuity :; continuity;

=

1) M-continuity " absolute continuity.

Proof. i) Proof of =

By absurd let © be M-continuous, but not continuous. Then there exists § C R?
such that P(© = 60) > 0.

If we set

Q' ={w: O(w) =6},

then P(£2') > 0 and 00(w) = 96 for all w € V.
Let x € 06; so we have that, Vw € ', x € 00(w).
In conclusion it follows that

P(z € 00) > P(Q) > 0,

i.e. © is not M-continuous, that is absurd.
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Counterexample for <£: the two random squares ©1 and ©y described in Sec-
tion 3.1.1

ii) This point is just the implication (3.13).

iii) Counterexample for : let X be a real-valued random variable con-
tinuous, but not absolutely continuous. Then the random set ® = X is M-
continuous, but it is not absolutely continuous.

Counterexample for <~: let © the random ball in R? given by
O(w) := B1(X(w)),
where X is a random point uniformly distributed on dB1(0). It follows that ©

is absolutely continuous, but it is not M-continuous since P(0 € 00) = 1. O

Remark 3.25 In the particular case in which © = X is a random point, then
M-continuity <= continuity. (3.15)

As we have noticed previously, in this case our definition of continuity coincides
with the classical one. The same holds for M-continuity; in fact 0.X = X, and

Pz cdX)=P(X =2)=0  VzecR%

All the examples we have presented suggest that the reason of the equivalence
in (3.15) lies in the fact that a random point has no proper subsets.

Really, there may exist other situations in which M-continuity and continuity
are equivalent. For example whenever © is a stationary random closed set with
v1(00) = 0.

It is clear that any stationary random closed set is continuous. On the other
hand, the following result holds (see [49], p. 48).

Proposition 3.26 Let © be a random closed set in R?. If the mapping
x — P(x € 00)
is continuous on R?, then
O is M-continuous <= v*(00) = 0 P-a.s.

Proof. If © is M-continuous, then, by definition, P(z € 90) = 0 for all x € R.
As a consequence, by Fubini’s theorem it follows that

E[v?(00)] = /R P(x € 00)dz = 0,

and so v%(90) = 0 P-a.s.
If v4(90) = 0 P-a.s., then E[v4(90)] = 0. But E[v4(90)] = 0 if and only
if P(x € 00) = 0 for v%a.e. = € R? By the continuity of the mapping
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r — P(z € 00) we have that P(z € 90) = 0 for all z € RY, ie. © is M-
continuous. O

Note that if © is stationary, then 0O is stationary as well, and so the mapping
r — P(x € 90) is continuous, since P(x € 90) is constant on R?. Thus it
immediately follows that

Corollary 3.27 If© is a stationary random closed set with v*(00) = 0 P-a.s.,
then © is M-continuous.

Therefore we may claim that
O stationary with v4(90) = 0 P-a.s.

4

© is both M-continuous and continuous.

Note that an uncountable union of singular random sets may be, in general,
an absolutely continuous random set. For example, let us consider a vertical
random bar © in R?, and let A and B be its extremes. So, A and B are two
random points. We assume that A = (X,0), and B = (X, 1), where X is a
random variable (on the same probability space) with uniform distribution in
[0,10]. It is clear that E[H'(© N -)] < v¢, and so O is absolutely continuous.
A and B, as any other random point P. C © of the type P = (X,¢), with
c € (0,1), are singular. In fact, if [ is the line y = ¢,then P(H°(P.N1) > 0) =1,
by Proposition 3.15 it follows that P is not absolutely continuous. Note that
0= UcG[O,l] Pe.

Therefore, the subdivision of a random set in singular and absolutely con-
tinuous subsets depends on the specific situation, since the knowledge of © does
not give, in general, sufficient information about its subsets (except particular
cases, or when © is discrete).

Let us consider ©,, discrete (i.e. P(©, = 0}) = p;, with >, ., p; = 1) with
0 < n < d; then E[H"(0,, N -)] is singular with respect to v and, formally, in
accordance with (2.18), by E[de,, ()] = >_; dgi pi, we have

E { /A So, (m)dm]

E[H"(O, N A)]

S H 60 A

zi:p’i/A‘S%(x)dQU
/AZ(S%(JC)pidx (3.16)
/E[é@n(x)]dx.

A
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Note that the last three integrals have to be regarded in a generalized sense.
We give an intuitively explanation in terms of the generalized densities (delta
functions) én associated with ©,,.

Since, for any i, 6 is a lower dimensional subset of R?, as we have seen in the

previous sections, the (deterministic) measure pe: is singular with respect to
d

29

v, and so the dg: ’s are “usual Dirac delta”’s, that is, they are zero v®-a.e. and

have to be considered as generalized functions. Now, in the sum

> 8y (@)pi(e)

i€l

which appears in (3.16), I is a countable set, and so the resulting delta func-
tion E[dg, ()] is again a “usual Dirac delta”. Instead, in the case that O, is
not discrete, I is not countable, so we may not claim a priori that E[de, (2)]
(uncountable sum of “usual Dirac delta”’s) is a “usual Dirac delta” or a “usual
function”. In fact, there are situations in which this sum turns to be an usual
function (e.g. see Example on p. 52 with X continuous random point); in these
cases the expected measure E[ug,] is absolutely continuous and its Radon-
Nikodym derivative is just the density E[dg, (x)].

Please note that, if n = d, as we have observed previously, E[ue,] is absolutely
continuous with respect to v even if O is discrete, because H%(©4 N -) is the
restriction of v? to the set ©4. So, in the discrete case, the 693’3 are not usual
Dirac delta, but indicator functions:

dgi (z) = 1 (2) vilae.

As a consequence, the Radon-Nikodym derivative is the step function given by
the countable sum in (3.16).

Finally, if ©,, can be written as disjoint union of @' and ©2, then
do, = bo1 + de2.

As a consequence, we may have a decomposition of E[dg | in terms of the
densities of ©' and ©2. In particular, as a simple example, let us consider the
case O©! is fixed, while ©? is random, with ©! N ©? = (). Then we have

E[H"(©,NA)] = E[H"(©'nA)]+EH"(6*n A)]
= H"(O'NA)+EH" (02N A)]
= (5@17114) + (E[6@2]71A)a

that is to say
E[(S@n} = dg1 + E[5@2].
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Chapter 4

Approximation of the mean
densities

In many real applications such as fiber processes, n-facets of random tessellations
of dimension n < d, etc., several problems are related to the estimation of the
mean density of the expected measure E[ue] of a random closed set © in R?. In
order to face such problems in the general setting of spatially inhomogeneous
processes, we suggest and analyze here an approximation of mean densities for
sufficiently regular random closed sets. We will show how some known results
in literature follow as particular cases.

4.1 The particular cases n =0 and n =d

In the previous chapter we have observed that any d-regular random set is
absolutely continuous in mean, and it suffices to apply Fubini’s theorem (in
Q) x R, with the product measure P x %) to obtain that the mean density is
given by (see Remark 2.23)

E[do,](z) = P(x € B4) for v%a.e. x € R%.

Therefore in this case it is easy to estimate the mean density by the estimation
of the hitting functional (Section 1.4.1) at a point z:

To,(x) =P(O4Nz #0) =Pz € O4).

It is clear that, given a sample of the random closed set O, i.e. given a sequence
0,02, ... of random closed sets IID as O, for any fixed point = € R?, an
unbiased estimator of E[de,](z) is given by

N

~(N 1

Ao (@) = ~ > 16 (@),
=1
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If n =0 and ©g = X is a random point, then E[H°(©y N -)] =P(X € -).
Therefore ©g is absolutely continuous in mean if and only if the law of X is
absolutely continuous. In this case E[dx] coincides with the pdf px of X and so
we may estimate E[0x] by the well known estimation by means of histograms
([58] § VII.13)

Estimation of densities by means of histograms

We recall the estimation of probability densities of real-valued random variables
by means of functions that are called “histograms”.
An interval in R will be denoted by I, and its length by |I].

Definition 4.1 A sequence of intervals Iy, Io, . .. is called an interval partition

of R if
i) I, NI, =0ifp#q,
i) R=|J I,

peEN

Such a sequence of intervals will be denoted by T (I := {I,}pen)-
In particular, we set

|Z| :=sup|I| and ~(Z):=inf|I|.
P p

It is assumed that 0 < y(Z) < |Z] < oo.

Definition 4.2 If a step function
h= Z Cp]-Ip
P

is a probability density (i.e. fR h = 1), then we say that h is a histogram.

Now, let X1,...,X, be a sample of a population having an absolutely con-
tinuous probability distribution with density f. Furthermore, let Z be a prefixed
interval partition of R. Then with every given outcome x4, ..., x, of the sample
we associate a histogram given by

h=h(Z;x1,...,2,) ::Zcpllp, (4.1)
P
where )
i ey}
Cp = ——————.
n| 1|

It is easily verified that the step function h defined above is a probability density,
hence it is indeed a histogram, and it can be used as an estimation for f. In
fact, we may observe that the coefficients ¢, depend on the sample outcome
X1y...,Xp; thus W(Z; X4, ..., X,) as in (4.1), with

#{Z L x; € Ip}

cp=cp(Xn,..., Xp) = A
P

)
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is a statistic for f. Note that
1 n
Cp(Xl, - ,Xp) = — Z ]-Ip(Xi);
n| | P

and the variables 17 (X1),...,17,(X,) are IID with a Bernoulli distribution
with parameter given by

P(1;,(X;) =1) =P(X; € ) = /1 f(x)dz.

As a consequence, the following holds ([58], p. 367).

Proposition 4.3 We have

i) Eley (X1, ... X,)] = |}| | #aa,

I Ig

P

. 1
it) var(cp(X1,...,Xpn)) = VAT (
P

For any fixed « € R, the expression
h(I, Xla s aXn)(z)
represents a real-valued statistic. The following theorem is proved in [58], p. 367.

Theorem 4.4 Let X4,..., X, be an infinite sample from an absolutely contin-
uous population with probability density f. Suppose that 11,75, ... is a sequence
of partitions of R such that

|Zn] — 0 and nvy(Z,) — occ.
Then in every point of continuity x of f we have

lim h(Zn; X1,...,Xn)(x) = f(x) in probability.

n—oo

4.2 An approximation of the mean densities

Given an n-regular random closed set ©,,, even if a natural sequence of approx-
imating functions of the expected measure E[ug,] is given by E[ég)] defined
by (2.14), problems might arise in the estimation of E[H"(©,, N B,(z))], as the
computation of the Hausdorff measure is typically non-trivial even in the de-
terministic case. Since points and lines are v2-negligible, it is natural to make
use of their 2-D box approximation. As a matter of fact, a computer graphics
representation of them is anyway provided in terms of pixels, which can only
offer a 2-D box approximation of points in R2. Therefore we are led to consider
a new approximation, based on the Lebesgue measure (much more robust and
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computable) of the enlargement of the random set, so we suggest unbiased esti-
mators for densities of random sets of lower dimensions in a given d-dimensional
space, by means of their approximation in terms of their d-dimensional enlarge-
ment by Minkowski addition. This procedure is obviously consistent with the
usual histogram estimation of probability densities of a random variable. A
crucial result is given in the following proposition.

Proposition 4.5 [2] Let ©,, be a random n-regular set, and let A € Bra. If

. E[Vd(@"e)r N A)] n
lim 20 T~ B[H7(0, 01 4)) (4.2)
then B o, )
. T € nNgr _ n

Proof. For a random closed set = in R?, Fubini’s theorem gives

EpH (2N A)] = /Ap(x € Z)da.

Therefore, the following chain of equalities holds:

) P(x € On,, ) . 1
i [ S = mp e [ Plee 0, as
. 1 d
= }141’% WE[V (9"6% N A)]
D gr(e, nA)

Motivated by the previous proposition, we define

, P(x € On,,.)
09T (x) = yERTE= rd_e;

and, accordingly, the absolutely continuous Radon measures u®" = §&714, i.e.
P(x € ©
w®(B) ::/ Mdm VB € Bga.

We may notice that
P(x € en@r) = ]P(@n N B,-(J;) # @) =To, (BT»(.Z‘)),

thus making explicit the reference to Tg ,, the capacity functional characterizing
the probability law of the random set ©,,.

Corollary 4.6 Let ©,, be a random n-regular set, and assume that (4.2) holds
for any bounded open set A such that E[ue, ](0A) = 0. Then the measures u®"
weakly® converge to the expected measure E[ue, ]| asr — 0.
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In other words, we may say that the sequence of linear functionals 6&", associ-
ated with the measures u®" as follows

03", f) = | flz)n®"(dw),
Rd
converge weakly® to the linear functional E[dg, ], i.e.
lim (65", /) = (Elde, ). f)  VF € Ch(RL ).

Note that, if ©,, is absolutely continuous in mean, we have

E[H"(©, N A)] = /A Yo, (z)dz,

where Ao, is the density of its associated expected measure Elug, ]. So, in this
case, we can rephrase (4.3) as

Pz € 6, .
lim 7@ ®'>

dz = A dx. 4.4

In particular, if ©,, is a stationary random closed set, then 6" (x) is independent
of x and the expected measure E[ue, ] is motion invariant, i.e. de, () = L € Ry
for vl-a.e. x € RY. It follows that

_ P(x € On,,) . P(xg € Ong,) 4 J

/ Az)dz = Lvi(A);
A
so by (4.4) we infer

lim P(l‘o S @ne%)

— d
am bd,nrdfn =1L Vzg € R%.

Recall that all these conclusions hold under the assumption, made in Propo-
sition 4.5, that (4.2) holds. So, the main problem is to find conditions on ©,
ensuring that this condition holds. If ©,, is such that almost every realization
O,,(w) has Minkowski content equal to the Hausdorff measure, i.e.

v (Ong, (w))

,r.d—n

lim
r—0 bd—n

= H"(On(w)), (4.5)

then it is clear that, taking the expected values on both sides, (4.2) is strictly
related to the possibility of exchanging limit and expectation. So we ask whether
(5.11) implies a similar result when we consider the intersection of ©,,,, (w) with
an open set A in R?, and for which kind of random closed sets the convergence
above is dominated, so that exchanging limit and expectation is allowed.
We remind that the n-dimensional Minkowski content of a closed set S C R

is defined by

lim Vd(S@T)

r—0 bd,nrd*”
whenever the limit exists.
We quote the following result from [4], p.110:
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Theorem 4.7 Let S C R? be a countably H™-rectifiable compact set and assume
that for all x € S
n(By(x)) > ~r" Vre (0,1) (4.6)

holds for some v > 0 and some Radon measure n in RY absolutely continuous
with respect to H"™. Then

. Vd(SGBT')
}ll% bd,nrd*"

= H"(S).

(Note that it makes no difference to consider the enlargement Sg,. of S with the
open or the closed ball of radius r centered in 0).
The following result is a local version of Theorem 4.7.

Lemma 4.8 [2] Let S be a compact subset of R? satisfying the hypotheses of
Theorem 4.7. Then, for any A € Bgra such that

H™M(S N AA) =0, (4.7)

the following holds
. l/d(S@T N A)
}E,I(l) bd,nrd*"

= H"(SNA). (4.8)

Proof. 1If n = d, then equality (4.8) is easily verified. Thus, let n < d.

We may notice that, by the definition of rectifiability, if C' C R? is closed, then
the compact set S N C is still countably H"-rectifiable; besides (4.6) holds for
all point x € SN C (since it holds for any point x € S). As a consequence, by
Theorem 4.7, we may claim that for any closed subset C of R?, the following

holds
Vd((S N C)G)r)

lim dn

= n . 4.
Jim =2 H(SNC) (4.9)

Let A be as in the assumption.
e Let € > 0 be fixed. We may observe that the following holds:

Ser N A C (SNclosA)g, U (S Nclosdg: \ intA)g, Vr < e.

Indeed, if € Sg, N A then there exists y € S with | —y| < r, and y €
closAg.. Then, if © ¢ (S N closA)g,, we must have y € S\ closA, hence
y € SNclosAg. \ closA.

By (4.9), since closA and closAg. \ intA are closed, we have

d
tim 2SS er) _gmig 0 closa) U 4m(s 0 4), (4.10)
r—0 bd_nrd—n

d .
lir% Gl C;OSA®dE_>lntA)®T =H"(S NclosAge \ intA). (4.11)
T d—nT
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Thus,

(Sg, NA
lim sup Y Wer 14) ( €Brd )
r—0 bd—nr -

v3((S NclosA)g, U (S NclosAge \ intA)g,.)

< li
S ——

d losA) g, d losA intA)a,
T A GILLE >+bdu (8 clondse \ nt )

AOLEID m (6 A) + M (S N closAge \ intA);

by taking the limit as € tends to 0 we obtain

AI.(SYNA
limsupy((izi_) < H'(SNA) +H"(SNIA) = H"(S N A).
r—0 I —_—
=0
e Now, let B be a closed set well contained in A, i.e. dist(4,B) > 0. Then
there exists # > 0 such that Bg, C A, Vr < 7. So,

d
HsnB) Y liminr S0 Bler)
r—0 d—n T4
d
<  liminf Y Wor! Dor) (Ser N Ber)
r—0 bd_nrd—"
d
< lim inf M'

r—0 bd_n’rd_”

Let us consider an increasing sequence of closed sets { B, }nen well contained in
A such that B,, /" intA. By taking the limit as n tends to co, we obtain that
(a1

d A
L0 0A) 5 Jan (S 0 B,) = He(5 ined) (510 4),

lim inf >
r—0 d,n’l’dfn n—00
We summarize,

v (Se, N A) V4 (Ser N A)

HM"(SNA) < ligriiélf T < lirTnj};p = < H™(SNA),
and so the thesis follows. O
4 (Ong,.NA)

If we consider the sequence of random variables W, for r going to 0,
we ask which conditions have to be satisfied by a random set ©,,, so that they
are dominated by an integrable random variable. In this way we could apply the
Dominated Convergence Theorem in order to exchange limit and expectation

in (4.8).
Lemma 4.9 [2] Let K be a compact subset of R and assume that for allz € K
n(By(x)) >~r"™ Vre (0,1) (4.12)

holds for some v > 0 and some probability measure 1 in RY.

Then, for all r < 2,
d
v (K@T) S 12n4d bd .
bdfn{rdin v bdfn
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Proof. Since Kg, is compact, then it is possible to cover it with a finite number
p of closed balls Bs,.(z;), with z; € Kg,, such that

|z; — ;| > 3r i 7.

(A first ball is taken off Kg,., and so on until the empty set is obtained).
As a consequence, there exist y1,. ..y, such that

ey, c K, i=1,...,p,

o |y —y;l >r, i # 7],

p
hd KEBT c U B4T(yi)'

i=1

In fact, if 2; € K, then we choose y; = x;; if ©; € Kg. \ K, then we choose
yi € B.(x;) N K. As a consequence, |y; — x;| < r and By, (y;) 2 Bs.(x;) for any
i=1,...,p. So

p p
U B4r(yi) 2 U B3r(xi) 2 KEBW
i=1

=1
and
3r < ai — x| <oy — il + |y — vyl + ly; — x5 < 2r + |yi — 5] i # .

For r < 2, By/2(y:) N B, /2(y;) = 0. Since by hypothesis 7 is a probability
measure satisfying (4.12), we have that

1>1 (U Br/2(yi)> = n(Bra(y:)) (4;) Py (g)n

i=1

and so

In conclusion,

v (Ker) _ v Uy Bar(yi)) _ pba(4r) < Longa ba
bd_nrd—n — bd_an_n — bd_nrd—n - ~ bd—n

O

In the following theorem we consider n € {0, 1,...,d—1}, since the particular
case n = d is trivial.

Theorem 4.10 [2] Let ©,, be a countably H"-rectifiable random closed set in
R (i.e., for P-a.e. w € Q, O, (w) C R? is a countably H"-rectifiable closed set),
such that E[ue, ] is a Radon measure. Let W C R? be a compact set and let
Tw : Q@ — R be the function so defined:

Iy (w) :== max{y >0 : 3 a probability measure n < H" such that
N(Br(x)) > yr" Ve € O,(w) N Wg1, r € (0, 1)}
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If there exists a random variable Y with E[Y] < 0o, such that 1/Tw (w) <Y (w)
for P-a.e. w € Q, then, for all A € Bra such that

AcCintW and E[H"(©,N0A)] =0, (4.13)
we have

. Ep4e N A)
lim
r—0 bd_nrd—n

ter =E[H" (0, N A4)]. (4.14)
Proof. Since E[Y] < oo, then Y (w) < oo for P-a.e. w € Q.
Let A € Bga be satisfying (4.13). Let us define
Qp:={weQ: H(O,(w)NIA) =0},
Qp :={w e Q : 0,(w) is countably H"-rectifiable and closed},
Qy ={weN:Y(w) < oo},
Qr={weQ: % <Y(w)};
by hypothesis P(24) = P(Qr) = P(Qy) = P(Qr) = 1.
Thus, if Q" := Q4 NQr N Qy NQr, it follows that P(Q') = 1.
Let w € € be fixed. Then

e I'yy(w) > 0, i.e. a probability measure n < H* exists such that
N(Br(x)) > Tw(w)r" VYo € O,(w)NWgi, r €(0,1),
e H"(O,(w)NOA) =0,
so, by applying Lemma 4.8 to ©,, N Wg1, we get

] ud(@n®7, (w)yN A)
lim
r—0 bd_nrd*"

= H (O (w) N A);

i.e. we may claim that

d A
lim v (Ong, N 4)

0 b,_pd-n H"(©, NA) almost surely.
T— d—n

Further, for all w € ', 6,,(w) NWg satisfies the hypotheses of Lemma 4.9, and
SO

Vd(enear (w)NA) _ Vd((@n(w) N Wai)ar NA) < Vd((@n(w) NWai)er)

bdfnrd_n bdfnrd_n - bdfnrd_n

IN

ba ba
2n 44 <Y(w)2"4? 2 e R.
Ty (w) bg—n — @) d—n

Let Z be the random variable so defined:

a ba

Z(w) =Y (w)2™4 ..

, we.

By assumption E[Z] < oo, so that the Dominated Convergence Theorem gives

ud(®n®r NA)

ImE | —————=
11m |: bd_nrd—"

r—0

} = E[H"(©, N A)].
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Notice that in the statement of Theorem 4.10 we introduced the auxiliary
function Y (w) in order to avoid the non-trivial issue of the measurability of
I'w(w); as a matter of fact, in all examples, one can estimate 1/T'y (w) from
above in a measurable way.

Notice also that if ©,, satisfies the assumption of the theorem for some closed
W, then it satisfies the assumption for all closed W’ C W; analogously, any n-
regular random closed set ©/, contained almost surely in ©,, still satisfies the
assumption of the theorem.

We summarize as follows.

Theorem 4.11 (Main result) [2] Let ©,, be a random n-regular closed set in
R? and let E[ue, | be its expected measure. Assume that ©,, satisfies the density
lower bound assumption of Theorem 4.10 for any compact set W C R?. Then

. P(x S @n@,,‘) o
}%/A de = E[pe,|(4)

for any bounded Borel set A C R? such that
Elpio, )(94) = 0. (4.15)

In particular, if ©,, is absolutely continuous in mean, we have

lim / Ple € Oner) . _ / o, (z)d (4.16)
A

=0 f 4 bg_prd—n

for any bounded Borel set A C R? with v4(0A) = 0, where N\, is the mean
density of ©,,. Finally, if ©, is stationary we have

lim P(Z‘O € @n@,,«)

r—0 bd,anfn

. Vo eRL (4.17)
Proof. The first statement follows by (4.3) in Proposition 4.5: indeed, the
assumption (4.2) of that proposition is fulfilled, thanks to Theorem 4.10.

The second statement is a direct consequence of the first one.

Finally, in the stationary case (4.17) follows directly by (4.16), as explained
after Corollary 4.6. ]

Note that condition (4.15), when restricted to bounded open sets A, is
“generically satisfied” in the following sense: given any family of bounded open
sets {A; hrer with closA; C A, for s < t, the set

T:={teR: Elueo,](0A:) > 0}

is at most countable. This is due to the fact that the sets {0A; }+cr are pairwise
disjoint, and all with strictly positive E[ug, ]-measure.

Remark 4.12 (Mean density as a pointwise limit) It is tempting to try
to exchange limit and integral in (4.16), to obtain

Jim "= T = e, (2), (4.18)
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at least for v-a.e. x € R The proof of the validity of this formula for
absolutely continuous (in mean) processes seems to be a quite delicate problem,
with the only exception of stationary processes. However, in the extreme cases
n =d and n = 0 it is not hard to prove it.

A consistent estimator of the mean density

Let us observe that P(z € ©,,,) = Te, (Br(z)). The estimation of the hitting
functional has been faced in classical literature. Thus, the approximation of the
mean densities we have proposed here may be the initial point for the estimation
of mean densities of n-regular random sets, at any lower Hasudorff dimension
n.

Let us assume that (4.18) holds, and let ©L,02,... be a sequence of random
closed sets IID as ©,,. For any fixed » > 0, an unbiased estimator for P(z €
O, ) is given by

nor 1 N
To, (N,r) = N ; loinB, (x)20-

Note that the variables 1o1np, ()20 - - - loNnB, ()20 are [ID with a Bernoulli
distribution with parameter given by P(z € ©,,,).
As a consequence we have that

To, (N,7), Elleinp,()z0] Pz €6y,,)

E = = - 4.1
[ bd,nrd—” ] bd,nrd—” bd,an_n ’ ( 9)
and
To. (N,r) 1
var( =T )= N(bd_nrd—")QP(x € Oy, )(1 =Pz € O,,,)). (4.20)

It is well known the following result.
Lemma 4.13 If Y1,Y5, ... is a sequence of random variables such that
lim E[Yy] =
* Ngnoo [ N] ©
o lim var(Yy) =0,

— 00

then
lim Y, =c¢ in probability.

N—o0

Thus, (4.19) and (4.20) suggest to take as consistent estimator of the mean
density Ao, (z) the following

N
Yim1 1oy nB, i (2)20
bd_nN—k(d—n)Jrl ’

A (@) = (4.21)

with 0 < k < 71—,
More precisely, we may claim that
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Proposition 4.14 Let O 02 ... be a sequence of random closed sets IID as
O,,, with n < d, such that (4.18) holds. Then we have

A}im Xg\i)(x) = do, () in probability.
Proof.
NP(x € ©,,
( SN k) (4;8) )\@n (I)

. S(N) 9
ngnoo]E[)\ew (x)] B ]\}gnoo bd_nN_k(d_n)"‘l

We check now that the variance of Xg\? (x) tends to 0.

lim var(X(@N) (x))
N—oo "
1

- ]\}gnoo (bd,ank(d*")JrlPNP(x € G)n@

- li ! P € Ong i) 1-Plze®
= Do Ngnoo N _R(d—n)+1 bd,nN_k(d_”) ( - (37 S "GBN”“))'

J(I =Pz eOn, )

N—k

Since

lim P(x € ©,_ __,) =0, because n < d,
N—o00 ON

Pzxe®©,_ )
lim ——reNkl () € R, by (4.18),

1
d—n>’

lim ———————= =0, because 0 < k <

it follows that

lim var(Xg\;) (x))=0.

N—oo

By Lemma 4.13 the thesis is proved. O

4.2.1 The particular cases n =0 and n =d

Even if, of course, the special cases n = 0 and n = d can be handled with
much more elementary tools, we show now how they are consistent with our
framework.

Let us consider the well known case of a random point X in R?¢. Thus, we
are in the particular case in which n = 0 and 6y = X.
First of all we observe that X is a compact O-regular random set and satisfies
the hypotheses of Theorem 4.10 with 7 := H%(X (w) N -) for all w € Q. In fact,
for any fixed w € Q,

e 7 is absolutely continuous with respect to H° with n(R9) = 1;
o Vz € X(w) (ie. if X(w)=1x), Vr >0,
N(B:(2)) = H(X () N B (2)) = 1, (2) = 1,

and so I'(w) = 1.
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Since P(x € Xg,) = P(X € B,(z)) = E[H°(X N B,.(x))], in this case the lin-
ear functional J5" is just the linear functional E[&go]. We know by previous
arguments (see Section 2.2) that the sequence of linear functionals E[(Sgo)] con-

verges weakly* to the linear functional E[dg,], i.e., for any A € Bra such that
Elne,](04) = 0,

lim P(X € B,(x))

=EH (XNA
70 J 4 byrd dz (X0 A,

in accordance with Proposition 4.5.

Now, let us assume that E[H%(X N-)] = P(X € -) is absolutely continuous
with density f(x) given by the usual Radon-Nikodym derivative, which, in this
case, coincides with the probability density distribution of the random point X.

By remembering that a version of the Radon-Nikodym derivative of E[H%(X N-)]
E[H%(XNB,(x))]

is given by the limit lim,._,q Do

, note that we may exchange limit and
integral:

lim/ PeBX) g, _ mpoxna)
A

r—0 bd’rd
0
A

r—0 ded
- [ PEEBE),
AT—0 bd’r‘d
AT—0 bd’/’d
so it follows that
P(x € Xer)

. dr 1 er) _ d_ d
}1_)1110 5" (x) = }‘ll}l'(l) ol f(x) vi-a.e z € R?

as expected.
Note that in the case d = 1 we have in particular that

E[6y")(z) = PXelr—rztr), (4.22)
2r
if X has pdf f, we know that E[dx](x) = f(z), so that (4.22), with Proposition

4.14, lead to the usual estimation of density by means of histograms (see Section

4.1). In fact, in this case, if X1, X5, ... is a sequence of random variables IID as
X, then, by Proposition 4.14,

N
~ (4.21) dim ]'Bka(m)(Xi)

(N
F@) =2 () bN ., 0<k<1

converges in probability to f(z) for N — oc.
Note that

N
Z 1BN_k(I)(Xi) = #{’L 1 X; € Bka,(.I)}
i=1
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where By« () is the interval I, on R centered in z with length 2N %, so that

#{i: X, €L}

flay = PG

Thus, if Zy is a partition of R, where the length of each interval is equal to
2N~F with 0 < k < 1, then, for N — oo,

|Zn| =2N"% — 0 and Ny(Zy)=2N"*" — oo,

so Theorem 4.4 may be seen as a particular case of Proposition 4.14.

In the particular case n = d, we know that the measure E[ueg,] is always
absolutely continuous with density Ao, (z) = P(z € ©4). We may like to no-
tice that 05" = P(z € ©4,,) and by Monotone Convergence Theorem we can
exchange limit and integral, and so we reobtain

lim P(z € Oq,,) = P(z € Oa) = Xo, (2)-

4.3 Applications

In many real applications ©,, is given by a random collection of geometrical
objects, so that it may be described as the union of a family of n-regular random
closed sets E; in R%:
0, = JE. (4.23)
i

Here we do not make any specific assumption regarding the stochastic depen-
dence among the E;’s. In fact, if ©,, is known to be absolutely continuous in
mean, a problem of interest is to determine its mean density Ag,, and Theo-
rem 4.10 seems to require sufficient regularity of the E;’s, rather than stringent
assumptions about their probability law. As a simple example, consider the
case in which, for any 4, E; is a random segment in R? such that the mean
number of segments which hit a bounded region is finite; then we will show in
the sequel that ©; satisfies Proposition 4.5, without any other assumption on
the probability law of the E;’s (e.g. the law of the point process associated with
the centers of the segments).

Note also that geometric processes like segment-, line-, or surface- processes
may be described by the so called union set of a particle process (see, for exam-

ple, [13, 64]):
o.= |J K,
Kew
where U is a point process on the state space of H™-rectifiable closed sets. It
is known that the stationarity of ©, depends on the stationarity of the point
process W.
Other random closed sets represented by unions, as in (4.23), are given by

[
0, = Ei, (4.24)
1=1
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where @ is a positive integer valued random variable, representing the random
number of geometrical objects E;.

This kind of representation may be used to model a class of time dependent
geometric processes, too. For example, at any fixed time t € R, let ©! be
given by

Dy
@:U&
=1

where ®; is a counting process in R, ; e.g., if ®; is a Poisson counting process
with intensity A (see Section 1.5.4), then at any time ¢ the number of random
objects E; is given by a random variable distributed as Po(At); in this case the
process {©'} is additionally determined by a marked point process d in Ry,
with marks in a suitable space: the marginal process is given by the counting
process ®;, while the marks are given by a family of random closed sets F;.

In literature, many geometric processes like this are investigated, as point-,
line-, segment-, or plane processes, random mosaics, grain processes, ...
Note that ©,, may be unbounded, given by an infinite union of random sets F;
(e.g. as in (4.23) with E; random line). In such a case, when we consider the
restriction of ©,, to a bounded window W C R?, by the usual assumption that
the mean number of E;’s hitting a bounded region is finite, we may represent

[0>]
O, NW=|JE",

i=1

with E}Y = E; N W, the union above being finite almost surely.
We give now some significant simple examples of random sets of this kind,
to which the results of the previous sections apply.

Example 1. A class of random sets satisfying hypotheses of Theorem 4.10 is
given by all sets ©,, which are random union of random closed sets of dimension
n < din R? as in (4.24), such that

(i) E[®] < oo,
(ii) Eq, Es,... are IID as F and independent of ®,
(iii) E[H™(E)] = C < oo and Fy > 0 such that for any w € €,
H"(E(w) N Br(x)) > ~yr™ Vo € E(w), r € (0,1). (4.25)

H"(O,(w)N-)
We can choose 7(:) == ————F——=
)= S0, w)
1 is a probability measure absolutely continuous with respect to H™, and such
that

for any fixed w € . As a consequence,

S " T w), T .
n(Br(x)) > H”(@(w)) Vo € 6n( )7 € (071)

In fact, if z € ©,,(w), then there exists an 1 such that z € Er(w); since O, (w) =

U;I;(“f) E;(w), we have

MO, NB(x)  HEW) B @)
H*(On(w))  — H'On(w)) T~ H(OW))

n(Br(x))
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As a result, the function I" defined as in Theorem 4.10 is such that

E[H"(0n)] = E[E[H"(6n)]®]]
= iE U )| ® = kP(® = k)
k=1 i=1
<SS EH ER@ =
k=1 i=1

Note that we have not made any particular assumption on the probability laws
of ® and E. Further, it is clear that the same proof holds even in the case in
which the E;’s are not IID, provided that E[H"(E;)] < C, Vi, and (4.25) is true
for any E; (with « independent of w and 7).

By keeping the general assumption that @ is an integrable positive, integer
valued random variable, we may write the probability that a point x belongs to
the set ©,,,, in terms of the mean number of E; which intersect the ball B,.(z).
We prove the following proposition.

Proposition 4.15 [2/ Let n < d, let ® be a positive integer valued random
variable with E[®] < oo, and let {E;} be a collection of random closed sets with
dimension n. Let ©, be the random closed set so defined:

-

i=1

If By, Es, ... are IID as E and independent of ®, then, for any x € R? such
that P(z € E) =0,

Pz €Ong,) _ . EF{E : w€Biy, )]
Iim ———% = lim
r—0 bd,an_n r—0 bdfnrd_n

)

provided that at least one of the two limils exists.
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Proof. The following chain of equalities holds:

Lo}
P(z € On,,) = Plel]Ey,)
=1

[
1-Px ¢ | JEs,)

= 1-— P(ﬂ{x ¢Ei..})
o0 k
= YR g )@ = K@ = b

since the E;’s are IID and independent of ®,

= 1-Y [P(e & Ear)FB(® = k)
k=1
= 1-E[P(z € Egr))®]
= 1-G(P(z & Eg,)), (4.26)

where G is the probability generating function of the random variable ®.
Now, let us observe that

k

E[Y 1s,,, (2)|® = HE(@ =)

M8

E#{E; : x € By, }] =

b
Il
_

I
M8

kP(x € Eg)P(® = k)

b
I
—

= P(z € Eg,) i KP(® = k)
k=1
= E[®|P(z € Eg,). (4.27)

We remind that E[®] = G/(1) and 1 = G(1).
In order to simplify the notation, let s(r) := P(z € Fg,). By hypothesis we
know that s(r) — 0 as r — 0; thus by (4.26) and (4.27) we have

lim P(x € On,,) — i G(1) — G(1 —s(r))
r—0E[#{E; : € By, }] 0 G/(1)s(r)
_ 1 G- s(r) - G
G/(1) r20 —s(r)
1 , _
- G/(l)G (1) = 1. (4.28)

In conclusion we obtain

y P(z € On,,) I P(z € On,,) E[#{E; : z € By, }]
m ———--—- = 1m
r—0 bg_p,rd—n r—0 E[#{Ez T x € Ei@T}] bg_prd—n
(429 B 7 € B, ] (4.29)
r—0 bd,nrd_”
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Corollary 4.16 Under the same assumptions of Proposition 4.15, (4.27) and
(4.29) yield
. Pz eOyn,,)
lim ———*=

P(z € Eg,
Py APy st

liny = (4.30)

for any x € RY where at least one of the two limits exists.

Remark 4.17 1. Whenever it is possible to exchange limit and integral in
(4.4), we can use the fact that A is arbitrary to obtain

Yo, (z) = E[@] lim "% € Lor)

r—0 bg_ pd—n :E[(I)]AE([E)’

for vi-a.e. © € R, where \g, and Ag are the mean densities of pg, and ug,
respectively. In particular, when F is stationary (which implies ©,, stationary
as well), Ao, () = Lo, € RT and Ag(z) = Lg € RT, so that

P(zo € E
Lo, = E[] lim L\%0 € Fer)

" r—0  bg_prd—n = E[2]Lp.

2. Let ©,, be a random closed set as in Proposition 4.15. By (4.30) we infer
that the probability that a point z belongs to the intersection of two or more
enlarged sets F; is an infinitesimal faster than %", i.e.

IP(3i,4, i # j such that x € E;, N Ej, ) —0 (4.31)

lim
r—0

rd—n

In fact, denoting by F.(x) the event {3i,j, i # j such that = € E;,, N Ej, },
we have

1p.(2) < Z laeng, ) — Yaeo,p.}

3

so that, as (4.27) gives

B[ Lreris )] = EOIP( € Fey),

taking expectations in both sides and dividing by 74~ we get that

0 < 1 P _ 1 ERIP@ € Eo,) ~ E[OIP(e € Fa)

r—0 rd-n r—0 rd—n

=0.

Really, another proof of (4.31), which emphasize the role of the grains E;’s, is
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the following:
o

P(z € | J(Eig,) (4.32)
i=1

_ i[@(m c O B, |® =n)P(® = n)
n=1 i=1

n

b, (2) N | Bilw) # 0)}| @ = n)B(@ = n)

n=1 i=1

=Y P{w: [JO: (@) N Eiw)) #0)} [ @ = n)P(® = n)

n=1 i=1

|
(]
=
—
S

= ZIP’({w : 3 e {1,...,n} such that b.(z) N E;(w) # 0)} | ® = n)P(® = n)

n=1
= S Bt be@) A B) £ D} @ = mE(® = n)
= ZIP’(U{w cx € Ei (W) #0)} @ =n)P(®=n)

. e n
@Z ZP(JCEE@T|@=”)_ZP(33€E¢@TOEJ’®T‘(I’:n)
n=1

i=1 1<J
+ Y P@e€E, NEj, NE, |®=n) — - | P(®=n)
i<j<k
=y {nP(x € Eg,) — (Z) P(z € E;y, N Ej,,) (4.33)
n=1
n
+<3)IP’(33 € E;,, NE;, NEy,, )~ | P(®=n),

where in (i) we used the inclusion-exclusion theorem.
In order to simplify the notations, let

Piryis (@) =Pz € By, N---NE;_ );

thus, by (4.33) we have that

(e < Q(Ei@r» = j0lea € o= [ () () puse | F@ =)

n=1

By (4.30), and since the equation above holds for any discrete random variable
®, so in particular for any deterministic ® = n, we may conclude that, for any
integer s > 2,

won)

P(xEEil Nn---Nk,
lim or

=0.
r—0 bd,n’l’d_n
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Example 2. (Poisson line process.)

Now, we recall the definition of a Poisson line process, given in [64] as a simple
example of applicability of the above arguments. We shall obtain the same re-
sult for the mean density of the random length measure.

Line processes are the simplest examples of fibre processes. Such random pat-
terns can be treated directly as random sets; however, they can also be con-
sidered as point processes with constituent “points” lying not in the Euclidean
space, but in the space of lines in the plane, which can be parameterized as a
cylinder C* in R? (see [64], Ch. 8):

C* ={(cosa, sina, p) : peR, a € (0,7},

where p is the signed perpendicular distance of the line [ from the origin 0 (the
sign is positive if 0 lies to the left of [ and negative if it lies to the right), and «
is the angle between [ and the x-axis, measured in an anti-clockwise direction.
“A line process is a random collection of lines in the plane which is locally
finite, i.e. only finitely many lines hit each compact planar set. Formally it
is defined as a random subset of the representation space C*. The process is
locally finite exactly when the representing random subset is a random locally
finite subset, hence a point process, on C*. Such point processes are particular
cases of point processes on R?, because, as suggested by the parametrization
(p, @), the cylinder can be cut and embedded as the subset R x (0, 27] of R?”
([64], p.248).

A line process ©1 = {ly,ls, ...}, when regarded as a point process on C*, yields
an intensity measure A on C*:

AA) =E[#{l: 1€ ©,n A}

for each Borel subset A of C*.

A Poisson line process Z is the line process produced by a Poisson process
on C*. Consequently it is characterized completely by its intensity measure A.
Under the assumption of stationarity of =, it follows that there exists a constant
L= > 0 such that the intensity measure A of = is given by

da
A d 5 = [=- d Ha

(d(p,a)) =Lz -dp- o
besides, it is clear that the measure E[H!(ZN-)] is motion invariant on R?, and
so there exists a constant ¢ such that

E[HY (2N A)] = cv?(A)

for any A € Bge.
Such a constant ¢ can be calculated using the cylinder representation of Z; it is
shown that ¢ = Lz (see [64], p.249).

We show now that the same statement can be obtained as a consequence of

(4.3).
As a matter of fact, by stationarity we know that
P S
ev?(4) = lim Mﬂ(/x) (4.34)
r— 'S
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holds for any Borel set A which satisfies condition (4.2), so that it is sufficient
to prove that
E[?(Eer N A)] 1
lim ———— = =EH (ENA
i = (H'E0A)
holds for a particular fixed A. Let us choose a closed square W in R? with edges
1317132,P3,1347 and side length h.
Note that ©1 := 2N Wg; is a countably H!-rectifiable and compact random set
and, by the absolute continuity of the expected measure, E[H(ENdW] = 0 (so
that P(HY(ENoW) > 0) = 0).
For any w € Q let us define

_ HY©O1(w)N)
1) = e @)

Then 7 is a probability measure absolutely continuous with respect to H' such

that 1

n(BT(.T)) 2 WT’ Vx S @1(&)), re (0, 1),
and we may notice that H!(I;(w) N Wg1) < (h + 2)v/2 for any w € Q, for any i.
Let [ :={i:1l; N Wg1 # 0}, and @V := card(I); we know that E[®"] < oo, so

E[H'(©1)] = E[> H'(l N Wg1)] < (b + 2)V2E[Dw] < oc.
iel
The hypotheses of Theorem 4.10 are satisfied with A = W and Y = H!(0,),

thus we obtain El2(=
lim M =EHYENW)].
r—0 2r
In conclusion, remembering that the number N, of lines of = hitting the ball
B,.(0) is a Poisson random variable with mean 2rLz ([64], p.250), by (4.34) we

obtain

P Eor
¢ = lim (0 € Zqy)
r—0 2r
P(ENB
L PENB0)£0)
r—0 2r
>
= lim PN, 2 1)
r—0 2r
1_ —27’LE
= lim ¢ = L=
r—0 2r

Remark 4.18 In the above example we have chosen the measure n as the
restriction of the Hausdorff measure H! to a suitable set containing =N W.
As a matter of fact, due to the stochasticity of the relevant random closed set
=, problems may arise in identifying a measure 7 needed for the application of
Theorem 4.10. A proper choice of 7 can be made by referring to another suitable
random set containing =. We further clarify such procedure by the following
example.
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Example 3. (Segment processes.)
Let ©; be a random closed set in R? such that

@
@1 = U Si7
i=1
where ® is a counting process (i.e. a positive integer valued random variable)
with E[®] < oo, and Si, S, ..., are random segments independent of ®, ran-

domly distributed in the plane with random lengths H!(S;) in [0, M].
HY(O1(w) N-)

HY (O1(w))
Let x € ©1(w); then an T exists such that z € S;(w), and so

Let us consider a realization O1(w) and define n(-) :=

H(O1(w) N By(x))  HI(Si(w) 0 By (z))

n(Br(z)) = HL(O1(w)) = HY(©1(w))

Fixed r € (0,1), observe that, if S;(w)NIB,(x) # 0, then H(S;(w)NB,.(z)) > r,
while if Si(w) C B,.(z), then H*(Si(w) N B.(x)) = HY(Si(w)) > H(S;
Suppose that ®(w) = n and define

L(w) = min {H'(Si)}:

We have that

min{1, L(w)}

U(Br(x)) Z Hl(el(w))

T, Ve € O1(w), r € (0,1).

Thus, ©1(w) satisfies the hypotheses of Theorem 4.7.
If we want to apply Theorem 4.10, the above is not a good choice for n. In fact,

1 H (O (w))
— < ! — =Y
o) < max{H" (0 (w)), L) } (w),
and we may well have E[Y] = oco. In this case, a possible solution to the

problem is to extend all the segments with length less than 2 (the extension can
be done omothetically from the center of the segment, so that measurability of
the process is preserved). In particular, for any w € Q, let

Gilw) = Si(w) if H(S;(w)) > 2,
W= S;(w) extended to length 2 if H1(S;(w)) < 2;
and )
01(w) = | J Si(w)
i=1

In this way, for every z € ©;(w), there exists an T such that = € S;(w) with

Si(w) N OB, (x) # O for any r € (0,1). If we define

CABID

() .:M
T TG w)
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then
n(By(x)) > Hl(éll(w))r Vz € O1(w), r € (0,1),

and so in this case we have Y = H'(0,), and

=) = mpe(Js) =E[E[ZH1<Si>\@]]
= ZZ Si) | ® =n]P Zn (M +2)P(® =n)

— (M +2)E[®] < .

(The same holds whenever the S;’s are IID as S with E[H!(S)] < c0.)
Note the peculiar role played by the geometrical properties of the random set.
A particular segment process is the well known stationary Poisson segment
process in R? [13, 64]. In this case each segment S; is determined by its reference
point ¢;, length and orientation. The ¢;’s are given by a stationary Poisson
point process ¥ with intensity a > 0, while length, say R, and orientation are
supposed to be random and independent, with E[R] < co. Then the measure
E[ne,] induced by the segment process is stationary, and it can be proved (see
e.g. [13], p.42, [64]) that its density is given by A(z) = «E[R] =: L, for any
xr € Re
Clearly, the resulting random closed set is not compact and the mean number of
segments which intersect a fixed bounded region is finite. Using Theorem 4.11,
and because of stationarity, we know that

. ]P)(O c 61@7')
e

Let us first consider for simplicity the particular case in which orientation and
length R are both fixed. Then, denoted by K the subset of R? such that a
segment with reference point in K hits the ball B, (0), it is easy to see that
vI(K) = bg_17% 1R + bgr?, and

P0 € @1@7‘) =P(U(K)>0)=1-— eifwd([{)’

so that we obtain
1— efa(bd_lrd’1R+bdrd)

lim = aR.
r—0 bd,ﬂ‘d_l

Note that this does not depend on orientation, so, if now we return to consider
the case in which length and orientation are random, it easily follows that

L = oE[R],

as we expected.

Geometric processes of great interest in applications are the so called fibre
processes. A fibre process O is a random collection of rectifiable curves. A
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relevant real system which can be modelled as a fibre process is the system of
vessels in tumor driven angiogenesis. Estimation of the mean length intensity
of such system is useful for suggesting important methods of diagnosis and of
dose response in clinical treatments.

It is clear that, as in Example 3, Theorem 4.10 can be applied also to this
kind of H -rectifiable random closed sets, going to consider as ©; the random
closed set given by the union of suitably extended fibres. As a consequence,
Proposition 4.5 holds for fibre processes, and we may obtain information about
the measure E[ug,], also under hypotheses of inhomogeneity of the process.

Example 4. (Boolean models.)

Another geometric process, well known in literature, is given by a inhomoge-
neous Boolean model of spheres (see [64]); i.e. ©4_1 turns out to be a random
union of spheres in R%, and so it may be represented as follows

O4-1(w) = UaBmw)(Yi(w))»

where Y; is a random point in R, given by a Poisson point process in R¢, and R;
is a positive random variable (e.g. R ~ U[0, M]). As a consequence, the mean
number of balls which intersect any compact set K is finite. In order to claim
that (4.2) holds, we proceed in an analogous way as in the previous example for
a stationary Poisson segment process; it is clear that if Theorem 4.10 holds for
a random closed set

®
Ea-1:= | 9BR, ) (Yi(w)), (4.35)

i=1
where @ is a positive integer valued random variable with finite expected value,
and Y; is a random point in R, then the thesis follows.
Since in general 1/H1(0Bg,(Y;)) has not a finite expected value, using the
same approach as in the previous example, we are going to consider a suitable
random set =4_; containing Zq_1.
Let d = 2; the case d > 2 follows similarly. For any w € Q, let

(W) = BRl(w)(sz(w)) if Rz(w) > l’
Bi(w) = { BR,w)(Yi(w)) Uly,(w) if Ri(w) < %

7

where ly, (. is a segment centered in Y;(w) with length 3, and

[1]x

P (w)
1(w) = ] 9B;(w).
=1

In this way, for every z € Z1(w), there exists an T such that x € 9B;(w) with
OB;(w) N OB, (x) # () for any r € (0,1). We define

L HE W N
77()-777{1( @)

[

[1]:



Let r € (0, 1) be fixed and observe that, if Ry(w) > &, then 0B,.(2)N0B g, (. (Yi(w)) #
0, and so

On the other hand, Ri(w) < § < 1/2, let s := dist(xz,ly;(,)), and m :=

n(By(z)) > —=—r Vo € 21 (w), Vr € (0,1),

and it is clear that E[H'(Z;)] < oo; thus Theorem 4.10 holds for Z;, with
W =R%and Y := HY(Z,)/V3.

Consider now the random closed set Z; defined by (4.35), where ®, R; and
X; are chosen as before. It is clear that Theorem 4.10 holds for =; as well, since

—
—

N
(1]

1-

Remark 4.19 If we consider
o
=:= | Br.(X)), (4.36)
i=1

(i.e. Zis a Boolean model of balls in RY), than 9= C U;-I;l OBR,(X;). It is clear
that Theorem 4.11 holds for 0= as well.
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Chapter 5

First order Steiner formulas
for random closed sets

If we consider a d-dimensional random closed set © with dim(00) = d — 1,
sufficiently regular such that 0O satisfies the conditions of Theorem 4.10, then
we may rephrase (4.14) as

d
im E[v*(00g, N A)] s

r—0 r

[HI~1(06 N A)). (5.1)

Note that E[v4(00)] = 0, so that, roughly speaking, we may regard (5.1) as the
derivative in = 0 of the expected Hausdorff measure of 00 with respect to the
Minkowski enlargement.

If we enlarge 90 only in the complement of © (i.e. we consider Og, \ 0), we
ask if © satisfies a local mean first order Steiner formula, i.e:

i B (@er \ONA)] L

r—0 T

[H=1(00 N A)).

In this Chapter we shall give conditions about regularity of a random closed
subset of R? in order to satisfy a first order Steiner formula, which will be very
useful in the sequel. (See also [42] for further applications.) In particular we
say that a random closed set © in R? satisfies a first order Steiner formula if
and only if for almost every w € 2, H4~1(90(w)) < oo and

1 MO\ O))

r—0 r

=H"1(00(w));

while we say that © satisfies a mean first order Steiner formula if and only if
E[H4~1(00)] < oo and

lim B Oer \O)] _

r—0 r

[H=1(00))].

By a Steiner formula, we mean a polynomial expansion of the volume of the
parallel set of a given subset of the Euclidean space R A subset A of R? is
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said to satisfy a Steiner formula if there exist numbers ®,,(A4), m = 1,...,d,
such that, for every (sufficiently small) r» > 0
d
HY (Agr) =D 1" by m @ (A). (5.2)

m=0

In [31] Federer introduced the class of sets with positive reach and showed that
for these sets the Steiner formula holds.

We start by recalling the definition of set with positive reach, introduced by
Federer. Let A C R% let Unp(A) be the set of points having a unique projection
(or footpoint) on A:

Unp(A) := {a € R? : Iz € A such that dist(z, A) = |ja — z|}.

The definition of Unp(A) implies the existence of a projection mapping €4 :
Unp(A) — A which assigns to x € Unp(A) the unique point £4(x) € A such
that dist(z, A) = || — £a(z)||. For a point a € A we set:

reach(A,a) = sup{r >0 : B,(a) C Unp(A4)}.
Definition 5.1 The reach of A is defined by

reach(A) = inf reach(A4,a),

acA
and A is said to be a set with positive reach if reach(A4) > 0.

It is known that for a set with positive reach the Steiner formula (5.2) applies.
In fact, Theorem 5.6 in [31] shows that a local Steiner formula holds:

Theorem 5.2 If A C R? and reach(A) > 0, then there exist unique Radon
measures Yo, Y1, . . ., g over R such that, for 0 < r < reach(A),

d
HeY({z : dist(z, A) <7 and Ea(z) € B}) = Z Mo (B),
m=0
whenever B is a Borel set of RY.
The Radon measures ¥g, Y1, ..., 1%, are said the curvature measures associated

with A, and their supports are contained in A.

Note that, when ¥g(A),¥1(A),...,1q(A) are meaningful, for instance in the
case A is compact, these numbers are the total curvatures of A, and are de-
noted by ®g(A), P1(A),...P4(A), respectively. Thus, the Steiner formula (5.2)
is obtained by choosing B = A, and the first order Steiner formula follows
immediately.

Sets with positive reach include the important subclass of convex bodies, i.e.
compact convex subsets in R?. Steiner formulas and curvature measures for
these sets are studied in [62]. Let us also mention that an extension of Steiner
type formulas to closed sets has been achieved by Hug, Last, and Weil in [37],
Theorem 2.1, which involves tools from convex geometry. This result has been
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used by Rataj in [59], Theorem 3, to prove a first order Steiner formula for
compact unions of sets with positive reach.

In the next section, we provide an alternative proof of the first order Steiner
formula for unions of sets with positive reach, based on elementary tools of
measure theory, in particular on the inclusion-exclusion theorem, which seems
to be more tractable when we pass to consider the stochastic case.

5.1 A first order Steiner formula for finite unions
of sets with positive reach

Lemma 5.3 [I1] Let  be a measure on Bra. Let A1, ..., A, be closed subsets
of RY such that u(0A;) < oo Vi=1,...,n.

If
/.L(@Ai N 814]) =0 Wi 7é j, (53)
then . .
pO(() A) = > n(@4; nint([) A,))- (5.4)
i=1 i=1 J#i

Proof. We proceed by induction.

Step 1: (5.4) is true for n = 2.
A1NAs ={z : © € Ay, x € Az} can be written as disjoint union of the following
sets:

e intA; NintA,

e intA; NOAs

e 0A; NintAy

e 0A1 NOAs.
Notice that

x €int(41 NAy) & Frte Bo(x) T A NAy
< Irte Be(r) C Ay, Be(z) C Ay
& T e intAl, x € intAg,
and so int(A; N As) = intA; NintAs.
Therefore we have
3(A1 n AQ) = (A1 n Ag) \ int(A1 n AQ)
= (intA; N0As) U (0A; NintAs) U (9A; NOAs).
Since this is a disjoint union and by hypothesis u(0A4; N 9As) = 0, it follows

that
u(@(Al N AQ)) = u(@Al n iIltAQ) + ,u(iIltAl n 8A2)
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Step 2: We show that if (5.4) is true for k, then it is true also for k + 1.
Since 8(ﬂf:1 A;) C Ule 0A;, by hypothesis (5.3) we have

k k k
p(O(() A) N 0Ak1) < p(|J 045 N 0A1) <D p(0A; N A1) = 0.
i=1 =1 i=1
Therefore
k+1 k
p@(()A)) = @) AN A1)
=1 =1
k k
= p(@(() Ai) NintAgy1) + p(0Ag 1 Nint (] Ay).
i=1 =1

Since p(0Ag4+1Nint ﬂf:l A;) is the last term of the sum in (5.4) (with n = k+1),
the thesis follows if and only if

k k
u(@(ﬂ Az) n intAkJrl) == Z /L(@Al N int(A1 n...N Ai,1 N Ai+1 n...N Ak+1)).
i=1 i=1
(5.5)
Let v be the restriction of the measure p to the set intAgq, i.e.
V() = Hfineang, (1) = s NintAggq);
v is also a Borel measure and clearly
Applying the induction assumption to v and using the equality int(()A4;) =
(intA;, we have that

k k

pO(()4) NintAry) = v(O([) A))
=1 =1
k
= Y v(04;nint([) A)))
i=1 i
k
= > (@A nint(() Aj) NintAyy),
i=1 i
which concludes the proof. O

Lemma 5.4 [1] Let p be a measure on Bra. Let Ay,..., A, be closed subsets
of R® such that u(0A;) < oo Vi=1,...,n.

If
then . .
p@(J A)) = u@4;n (| 4)9). (5.7)
i=1 i=1 G



Proof. We proceed by induction.
Step 1: (5.7) is true for n = 2.
Aq U Ay can be written as disjoint union of the following sets:

o AN Ay
e A1 NAY
o AT N A,
Each of them can be written as disjoint union of sets in the following way:
A1NAy = (intA; NintAs) U (intA1NJAs) U (A1 NintAs) U(0A1NOAs)
A NAY = (041N AY) U (intA; N AS)
AP N Ay = (042N AY) U (intAp N AT).
Let us notice that:
e r €intd; = x € int(4; U Ay)
e r €intdy = x € int(4; U Ap)

e I C 8A1 ﬂAQC =T §Z1nt(A1 UAQ)
(If € 9A; N AY, then Vr > 0, B.(x) N A # 0 and, Vr < 7 for a
certain ¥ > 0, B,.(x) N Ay = ) since AS is open; i.e. Arg > 0 such that
B, (z) C A1 U Ag Vr < rp).

° xG@AgﬂAlc :>I¢1Ht(A1UA2)

e in general, if x € 0A; N JAsz, it is not possible to say whether x belongs
to int(A; U Ag) or not.

Thus, 9(A; U As) is given by the following disjoint union of sets:
(A1 U Ay) = (04, N AT) U (04,n AY) UE,

where FE := {x € 0A1N0As : x € 9(A1UA3)}, and in particular E C 0A;NOAs.
Since by hypothesis p(90A; N 0As) = 0, it follows that

p((A1 U Ag)) = (841 N AF) + u(AT N 9A,).

Step 2: We show that if (5.7) is true for k, then it is true also for k + 1.
Since 6(Uf:1 A;) C Ule 0A;, by (5.6) we have

k k k
p(O(J A) N 0Ak1) < (| 04 N 0Ak11) <D (04 N A1) = 0.
i=1 =1 =1
Therefore

k+1

k
p(o( U Ai)) = H(a(U AU A1)

<
=

k
Ai) VAT ) + p(0Aka N (U 4)9),

1 i=1

= u(0(

-

7
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Since u(aAkHﬂ(Uf:l A;)9) is the last term of the sum in (5.7) (with n = k+1),

the thesis follows if and only if

k k

p@(J A4) N AF) =D @A n (| 4)9).

i=1 i=1 j#i
Let v be the restriction of the measure u to the set AkCH, ie.

v(-) = pac, () = p(-NAF )

k+1

v is a Borel measure and clearly
l/(aAz ﬂ@Aj) =0 Wi 75]

Applying the induction assumption to v, we get

k k
M(a(UAi)ﬁAkCH) = V(a(UAi))

k

= Y v4n(J4)9)
i=1 ]
k

= Y @A (JA4)%) n Al
i=1 j#i

and so (5.8).

In the particular case u = H?~!, the following corollary follows:

(5.8)

Corollary 5.5 Let Ay, ..., A, be closed subsets of R such that HY ™1 (0A;) <

o Vi=1,...,n.
If
HITH DA, NOA;) =0 Vi#j,
then . .
HTHO(()Ai) = D> HITH(0A; nint((1) 47)),
i=1 i=1 j#i
and . .
HH O A) =D HTH 04 N (| 4)9).
i=1 i=1 J#i

(5.9)

(5.10)

Definition 5.6 We say that a compact subset S of R with H™(S) < oo admits

Minkowski content if
4
limg 1 (5er)
r

fim S = H(S),

(5.11)

We remind that (see Definition 1.16) a subset S of R? is n-rectifiable (n
positive integer) if there exists a Lipschitz function mapping a bounded subset

of R? onto S.
The following theorem is proved in [32], p. 275.
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Theorem 5.7 IfS is a closed n-rectifiable subset of R, then S admits Minkowski
content.

Sufficient conditions for (5.11) are given also in [4], p. 110, in terms of countable
‘H™-rectifiability.

Proposition 5.8 [1] If A is a compact subset of R? with reach(A) = r > 0,
then 0A is d — 1-rectifiable.

Proof. Let s € (0,7) be fixed. Consider the sets
Ag = {z|dist(z, A) < s},
AL = {z|dist(x, A) > s},
¥ = {a|dist(z, A) = s}.

We show that Y is a d — 1-rectifiable closed set.
It is clear that X is closed, and it is compact since A is bounded.
By Theorem 4.8 (5) in [31], dist(-, A) is continuously differentiable on int(Unp(A4)\
A), which is an open set containing ¥,; by (3) of the same theorem, we have
that ||Vdist(-, A)|| =1 on Xs.
By Dini’s theorem (implicit function theorem), o is locally the graph of a C!
function in (d — 1)-variables. Since X4 is compact, we may claim that

Y, =%lu...uznl,

where X% = f;(B;) with B; bounded subset of R?~!, and f; Lipschitz function.
Without loss of generality, we may suppose that the B;’s are disjoint balls.
Let B = Ufil B;, and R > 0 be such that B = Bg(0) contains B. Then,
by Whitney’s Extension Theorem (see for instance [29], p.245), there exists a
Lipschitz map

F:B—R? suchthat F=f; onB;, Yi=i...,N.

As a consequence, ¥ = F/(B), and so X is (d — 1)-rectifiable.
By Theorem 4.8 (8) in [31], it follows that

r

[€a(z) = aly)] < e —yll, Vz,ye A,

r—s
As a consequence £ 4 is a Lipschitz function on A,.
Let us observe that if ¢ A, then {4(z) € JA. (In fact, {a(z) € A since A
is closed; on the other hand {4 (z) € int(A) is a contradiction because for any
z € int(A) we have ||z — z|| > dist(x, A).) Thus, in particular, it is defined the
Lipschitz map
a8y — OA.

We show that €4 : X3 — A is surjective.
By Corollary 4.9 in [31], reach(A’) > s; in particular the projection map &4 :
As — Al is defined in A; \ A. Let a € A, and {a;};en be a sequence of points
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a; ¢ A, such that lim a; = a, with |la; — a|| < s/2 for all ¢ € N. Then, by
Corollary 4.9 in [31],
€al€a (ai)] = €alas). (5.12)

Observe that {4, (a;) € A, C X;: since dist(a;, A) < |la; — al| < s/2, then
a; ¢ A%, and so {4 (a;) € OAL. If by contradiction z € A and dist(z, A) > s,
then, by the continuity of dist(-, A), we have = € int(A), i.e. = & 0A,. As a
consequence, x € 0A) = dist(x, A) = s, that is A, C ¥,.

Since X, is compact, there exists y € X, such that {as(a;) — y. By the
continuity of £4 on A,, we have

. . (5.12) .
Ealy) = Eallim Ear (a;)] = lim £al€ar(a;)] =" lim {a(a;) = Eala) = a,
1—00 1—00 1—00
i.e. &4 is surjective.
Summarizing, we have proved that
e there exists a bounded set B CR1 and a Lipschitz function
F:B— R4

such that F(B) = X;

e there exists a function
a3 — 0A

which is surjective and Lipschitz.

Thus, the composition
EaoF :B— 0A

is Lipschitz, defined on a compact set, and surjective, and so 9A is (d — 1)-
rectifiable. O

A consequence of the above proposition and Theorem 5.7 is the following

Corollary 5.9 Let A be a compact subset of R? with reach(A) =r > 0.
Then 0A admits Minkowski content.

Lemma 5.10 [1] Let Ay, ..., A, be compact sets in RY. For every ¢ > 0 and
for every r < e/2, the following inclusion holds:

A, N NAng, S(AIN..NAer U (04N A, \intA;)e,.
i#]

Proof. Let x € A1, N...N Apg,,. There exist n points x1,...,z, such that
x; € Ay, o — x| = dist(z, A;) <, i=1,...,n.

We may have two cases: © € A1N...NA,, and 3i € {1,...,n} such that = ¢ A,.
It is easy to check that if ¢ A;, then x; € 0A;.

First case: x € A1 N...NA,.
In this case it is clear that z € (A; N ... N Ap) g
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Second case: x ¢ A;.
We have z; € 0A;. If x & (A1 N...NA,) gy, then 3j # i such that z; ¢ A;. (In
fact, if Vj # 4, z; € Aj, thenz; € AyN...NA,, andso z € (A1 N...NAn)er,
since ||z — ;]| < 7.)
Thus, z; € 04; \ intA;. Further, ||z; — ;|| < ||z; — z| + ||z — z;|| < 2r, and so
x; € Ajg,, . Therefore z; € (0A; \ intA; N A, ).
As a consequence of the above argument, either x € (A1 N...NA,)gr, or Jj # i
such that

x € (0A; N Aj,,, \intA;)g,.
We conclude that
Ay, NN Ang, C(AIN..NApe, U [ J04in A, \intA))e,:;
i#]
since 2r < ¢, the thesis follows. O

We are now ready to prove the main result of this section, claimed in The-
orem 5.12. In order to make clearer the idea of the proof, we consider first the
particular case of the union of two sets with positive reach.

Proposition 5.11 If A and B are two compact subsets of R® with positive reach
such that

(1) reach(AN B) > 0,
(ii) HI"Y(OANIB) =0,
then . 4
lim HY((AU B)gr) — H*(AU B)

r—0 r

Proof. Let

=H*"HA(AUB)).

R := min{reach(A), reach(B),reach(AN B)};
then R > 0 and, Vp < R,

d—2
H(Agp) = HAU(A) + pH* (0A) + D p* 'ba—i®i(A)
i=0
d—2 ‘
H(Bep) = HY(B) + pH* " (OB) + > _ p* 'ba_i®:(B)
=0
d—2 4
HY (AN B)g,) = HY (AN B) + pH*™ (O(ANB)) + > p*~'bg_i®:(AN B).
=0

We remind that
° Hd(A UB) = Hd(A) + Hd(B) — Hd(A N B),
[ ] (A U B)GB’I‘ = A@T U B@Ta

o (A N B)@T Q A@T N B@T
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In particular, by Lemma 5.10, we may claim that, Ve > 0 fixed, Vr < &/2,
HY(Agr N Bay) > HY(AN B)g,) (5.13)

HY(Ag,NBa,) < HY((ANB) g, )+HA((0BNAg\intA) g, ) +H((OANBg \int B)a, ).
(5.14)
Thus, it follows that, for any r < R, r < &/2,

HY((AUB)g,) = H%(Ae,UBg,)
= H'Ae,) + H'(Bg,) — H'(Ag, N Bay)

Hd<A€BT> + Hd(BGBr) - Hd(<A N B)@T)
=  HYA) +rHIL(DA)

+ HYB) +rH**(0B)

— HYANB) —rH¥™Y(9(AN B))

d—2
+ ) 17y i[®i(A) + ©:(B) — ®i(AN B)].
i=0
HILH(OANOB) = 0 implies that H4~1(0A) = HI"1(ANBC)+HI~H(JANint B),
(the same for H?~1(9B)), and by Corollary 5.5 we have

HILDA) + HIH(OB) — HA L (9(A N B))

=H"HOA) + HTH(OB) — HPH(OANintB) — HY! (intA N OB)
=HTHHANBY) +HIL(OB N A%)

=H¥HA(AUB)).

As a consequence,

HU(AU B)sr) ~HYAUB) _

r
d—2

HTHO(AUB)) + Y 17 g i[®i(A) + ®i(B) — &;(AN B)].

i=0
By taking the lim sup for r tending to 0, we obtain

d _ aqd
hmsupH ((AUB)g,) — H*(AU B)

r—0 T

< HYTHA(A U B)). (5.15)
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By proceeding in a similar way, we have that

HY((AUB)g,) = HY(Ag,UBs,)
= H%As) + H'(Bg,) — H(Agr N Bay)

2 M (Aay) + M (Bay) - HIU(AN B)a)
~HU(0B N Age \ intA)g,) — HY((9AN Bse \ intB)s,)
= HUA) +rHITHDA)
+ HYB) +rH*(0B)
— HYANB) —rH*"(9(AN B))
d—2
i Zrdﬂ'bd—i[@i(A) + ®;(B) — ®;(AN B)]
=0
~HY(9B N Age \ intA)e,) — HY((9AN Be: \ intB)a,).
Thus,
HA(AU B)GBTZ —HYAUB) > HLH(AUB))
d—2
+ Z r= by [@;(A) + ®4(B) — (AN B)]
=0
 HU(OBN Age \intd)g,)  HU((DAN By \ intB)g,)

r r
We may observe that 0B N Ag. \ intA is closed and d — 1-rectifiable, since it is
a subset of B which is d — 1-rectifiable by Proposition 5.8. The same holds for
O0ANBg, \intB, as well. As a consequence, by Theorem 5.7, we may claim that

o OB N Ag. \ intd)e,)

li = 2HY"H (OB N Ag. \ intA),

r—0 r

d .
lim HAOAN Boc \intB)or) _ gpa-1(94 0 By \ intB).
T— T

By taking the lim inf for r going to 0 we obtain

d _ q4d
T— T

—2[HH (OB N Ag. \ intA) + HY" 1 (OA N Bg. \ intB)]. (5.16)

> HI N (H(AU B))

Observe now that {Ag. \ intA}. | 0A, and so
lim H'H (OB N Age \ intd) = H (9B N 04) 2.

Finally, by taking the limit for e tending to 0 in (5.16), we have
HY((AU B)g,) — HY(AU B)

lim inf > HHA(AU B)). (5.17)
T T
By (5.17) and (5.15) the thesis follows. O

Let us consider now the case of a finite union.
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Theorem 5.12 [1] If Ay, ..., A, are compact subsets of R with positive reach
and such that

(i) for every subset of indices I C {1,2,...,n} the set (\,c; A; has positive
reach,

(ii) HH(0A; NOA;) =0, Vi # §,
then

MU Aor) = A _ gy ).

=1

lim
r—0 T

Proof. Let
R= min{reach(ﬂ A) - ITc{l,...,n}}.
il
We know that, Vr < R,

HU(AiN .. N Ap)er) = HYA N NAR) +rHETHO(A N ... N AR))

d—2
+ Z r g @i (AN N Ay, (5.18)
i=0

Further, by Lemma 5.10, for any € > 0 and Vr < £/2, we have
HY(Arg, 0. N Akg,) > HY (AN N A)er) (5.19)

HY(Ary, M. N Akg,) S HI (AN N AR)e,) + > HU(0A;N A, \intA))g,)
i#j
(5.20)
In order to simplify the notations, let

Ei,j = (8Al N AjEBE \intAj)@T, i, j c {1, . ,n}.
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It follows that, for any r < R, r < &/2,

HA((J ADer)
1=1
— HY Aig,)
i=1
- S HUA,) =Y HN A, N A )+ Y HY A, NAj,, N Ag,,)
i=1 1<j i<j<k

o (D) HY AL, NN A
(5.19),(5.20)

< zn:Hd(Aiear)
=Y HA(AiN 4))er)

i<j
+ > [HU(Ain AN Ap)er) + HYEi) + HY(Eix)
i<j<k
+HY(E;i) + HY(Ej) + HY(Er.i) + H(Er.)]
= Y HU(ANA N AN A)e,)

i<j<k<l

+ [
= > HUAig,) = Y HA (AN Ajer) + Y HA(Ain A0 Ap)gr)
=1 1<j i<j<k
o (D" HA(A N N Ap)er) (5.21)

+ > HUE) + ..+ HY (B )]

i<j<k
+ Z [Hd(Ei’j) + ...+ Hd(Em’l)]

<j<k<l<m
+ -
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We observe that, by (5.18),

Zn:Hd(AW = HU (AN A er) + D HU (AN A; N Ar)er)

1<J i<j<k
o (CD)"THY AN N A e
n d—2
=) | HUA) +THTHOA) + D T b P (Ar)
i=1 m=0

>

HA(A; N A) +rHETY (A 0 Aj)) + Zrd b (A N Aj)

i<j m=0
+ > | HUA N Ay 0 Ag) + rHETHO(A N A N Ay)
i<j<k
d—2
+ Z by @ (A 0 A N A)
m=0
o (DM HY (AN N AR) + rHITHO(A N L N Ay))
d—2
+ 3 by @ (AN N Ay)
m=0
= ZHd(Al) — ZHd(Al N AJ) + Z Hd(Ai N Aj n Ak)
i=1 i<j i<j<k
+on A (ED)"THYA N N A) (5.22)

n

S HEN0A) = S HTN (AN A) + Y HTN@(A N A; N A))

i=1 i<j i<j<k

Fo o (D) HENO(A N N A)] (5.23)

d—2 n
+ > Ty, [Z O (Ai) =Y P(AiNA)) + D (AN A5 N Ay)

i=1 i<j i<j<k

+7r

+o (D", (AN N A (5.24)

Now, we notice that:
o (5.22) = HY U A;)

e By relation (5.9) on the measure of the boundary of an intersection of sets,
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we have

(5:23) _ En:Hd—l(aAi)

=Y TN OA nintA)) + HOTH(OA; NintA;)]

1<J
+ D7 [HITHOA; Nint(A; N Ag)) + HOTHOA; Nint(A; N Ak))
i<j<k
+HTHOAL Nint(A; N A))]
= > |HTH0A4) - Y HTH0Ai nintA)) (5.25)
=1 VED)

+ > HITH0A; Nint(A; N Ay)) —

Jik#u5<k
Let us observe that
HH(0A; 0 ([ int4;))
J#i
=H ([ J(04i nint4;))
J#i

=Y HTN0ANintA;) — > HYTH(9A; NintA; NintAy)

J#i J k#i5<k

+ Y RN OA N intA; NintAy Nintd) — ..
Gk, i <k<l

Therefore,

(5.25) = Y [H*1(04;) — H 1 (9A; N (| intA;))]
i=1 i
Since 9A; is given by the disjoint union of 04; N (U, intA;), 9A;NO(U;4; Aj).
and 0A; N (U 4; 7)€, and from assumption (ii) of the theorem it follows that
HIL(0A; N 8(UJ7&1 7)) = 0. Summarizing we have that

ZHd HoAn (| A4)0) P2 Hi- 1(6(0 A)).

Jj#i i=1

o (5.24) = o(r).
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According to the above considerations, from (5.21) we obtain

< Hd(LnJ A) + er‘l(a(LnJ Aj)) + o(r)
+ Z [Hd(Ez‘,j) + ...+ HYEk,)]
i<j<k
+ Z [Hd(Ei’j) + +H (Em,l)]
i<j<k<l<m

+ ...

As in the previous proposition, we may claim that every E;; is a d — 1-
rectifiable closed set, and in particular it admits Minkowski content. By taking
the lim sup as r tends to zero we have

lim sup Hd((U?:l Ai)@r) - Hd(U?:l Ai)

r—0 r

< Hdl(a(CJ Ai))

+2 ) [HTHOA N Ay \intA)) + ..+ HITHOAL N A, \ intA;)]
i<j<k

+2 0 Y [HYTNOA N Aj, \intA)) + ..+ HETH(0A, N A, \ intA))]
<j<k<l<m

+ ..

for every € > 0. In a similar way to the previous proposition, by taking the
limit for € going to 0, by assumption (ii), we obtain
HE(T, A esr) — HET, A, n

((szl )@ ) (szl ) < del(a(U Az)) (526)

=1

lim sup
r—0 r

For an estimation of the lim inf we proceed in analogous way.
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i=1
= Hd(U Ai@r)
i=1
= ZHd(AiEBT) - ZHd(AiGBT n AjGBT) + Z Hd(Ai@r N AjEBr n Akﬂ)r)
i=1 1<j i<j<k

o (D) HYA, NN Ay,
(5.19),(5.20)

> in(Ai@r)
=1

=Y HY(Ai N Aj)er) + HUE; ;) + HY(E;,)]
+ ) HY (AN A N Aper)
i<j<k
— Y HM(AINA; N AN Agr) + HUE ) + .+ HY(EL)]
1<j<k<l
= ) HUA) - Y HUA(ANA)er) + Y HA(AINA; N Ab)ar)
=1 1<J i<j<k
+o A (D)"THY(AL N N A er)
— Y HYEi ) + HU(E; )]
— Z [Hd<El,J)+ +Hd(El’k)]

i<j<k<l

Ai)) +o(r)

C=

= Hd(o Ai) +rHTHO(

=1

=1
= [HU(Ei ) + HA(E;)]
= Y HUE ) + ..+ HYE)]

i<j<k<l

By taking the liminf as r tends to 0, before, and the limit as ¢ tends to 0, then,

we obtain
lim inf H ((Ul:l 2)697“) H (U'L:l Z) 2 Hd*l(a(U Az)) (527)
r—0 r e
(5.26) and (5.27) imply the thesis. O
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5.2 A first order Steiner formula for sets with
Lipschitz boundary

In this section we prove that sets with Lipschitz boundary satisfy a first order
Steiner formula.

5.2.1 Distance function and sets of finite perimeter

Let us recall some basic definitions and results concerning sets of finite perime-
ter, which will be an important ingredient here (for a complete treatment we
refer to [4] and references therein).

Let E be a subset of R%; we denote by dr : RY — R the signed distance
function, so defined:

dp(z) = dist(z, E) — dist(z, E).
Note that dgc(z) = —dg(x), and, in particular,
{z:2 € 0FEg,} ={z:dist(x,0F) <r} ={z:|dg(x)| <r}. (5.28)
It is well known that dg is a Lipschitz function, almost everywhere differentiable
in RY, with |Vdg(z)| = 1 for any differentiability point (see [3], p. 11).

We remind that, given a Lipschitz function f : R — R* and an n-dimensional
domain E C R? with n > k, by Coarea formula we may reduce an integral on
FE to a double integral, where the first integral is computed on the level set
EN{f =t} with respect to H" ¥, and the result is integrated in ¢ with respect
to v*. (For further details see [4], § 2.12.)

In the particular case k = 1 and n = d, for any Borel function g : R? — [0, oc],
it holds ([4], (2.74)):

+oo
)|V f(x)|de = dH1 dt. 5.29
/E @IV () / ) ( /E W <y>> ' (5.29)

Thus, we may notice that, by choosing g(z) = 1 and f = dg in the above
equation, we have

HYOEg,) = / dz
OEq,

= / |Vdg(x)|dx
dBg.

(5.29) /+°° R ({a: 2 € 0Bg, ) N {x 2 dp(z) = t})dt

(5.28) /T del({x cdp(z) =t})dt (5.30)

-r

Similarly we have

HY(Eg, \ E) = / H Y {z : dp(x) = t})dt. (5.31)

0
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Definition 5.13 Let (X,E€) be a measure space. If 11 is a measure, we define
its total variation |u| for every E € € as follows:

o0 o0
|u(E)| := sup {Z |uw(Ey)| : E; € € pairwise disjoint, E = U EL}
i=0 i=0

It follows that |u| is a positive finite measure ([4], p.4), and u is absolutely
continuous with respect to |u|. As a consequence the following holds ([4], p. 14):

Proposition 5.14 (Polar decomposition) Let i be a R -valued measure on
the measure space (X,&); then there exists a unique S '-valued function f €
[LY(X, [u])]¢ (S?=1 is the unit sphere in R?) such that = f|ul.

Definition 5.15 (Sets of finite perimeter) Let E be a measurable set of R?.
For any open set D C R? the perimeter of E in D, denoted by P(E,D), is the
variation of the characteristic function xg in D, i.e.

P(E,D) := sup{/ divg dz = ¢ € [CHD)]?, [14]loo < 1}.
E
We say that E is a set of finite perimeter in D if P(E,D) < co.

In the sequel we will write P(E) instead of P(E,R9)

The theory of sets of finite perimeter is closely connected to the theory of
functions of bounded variation (see [4]). We denote by BV (D) the family of
functions of bounded variations in the open set D.

In particular, if v4(END) is finite, then xp € L'(D), and we can say that E has
finite perimeter in D if and only if xg € BV(D), and that P(F, D) coincides
with |Dxg|, the total variation in D of the distributional derivative of x .

Theorem 5.16 ([/], p. 143) For any set E of finite perimeter in D the distri-
butional derivative Dx g is an R%-valued finite Radon measure in D. Moreover,
P(E,D) = |Dxg|(D) and a generalized Gauss-Green formula holds:

/ dive de = / (ve.d) dDxsl Vo€ [CHD)Y,
E D

where vg is the inner unit normal to E, and Dxg = vg|Dxg| is the polar
decomposition of Dxg.

In dealing with sets with finite measure, it is typically used convergence
in measure; we recall that {E;} converges to E in measure in D if v¢(E;AE)
converges to 0 as i — oo (A is the symmetric difference of sets). In many
applications it will also be useful the so-called local convergence in measure, i.e.
convergence in measure in any open set A C D. These convergences correspond
to L'(D) and L. (D) convergences of the characteristic functions.

loc
The following properties of perimeter hold:

Theorem 5.17 ([4{], p. 144)
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(a) The function D — P(E, D) is the restriction to open sets of a Borel mea-
sure in R?.

(b) E— P(E,D) is lower semicontinuous with respect to local convergence in
measure in D.

(¢) E +— P(E,D) is local, i.e. P(E,D) = P(F,D) whenever v¢(DN(EAF)) =
0.

(d) P(E,D) =P(E®,D) and

P(EUF,D)+P(ENF,D)<P(E,D)+ P(F,D).

We recall that a set A has Lipschitz boundary if locally 0A can be seen as
the graph of a Lipschitz function.
In particular, the following result concerning the topological boundary can be
proved.

Proposition 5.18 ([4], p. 159) Any open set A C RY satisfying H¥~*(0A) < oo
has finite perimeter in R and |Dxal| < Hijaqu-
Equality holds if A has Lipschitz boundary.

Remark 5.19 By the above proposition, and by property (c) of Theorem 5.17,
if £ is a closed set with Lipschitz boundary, then |Dyg| = H% 1 (OE); by
Theorem 5.16 we have that P(E) = H4"1(9E).

5.2.2 A general theorem for the first order Steiner formula

Lemma 5.20 Let {A,} and {B,} be sequences in R. If

e limsup(A, + B,) < A+ B,

n—oo

e liminf A,, > A,

n—oo

e liminf B,, > B,

n—oo

then
lim A, = A, lim B, = B.

n—oo n—oo

Proof. The following holds:

limsup A,, + B < limsup A,, + liminf B,, < limsup(4,, + B,) < A+ B,
and so
limsup A4, < A.

n— oo

Since by hypothesis liminf A4,, > A, we have lim A, = A.
n—oo

n—00

The same holds for the sequence {B,,}. O
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Theorem 5.21 [1] Let E be a closed subset of R? with H™1(OE) < oo, such
that

(i) P(E) =H'"1(0E),

(i) OF admits Minkowski content.

Then J
lim For \E) _ g a1 9
r—0 r
Proof. Let
o A = 1/ HT {2 s dp(x) = t})dt,
rJo
1 /0
e B, := f/ HT {2 dp(x) = t))dt,
r —-T
e A= B:=HIIE).
Then we have
limsup(A, + B,) = limsup-— H {2 dp(x) = t})dt
r—0 r—0 T J_p
= 1111(1)2 > HT {22 dp(x) = t})dt
d
(6.30) o H(0Ber)
r—0 2r
W oni1(oE)
= A+B
Further,
liminf A, — liminf > / H ({2 s dp(x) = £)dt
r—0 r—0 1 Jy

1
= liminf [ H'{x:dp(x) = tr})dt;

r—0 0

by Fatou’s Lemma,

1
> / lim i(I)lf HTV{x : dg(x) = tr})dt;
0 rT—

since P(E) < oo it is clear that P({z : dg(x) < tr}) < oo, thus by Theorem
5.16 and Proposition 5.18,

1
> / limiélfP({:E sdp(x) < tr})dt;
o T
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by property (b) in Theorem 5.17,

1
> / P(E)dt
0
@ d-1
= H(E)-1
= A.
Similarly:
liminf B, > B.
r—0
By Lemma 5.20, we have

d
1o Hi(Eer \ B)

r—0 r

(531 lim A, = A =H'"1(DE).

O
Corollary 5.22 [1] Let E be a subset of R with Lipschitz boundary such that
HIL(OF) < oo; then

d
li 7 Fer \ E)

r—0 r

=17 (9B).

Proof. Tt is clear that OF is a (d — 1)-rectifiable set, and so by Theorem 5.7 it
admits Minkowski content. By Remark 5.19 we know that P(E) = H?"1(OF),
thus the thesis follows by Theorem 5.21. |

Corollary 5.23 [1] Let E be a closed subset of RY with H~'(0F) < oo, such
that

(i) P(E) =H"'(9E),

(i) OF admits Minkowski content.

Then, for any A € Bga such that H*~*(OE N 0A) =0,

d
M B\ EOA) _ g1 1 ),

lim
r—0

Proof. 1t is clear that, since 0F admits Minkowski content, then for any closed
set C C R? it holds

o PA@E N C)s)

r—0 2r

=H"HOENC).

Thus, by Lemma 4.8 it follows that, for any A € Bga such that H¥~(OENJA) =
0, we have .
tim EO0Eer DA g am1pp g,
r—0 2r
The proof can be concluded by repeating the same argument as in the proof
of Theorem 5.21, where now
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o A, := E/T HIT {x € A dg(z) = t})dt,
Jo

0
e B.:= % HIT {z € A dg(z) = t})dt,

e A=B:=HI1OEN A).
0

Remark 5.24 There exist closed sets £ C R? whose boundary is not Lips-
chitz, but such that they admit Minkowski content and P(E) = H4"1(E), i..
satisfying hypotheses of Theorem 5.21.

A simple example is given by the union of two tangent balls (see also Appendix
B). Note also that in this case the first order Steiner formula is a consequence
of Theorem 5.12 as well.

5.3 A mean first order Steiner formula for ran-
dom closed sets

Let us consider a random closed set © satisfying a first order Steiner formula,
in other words it holds
d
L HOW)er \ Ow))

r—0 r

=H"1(00(w)),  for P-ae. we Q. (5.32)

It is well known that almost sure convergence does not imply L'-convergence,
so that, in general, (5.32) does not imply

lim (e \ O)] _

r—0 r

[HI=1(00)]. (5.33)

On the other hand, if the family of random variables X, := w is
uniformly integrable, or we may apply the Dominated Convergence Theorem,
we obtain (5.33).

Taking this fact into account, we consider the case in which © is given by a
finite union of random closed sets A; with positive reach. Using Theorem 5.12,

it is easy to find sufficient conditions for © such that (5.33) holds.

Proposition 5.25 [1] Let Ay,... A, be random closed sets in K, compact sub-
set of RY, such that

(i) for P-a.e. w € Q, each possible intersection of the A;(w)’s is a set with
reach > R > 0;

(ii) for P-a.e. w € Q, H¥"1(9A; N 0A;) =0, Vi # j;

B ((0A)er)] _

= 1 (94)).

(i) Yi=1,...,n, it holds liII(l)
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Then, the random closed set © = J;_; A; satisfies the mean first order Steiner
formula (5.33).

Proof. By proceeding in a similar way as in proof of Theorem 5.12, for any
fixed € > 0 and r < R Ae/2, we have

E[H(Og,)]

< E[HY(O)] + rE[H*(00)]

n

d—2
+ 0 b mELY P A) = D BN A) D Bn(Ai N A; N A)
S— i=1 i<j i<j<k

+o (D), (AN N AY))
+ ) EHYE ;) + ...+ H (Er;)]

i<j<k

+ > EHYE)+...+H (En)]
i<j<k<l<m
+ ...

where

E;j:= (0A; N Aj,, \intAj)e,.
By Remark 5.10 in [31], VE C K with reach(E) > R, we have that,
Vi=0,...,d, Jk €R, suchthat |®;(E)| < |®i|(E) < ki,
where |®;|(E) is the total variation of the measure ®(E,-) over K, and
k; = sup{|®;|(F) : F C K and reach(F) > R} < oo.

As a consequence

d—2 n
Dby B @ (Ai) =Y 04N A))
m=0 =1 i<j
+ D Pn(AiNA N A + .+ (1) (AN N AL)] = o(r)
i<j<k

By hypothesis (iii) we may claim that
E[H!(Qsr)] — E[H'(O)]

lim sup < E[H?1(00))
r—0 T
+2 ) E[HTH0A N Ay, \intA)] 4.+ E[HTH(0A N Aj,, \ intA;)]
i<j<k
+2 Y EHTN0AiN Ay, \intA))]+ ...+ E[HTH (04, N Ay, \ intA)]
i<j<k<l<m

+ ...

This holds for any fixed € > 0; thus, by taking the limit for € going to 0, and
by Monotone Convergence Theorem, we obtain

lim sup ]E[Hd(@@r) — Hd(G)]

r—0 T

<E[H(90)].
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Similarly we have

o BIR(©s,) — HY(©)]

r—0 T

> E[H71(00))],

and so the thesis follows. O

Note that sufficient conditions for hypothesis (iii) to hold are given in Theorem
4.10.

Remark 5.26 In the above theorem we have supposed that © is the union
of random sets A;. Obviously we may have the same result even when © is
given by a random union, i.e. © = Uiil A;, where N is a positive integer-
valued random variable. In this case we have to add suitable hypotheses on
the integrability of IV in terms of its moments. These can be easily obtained by
evaluating E[H?(UY, 4i)er)] by E[E[HA(UY, 4i)er) | N], and proceeding as

in previous theorems.

In more general situations, e.g. when © can not be expressed as union of
random closed sets with positive reach satisfying the assumptions of Proposition
5.25, or some of such assumptions are not easy to verify, by Theorem 4.10 we
may claim again that (5.33) holds.

Indeed, let us observe that
HOW)ar \ OW) _ H (00(w)qr) (9O (w)er)

=2. Vi Q, (5.34
r - r 2r wed, ( )

and by Theorem 4.10 we know sufficient conditions on 90 so that we may apply
the Dominated Convergence Theorem and obtain (5.33).

Without loss of generalization, we may assume that 90 is a compact random

set. Then we have the following general result:

Theorem 5.27 [1] Let © be a random closed set in R? with boundary 0O count-
ably H*~'-rectifiable and compact, satisfying

o T2 () \ B) 1 4)

r—0 r

=H"THIO(wW)NA)  P-ae weQ,

with A € Bga such that E[H?"1(00 N OA)] = 0. Let T : @ — R be the function
so defined:

['(w) := max{y > 0 : 3 a probability measure n < H*"* such that
n(By(x)) > yr¢™t Vo € 90(w), r € (0,1)}.

If there exists a random variable Y with E[Y] < oo, such that ﬁ <Y(w) for
P-g.e. w e, then,

i B O \ONA)]

r—0 r

[H=1 (00 N A)).
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Proof. We note that 0O satisfies the hypotheses of Theorem 4.10. By the proof
of the quoted theorem we know that for P-a.e. w €

% < Y(w)2d_14d%d. (5.35)
Since
H(Oer(w) \OW)N4) _ H!(Og,(w) \OW) _ H!(0Oer(w))
T - r - 2r ’

by (5.35), applying the Dominated Convergence Theorem, the thesis follows. O

There are a lot of random closed sets satisfying hypotheses of Theorem 5.27.
Several examples of random sets © such that (5.35) holds are given in Section
4.3. Note that the well known case of © Boolean model of balls (or other
sufficiently regular objects) satisfies Theorem 5.27.
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Chapter 6

Time dependent random
closed sets

In this chapter we wish to analyze the case in which a random closed set ©
may depend upon time as, for example, when it models the evolution due to a
growth process, so that we have a geometric random process {0¢, ¢ € Ry}, such
that for any ¢ € R, the random set ©! satisfies all the relevant assumptions
required in the previous sections.

Correspondingly the associated linear functional dg¢ will also be a function of
time, and so we need to define partial derivatives of linear functionals depending
on more than one variable. In this way we shall provide evolution equations for
such space-time dependent linear functionals; in particular we will apply this to
stochastic birth-and-growth processes. (See [26, 24].)

6.1 Derivatives of linear functionals

Consider a linear functional L acting on the test space Sy of functions s in k
variables; we formally represent it as

(L,s) =: ) o(x1, ... xp)s(z1, ..., zk)d(z1, ... Tk).
R
Let us denote by L” the linear functional defined by
(Lh, s) = ) O(x1, .. i+ hy o xg)s(@r, . ak)d(2, .. TE). (6.1)
R

We define the weak partial derivative of the functional L with respect to the
variable z; as follows (see also [33], p.20).

Definition 6.1 We say that a linear functional L on the space Sk, admits a
weak partial derivative with respect to x;, denoted by %L, if and only if %L

. . . Lh"—L
is a linear functional on the same space Sy and { i } weakly* converges to

. (L'—L )
}1}3})( W ,8) = (axiLs) for all s € Sp.

8 .
Tibq‘,L’ 1.€.
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We may like to notice that, in the particular case of generalized functions, the
definition above coincides with the derivative of a generalized function depend-
ing on a parameter, given in [33] p.148. Moreover, when S; is the test space
CL(R,R) of all function of class C* with compact support, Definition 6.2 coin-
cides with the usual derivative of a generalized function (see, e.g. [45]), that we
now recall.

Definition 6.2 Let L = L(z) be a generalized function on a test space K C
CL(R,R). The derivative dL/dz of L is the functional defined by the formula

(jﬁ)f) =—(L,f) Vfek. (6.2)

The functional (6.2) is obviously linear and continuous, and hence is itself a
generalized function.

Usually, Definition 6.2 is suggested by the particular case when the generalized
function L is of the form

(L, f) := /}R¢(:L')j"(x)d:177

where ¢ is a function on R such that its derivative ¢’ exists and is locally
integrable. Then it is natural to define the derivative of L as the functional

(jﬁf ) = [ S,

Integrating by parts and using the fact that every test function f has a compact
support, one obtains that

<ii’f> - _/R‘ﬁ(x)f/(x)dx = (L, f).

Carrying this over to the singular case, we get the above definition.

Now we show that, by Definition 6.1, formally we may easily reobtain the defi-
nition in (6.2), directly also for a singular generalized function L.

We said that the usual representation of (L, f) is [ ¢(x)f(z)dx, where f €
Cl(R,R) and ¢ is a fictitious function. Note that, by (6.1) with k = 1 and
L =1,

(L', ) = (L"(x), f(x)) = / o(a-+h) f(z)dz = / o(2) f(a—h)dz = (L(z), f(z—h))
R R

(this is known also as the translation of the generalized function L).
Now, we remember that for any o € R, (aL, f) = (L, af), and so, by Definition
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6.1, we have

dL /LML
QMJ> B #%( h “o

- _<Lh,5x),f(x)> - (B2 )]
- 0 ) (i )]
(o0 252) (1 2

I
\
=
~~
=
-

Y (L), f(2))
= _(val)

where equation (i) follows by the hypothesis that f € C}(R,R), and L is a
continuous functional. (A similar approach is given in [33] p. 20).

As a simple example, let us consider the Dirac delta function dy; then by the
usual definition (6.2), we have

(S2.7) =~ =10

We obtain the same result by applying Definition 6.1:

<Mmo :%%/&M+2*%@ﬂ@m
_ k?{/6x+hﬁfd—/6:v%fd}

_ g%{/§ ‘%fdx—ébd o) 4

—~
N2

_ - f(0)
- E% —h
= —f(0)
It is well known that the derivative of the Heaviside function

1 ifz>0
H@y_{o ifz<0

is the delta function d¢(z).
Similarly, if Hy,(2) = L[z, 400), then its derivative is d,,(z).

6.1.1 Application to growth processes

Let us consider a geometric random process {©!, ¢t € R, } satisfying the follow-
ing assumptions [17, 20]:
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(i) for any t € Ry, and any s > 0, ©! is well contained in ©%**,
i.e. 00! C int@!s,;

(ii) for any t € Ry, O is a d-regular random closed set in R?, and 90! is a
(d — 1)-regular random closed set.

By assumption (i), we call {©!} a growth process.

For any = € R?, we may introduce a time of capture of x, as the positive random
variable T'(z) so defined:

T(r) :==min{t e Ry : z € O'}.
By assumption (i) it follows that
x € int®" if t > T'(x),
x¢Olift < T(x),
so that
r € 00T@),

Let us introduce, on the test space C.(Ry X Rd,]R), the following two linear
functionals

(Th, f) = /}R S (@) (t.)dtds

and

(Ta, f) = /R n Hrp(py (t) f(t, z)dtdz.

We know that
1 Vz € intO!

dor(z) = { 0 Vogo

As a consequence we may easily check that, for any test function f, (T3, f) =
(T, f), so that we may formally write

dot () = Hp(z)(t),

where Hrp(,) is the Heaviside distribution associated with T'(z), introduced
above. We know that its distributional derivative is the delta function d7(,); as
a consequence the following holds.

Proposition 6.3 For any test function f € C.(R, x R% R)

/ F(t,2) 2 b0 (2) dtd = / F(t, )00 () didz = [ F(T(x),2) da.
R4 xR4 ot R4 xRd Rd ( )
6.3

Formally we may write
0

alset (z) = 5T(z) ().
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Proof. According to the previous definition,

/ f(t, x)gdet (z) dtdx
R, xRd ot

. 1
= A]%r_r)lo Al /RJrXRd ft,x) [5@t+At (z) — dot ({,C)] dtdx

. 1
lm /R | SO B 0 80— Hy o (0] e

_ OHr(a)
= /]Rd d:z:/]RJr dtf(t,x)T(t)

= /Rd dx /R+ dtf(t, )0z (1)
/R (@), 0) da.

O

Consider the case in which T'(z) is a continuous random variable with prob-
ability density function pp(,(t). Then, by Remark 2.24, we may claim that, in
a distributional sense,

E | 0er | () = EBreol(©) = preo 0

In fact, coherently with the definition of expected linear functional, and by
Proposition 6.3 we have

E

/]R+><Rd f(t@%&y () dxdt] = E {/dxf(T(g;)’x)]

/ dz / At £ (¢, 2)preo (2).

We may observe that, in this case, even if for any realization ©%(w) of ©F,

aé@t(w) is a singular generalized function, when we consider the expectation
we obtain a regular generalized function, i.e. a real integrable function. In

particular the derivative is the usual derivative of functions. Thus, by observing
that, since T'(z) is the random time of capture of x, P(z € ©!) = P(T(x) < t),
and E[dg:|(z) = P(x € ©!) (see Remark 2.24), the following holds too:

0

Hence, E [;591} (z) and %]E[(;@t](a?) coincide as functions, and, by the equa-

tion above, we have the formal exchange between derivative and expectation.
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6.2 Birth-and-growth processes

A birth-and-growth process in R? is a dynamic germ-grain model [64, 36] whose
birth process is modelled as a marked point process (MPP) N = {(T;, X;) }ien
on R, with marks in R? (see Section 1.5.5), where T; € R, represents the
random time of birth of the i-th germ (nucleus) and X; € R its random spatial
location [39, 64]. Once born, each germ (crystal) generates a grain which grows
at the surface (growth front), with a speed G(¢,x) > 0 which may, in general,
be assumed space-time dependent.

Application areas include crystallization processes, tumor growth and angio-
genesis (see [47] and references therein, [66, 63]). All this kind of phenomena
include a space-time structured random process of birth (nucleation), and a
growth process that, as a first approximation, we consider deterministic.

6.2.1 The nucleation process

Consider a Borel set E C R?%, d > 2, endowed with its Borel o-algebra &, and a
marked point process N on RT with marks in E. So, it is defined as a random
measure given by

N = Z E(Tn,Xn)»
n=1

where

e T, is an R, -valued random variable representing the time of birth of the
n-th nucleus,

e X, is an E-valued random variable representing the spatial location of the
nucleus born at time T;,,

® ¢4, is the Dirac measure on € x Bg, such that for any t; <ty and A € £,

1 if t €[t ta], x € A,
ra([tr,ta] X A) = { 0 otherV\Ei;e. !

Hence, in particular, for any B € Bg, and A € £, we have
N(B x A) =#{T, € B, X,, € A},

i.e. it is the (random) number of germs born in the region A, during time B.
Note that,
N(Bx A) < oo (6.5)

for any B € B, and A € £ bounded.
Besides, we suppose that the marginal process of N is simple (Section 1.5.1),
with E[N(dt X E)lN(dth)22] = o(At).

It is well known [16, 46] that, under general conditions, a marked point pro-
cess is characterized by its compensator, say v(dt x dz), with respect to the
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internal history of the process (Section 1.5.5). Denoted by ©(dt) the compen-

sator of the marginal process N, we know that there exists a stochastic kernel
k from ©Q x RT to E such that

v(dt x dz) = k(t, dz)v(dt). (6.6)

In many applications it is supposed that further nuclei cannot be born in an
already crystallized zone. When we want to emphasize this, we shall write

v(dt x dz) = k(t, dz)i(dt) = ko(t, dz)i(dt)(1 — Lei- (),

where vg(dt x dz) = ko(t, dx)Dg(dt) is the compensator of the process Ny, called
the free-process, in which nuclei can be born anywhere. (See also [22]).

The Poisson case

In a great number of applications, it is supposed that Ny is a marked Poisson
process (see Definition 1.70). In this case it is well known that its compensator
is deterministic.

In particular, it is assumed that the MPP Nj is a space-time inhomogeneous
marked Poisson process with a given (deterministic) intensity

alt,z), x€FE, t>0,

where « is a real valued measurable function on ExR, such that a(-,t) € L} (E),
for all £ > 0 and such that

T
O</ dt/ at,z)dzr < oo
0 E
for any 0 < T < o0.

If we want to exclude germs which are born within the region already occu-
pied by ©!, we shall consider the thinned stochastic intensity

v(dt x dz) = at,z)(1 — Igt- (x))dtdz.

6.2.2 The growth process

Let ©% (X,) be the random closed set obtained as the evolution up to time
t > T, of the germ born at time T, in X,,, according to some growth model;
this will be the grain associated with the germ (T, X,). In other words, if
T, = s and X,, = z, then ©%(z) is the crystal born at time s and point z and
grown up to time ¢.

We call birth-and-growth process the family of random closed sets given by

o' = |J o5 (X.), teR,.

n:T, <t
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If a point z is crystallized at time ¢, then it generates the grain associated
to the germ (t,2). We may observe that, Vs > 0,

o = U e
n:T,<t+s
= 05 (X,) U oL (X
U Tn ( ”) U T, ( n)
n:T, <t n:t<T,<t+s

= o'u |J ef@u |J exn.

r€EOO! n:it<Tp,<t+s

In order to complete the definition of the birth-and-growth process we need
to define a growth model for any grain associated with each individual germ.
We assume here the normal growth model (see, e.g., [17]), according to which
at H9~1-almost every point of the actual grain surface at time t (i.e. at H?!-
almost every x € 8@3% (X,)), growth occurs with a given strictly positive normal
velocity

v(t,x) = G(t, z)n(t, x), (6.7)

where G(t,x) is a given deterministic strictly positive “growth” field, and n(¢, x)
is the unit outer normal at point z € 89}0 (X0). We assume that

0<go<Gt,x) <Gy<oo  V(t,z) €RyxRY

for some gg, Gp € R, and G(¢, ) is sufficient regular (in particular G has to be
(globally) Lipschitz-continuous on Ry x R?) such that the evolution problem
given by (6.7) for the growth front 90j (z), with the initial condition that at
the birth time ty the initial germ born in x( is described by a spherical ball
of infinitesimal radius centered at ¢, is well posed. (See e.g. [17]; the case of
regularity of G deriving from its coupling with a deterministic underlying field
has been analyzed in [65].)

Remark 6.4 1. Since at H% -almost every x € 907, (X,,) there exists the
unit outer normal and, by remembering (6.5), ©' is a finite union of grains
for all ¢ > 0, then there exists the tangent hyperplane to ©f at H% '-a.e.
x € 00!, As a consequence O and 90! are finite unions of rectifiable sets
and satisfy (1.7).

2. In the case d = 2 an explicit form of (6.7) may be done by a parametriza-
tion of the growing crystals (see [47]). Let us consider the crystal

05 = {x(1. )| € (to, 1), € [0,2m)},
and its boundary, called the growing front,
965 = {x(t,7)ly € [0, 2m)}.
Then, at any point x(¢,7) € 90}, the evolution problem is given by
x(t,7) = G(x(t,7), t)n(t, 7),
n(t,7) = =VG(x(t,7),t) + (VG(x(t,7), 1), n(t,7)n(t,7),
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with initial values

x(to,7),t) = o,
n(tg,y) = (cos~,sin fy)T.

This shows that the growth is determined by the actual normal direction
of the growth front as well as by the growth rate and its gradient.

6.2.3 Hazard and survival functions

In a birth-and-growth process the random set ©! evolves in time, so that the
question arises about “WHEN” a point z € E is reached (captured) by this
growing random set; or viceversa up to when a point x € E survives capture?
In this respect the following definition is introduced.

Definition 6.5 The survival function of a point x at time t is the probability
that the point x is not yet covered (“captured”) by any crystal at time t:

S(t,r) :==P(x g ).

The survival function of a point x may be studied in terms of the nonnegative
r.v. T(x) representing the capture time of z, defined in Section 6.1.1; in this
way it can be regarded as a typical problem of survival analysis, and then be
studied in terms of the nucleation process, taking the geometric aspects of the
crystallization process into account (see [22]).

In fact, let 7 be a nonnegative r.v. with cumulative density function F'; then
7 may be considered as a random failure time, the function S(t) := P(7 > ¢) is
called the survival function of 7 and

P(t <71 <t+At)
P(r >1t)

F(t+ At—) — F(t—)
1—F(t—) ’

P(reft,t+At)|7>1t) =

If 7 is a continuous r.v. with pdf f, then the following limit

P(reft,t+At)|T>1)

h(t) == iltrflo Y (6.8)
(with 0/0 := 0) exists and h(t) = 116(]?(15), ie.
d
h(t) = % In S(t). (6.9)

h(t) is called the hazard function of T.
Let us now consider the capture time T'(x) of point « and observe that

P(T(z) >t) =Pz ¢ ©') = S(t,z).
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So S(-, ) is the survival function of the r.v. T(z) and, in order to study it in
terms of the MPP N, we must go back to the “causes” of capture of point x.
To this end it may be helpful to introduce the concept of causal cone (see e.g.
[43, 19]).

Definition 6.6 The causal cone C(t,x) of a point x at time t is the space-time
region in which at least one nucleation has to take place so that the point x is
covered by crystals at time t:

C(t,z) :={(s,y) €[0,t] x E : z€O.(y)}.

We denote by Sy(s,t) the section of the causal cone C(t,x) at time s < t,

Su(s,) =y e B () €Clba)} = {ye B:z Oy} (6.10)
In the case T'(x) is an absolutely continuous random variable, by (6.9) we
have .
S(t,z) = exp {—/ h(s,x)ds} ,
0
where

h(t7x) _ iltr?o P(T(JJ) S [t,tZtAt) |T($) > t)

is the hazard function of T'(z), as defined by (6.8).
By the continuity of T'(z),

(6.11)

P(T(z) € (t,t + At} | T(x) > t)

htw) = Jim, At
t+At t t
o P @0 s g el
At]0 At
t+At t
_ hmIP’(xe@ |x§Z®).
At]0 At

Definition 6.7 For all x € R?, the function h(-,) given by

t+At t
h(t,z) := lim Plz € © |2 & ©)
At]0 At

is called the hazard function associated with point x.

Remark 6.8 If G is sufficiently regular such that it makes the evolution prob-
lem well posed, the causal cone C(¢,x) is well-defined for any x,t, and the
sections S, (s,t) are such that dim 0S,(s,t) < d for any z,s,t (see [19]), then
from the definition of C(t, z), it easily follows that

S(t,z) = P(N(C(t,z) = 0)).

If we consider a general compact set K C RY, we may define the causal cone
C(t,K) of K at time t, in an analogous way as in Definition 6.6:

C(t,K) = {(s,y) €[0,t] x E : KNOL(y) £ 0}.

The same assumptions on the model guarantee that C(t, K) is well defined again.
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In general cases (e.g. not necessarily Poissonian cases) expressions for the
survival and the hazard functions may be obtained in terms of the birth process
N and of the causal cone [22], but such expressions are quite complicated,
because they must take into account all the previous history of the process.

In particular, if the compensator & of the marginal process N (see Section 6.2.1)
is discrete, then

St,a) = [T L —E@{s)k(s, Sa(s,) INIC(s—, Su(s—, 1)) = 0)], (6.12)

s€[0,t]

where [] is the so-called product-integral. (For a complete and elementary
treatment of the basic theory of the product-integral see [35] and [5].)
While if 7 is continuous, then

S(t,z) = exp {_/0 E(v(ds)k(s,Sz(s,t)) | N[C(s,Sz(s,t))] = O)} . (6.13)

Remark 6.9 For a general compact set X C R? we may speak of S(t,K) :=
PO'NK =0)=1-Te:(K), as well, and (6.12) and (6.13) becomes

St,K)= [] [ —E@{s})k(s,Sx(s, 1)) | NIC(s— Sx(s—t)] = 0)],

s€0,t]

S(t,K) = exp { / E(5(ds)k(s, Sxc (5. 1) | N[C(s, S (5.1))] = o>} ,

respectively, where Sk (s,t) denotes here the section at time s of the causal
cone C(t, K). Thus, by Choquet theorem (see Section 1.4.1) the probability
distribution of ©! is uniquely determined, so that, our modelling assumptions
on N and G really give rise to a time dependent random closed set ©°.
Clearly, if © is a random closed set for any fixed t € R, then also 90 is so.

The Poissonian case

In the Poissonian case, the independence property of increments makes (6.13)
simpler.
In fact (see Section 1.5.5), the independence of increments implies that the
compensator of N is deterministic and coincides with its intensity measure A.
Moreover, we know that a Poisson process has continuous intensity measure;
thus by (6.13) it follows

S(t,z) = e~ MCED) (6.14)

We may further observe that (6.14) could be obtained as a direct consequence
of the following theorem [46]:

Theorem 6.10 Let A be a measure on Ry xR? such that A(-xR?) is continuous
and locally bounded. Suppose that ® is a marked Poisson process with mark
space RY and intensity measure A. Then ® (considered as a random measure
on Ry x R?) is a Poisson process with intensity measure A.
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Thus, If N is a marked Poisson process with intensity «(t,z), it is easily seen
that
S(t,x) = P(x & ©) = P(N(C(t, z)) = 0) = e~ ACE)),

where A(C(t,z)) is the volume of the causal cone with respect to the intensity
measure A of the Poisson process:

ACta) = [ als.pdsd
C(t,z)
In particular we have
h(t,x) = —glnS(t )= QA(C(t ) (6.15)
Y Y &) '
provided that the derivative exists.

In [19] it is proved that, under sufficient regularity on G, A(C(t,x)) is differen-
tiable:

Proposition 6.11 If the nucleation process is given by a marked Poisson pro-
cess with intensity a(t, z), if G is Lipschitz-continuous with respect to the spatial
variable and there exist go, Go € Ry such that

go := inf G(t,x), Go = sup  G(t,z),
te[0,T], zeRd te[0,T], zeRe

then A(C(t,x)) is continuously differentiable with respect to t and

0

SAC(t) = Glt,2) /0 [ K@ty ds (610)

with
K(s,y;t,x) := / 0(z — z)da(z).
{zeR?|7(s,y;2)=t}

Here § is the Dirac function, da(z) is a (d — 1)-dimensional surface element,
and 7(s,y; z) is the solution of the eikonal problem

197 sy 1) = T (5., )

ay 5,Y,%)| = G(s,y) Ds $Y, T
T sya) = b

oz YN T Gar(s,y a),2)

6.2.4 A relation between hazard function and contact dis-
tribution function

From stochastic geometry we know that contact distributions are important
tools to describe certain aspects of random closed sets and can be easily es-
timated (see [36]). Now we show how the hazard function is related to the
spherical contact distribution function (see also [22]). Such a relation will be
useful in the following in order to provide an evolution equation for the mean
densities of ©F.
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Definition 6.12 The local spherical contact distribution function Hgz of an
imhomogeneous random set = is given by

HS,E(T’,x) = IP’(JZ S E@r | x ¢ E)

Proposition 6.13 Let N be a nucleation process as in previous assumptions,
with intensity measure A(dtxdz) = A(dt)Q(t,dx), such that Q(t,-) is absolutely
continuous with respect to v? (d > 2), and let the growth speed G of crystals be
constant. For any (t,z) € Ry x R? fized, we denote by H(-,t, ) the following
function

H(r,t,z) = Hs o¢(GT, x),

where Hg ot is the local spherical contact distribution function of the random
closed set ©1.
Then

h(t,z) = 2H(T,t,ac)

for a.e. x. (6.17)
or

[r=0

Proof. We write the random set @2 as union of the set ©f grown up to time
t + At and the crystals born during the interval (¢,t + At]:

@H—At _ U @%erAt (Xj)
J
T]‘StJrAt
Ueid*x) v U eF*x)
Tjjft t<Tj%t+At
= Ogac U U @tTjAt(Xj)-

J
t<T;<t+At

Let C,(t,t + At) be the subset of R, x R? so defined:
Calt,t + At) := {(s,y) € (t,t + At] x R* [z € O 2 ()}

Note that, since G is constant, for any fixed s € (¢,t + At], the section of

Ce(t,t+ At) at time s is given by the ball B(;ya¢—s)q () of radius (t + At —s)G
and centre . Thus, it follows that

~ t+AL
v (CL(t,t + AL)) = / </ dy) ds = O(At)4+1,
t Byat—syc(x)

Moreover, since during an infinitesimal time interval At at most only one nu-
cleation may occur, we have that

P(N(Cy(t,t 4+ At)) > 0|z & O) = E(N(Cy(t, t + At)) |z & OF).
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As a consequence the following chain of equality holds:

P(z ¢ 02 |2 ¢ ©')
=Pz ¢ (GéBAtG U U
t<Tj%t+At
=P{e ¢ Obnctn{zeg |
t<Tj%t+At
=Pz & Obnic |z €O P ¢
t<Tj'gjt+At
=Pz ¢ Ohnig e ¢ OPg |
t<Tj%t+At
= [1 — Hgot (GAL 2)[(P(N(Co (1,1 + At)) = 0]z & Of a1
= [1 — H(At, t,2)][1 = P(N(Co(t, t + At)) > 0|z & O p1c0)]
=[1 — H(At, t,2)][1 — E(N(C,(t, t + At)) |z & O o) + 0(AL)].

072 (X)) = ¢ ©)
O A(X))} = ¢ ©)
O A(X;) [{z ¢ 0} N{x & (Ohac})

O (X)) |2 & O i)

By replacing in the definition of h(t, z), we obtain

0= 1 AL L)) [ E(NCalt, £+ AD) 2 & O]

h(t,z) = lim
(6.18)

At]0

Now observe that:
e since ﬁ(OJ,x) =0,
H(At,t -
L83 _ 9 fir,t,)

‘7’:0;

iltrflo At or

e since N(C,(t,t + At)) is a nonnegative r.v., and we may assume that
Pz & Ogaa) # 0,
_ E(N(Cult,t + Al)) |2 & Of p46)
lim
At10 At
1 E(N@(tt+ A1z ¢ O i)
Atlo At P(x & Of pr)
< 1 : lim E[N(Cy(t,t + At))]
P(x & O puq) Atl0 At
B 1 - A(C,(t, T + AL))
"~ P(x € O p,) AL At '

We know that A(ds x dy) = Q(s,dy)A(ds), where A is the intensity measure
of the marginal process and @ is a stochastic kernel from R to R%. Since by
hypothesis Q(s,-) is absolutely continuous with respect to the d-dimensional
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Lebesgue measure, then, for a.e. € R,

t+At _
[ Qs,dy)A(ds)
t Biat—syc(®)

t+At

= oAt / A(ds).

A(Cy(t,t + At))

t+AL ~
Since certainly / A(ds) < oo, we have A(C,(t,t + At)) = O(At)%.
¢

Therefore, Vd > 2 B
A(C,(t,t + At))

li =0.
it a— 0
By (6.18) we obtain
h’(ta ‘Z‘) = 7[:1(7-7 ta ‘r)|7=0
T

Remarks:

1. Expression (6.17) may be intuitively explained in this way: capture of
point z during interval (¢,¢ + At] can be determined both by the growth
of ©! and by the birth of new crystals; the last one has a negligible weight
because of the simplicity of N and the absolute continuity of mark distri-
bution.

2. If A < vgy1, ie. A absolutely continuous, then A(C.(t,t 4+ At)) =
O(At)4*! and (6.17) is true also for dimR¢ = 1.

Case G time dependent

Let us suppose that G, with the required regularity assumptions, is time depen-
dent. In this case H is given by

~ t+T1
H(r,t,x) = Hg ot < G(s)ds,x) .
¢

Now, for any s € (t,t + At], the section of C,(t,t + At) at time s is given by the
ball centered in z with radius fSHAt G(u)du. As a consequence, we have again
that A(C,(t,t + At)) = O(At)?, and so

0 - 13

h(th) = EH(Ta tvl‘) = G(t)EHS,Gt (Ta .13)

[r=0 [r=0"

Case G space-time dependent

If G, with the required regularity assumptions, is space-and-time dependent,
then we can not define a function H similarly as in the previous cases, because
©! does not grow in a homogeneous way during a time interval (¢,¢ + 7].

But, as follows by the proof, the hazard function h(t,z) coincides with the
capture rate of x determined by the growth of ©!. In fact, also in this case
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A(Cy(t,t + At)) = O(At)?, since certainly the section of C,(t,t + At) at s €
(t,t + At] is a subset of B4 at—s)a,, (), where Gy = max, , G(u,y).
So, if we denote by ©(t+ At) the random closed set ©f grown up to time ¢+ At,

e B(z € O(t + At) |z ¢ 01)
. reO+A)|x
h(t,z) = ilt% A7 . (6.19)

By the uniform continuity of G, for At sufficiently small, during the interval
(t,t + At] we may consider G = G(t,-), so that it depends only on space.

Observe now that when the growth speed of crystals depends only on time
or space (i.e. G =G(t) or G = G(z)), then

z€0l(y) <= ye (), (6.20)

while if G = G(¢t, ) it is not true in general.
Since every point y € 90! may be seen as nucleus of a crystal born at time
t, then = € O(t + At) <= Jy € 9O such that = € O (y). By (6.20) we have

z €O+ At) <= ' NOHTA (1) £ 0.
The continuity of G allows to replace @?At(x) with Bg,z)at(z), thus
T €O(t+At) = 0'n Ba(to)at(z) # 0,
and by (6.19) we obtain

P(x € Ol g yayas |7 # 01

M) = Jim, At
Hg ot A
_ lim S,0 (G(t,.’L‘) t,x)
At]0 At

= G(t, $>2HS7@t (r,x)

o (6.21)

lr=0"

6.2.5 Continuity of the time of capture 7'(z)

Let x be a fixed point in R? and T'(z) be the positive random variable repre-
senting the time of capture of point = by the birth-and-growth process {©%}.
It is clear that the continuity of T'(z) depends on the birth process N and the
growth field G.

In [22] is shown that the continuity of T'(x) is strictly related to the absolute
continuity of the mark distribution of the MPP N. More precisely, if for any
t € Ry Q(t,-) is the mark distribution at time ¢ (see Section 1.5.5), from the
simplicity of the marginal process N, we have, formally,

Q(t,B)A(dt) = A(dt x B)
E(N(dt x B))
P(N(dt x B) = 1)
= P(X; € B|N(dt) = 1)P(N(dt) = 1)
= P(X, € B|N(dt) = 1)A(dt),
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where A and A are the intensity measure of N and N, respectively, and X; is
the nucleus born during the infinitesimal interval dt.

Therefore the mark distribution Q(¢, B) represents the probability that a nucleus
X, € B, given that it was born during [¢t,¢ + dt).

Proposition 6.14 If Q(s,-) is absolutely continuous with respect to v for a.e.
s € Ry, then T(x) is a continuous random variable.

Proof. The hypothesis of absolute continuity of Q(s,+) implies that the prob-
ability that a nucleus is born in a lower dimensional set is 0; in particular
Q(s,08:(s,t)) = 0 since our regularity assumptions on the growth model imply
that dimy0S,(s,t) < d Vs < t.
By absurd let T'(z) not be a continuous r.v.; then there exists ¢ € Ry such that
P(T(x) =t) > 0. Observe that

P(T(z) =t) > 0 < P(N(JC(t,z)) # 0) > 0 < E(N(AC(t,x))) > 0.
But, ,
E(N(9C(t,x))) = /0 /88 » Q(s,dy)A(ds) = 0.
([l

Now, let us suppose that the compensator 7 of the marginal process N is
continuous; by (6.13) we know that

P(T(x) <t) =1 —exp {/0 E(0(ds)k(s, Sz (s, 1)) [ NC(s, Sa(s,1))] = 0)},

so that we may claim that

Claim 6.15

T(z) admits pdf pr(q)
)

g [t
Ela/o E(v(ds)k(s, Sz (s,t)) | N[C(s,Sx(s,1))] = 0) (6.22)
Thus, a problem of interest is to find sufficient conditions on the birth-and-
growth process such that the integral in (6.22) is differentiable with respect to
t.
We may like to notice that if N is a marked Poisson process, such integral
coincides with the measure A(C(t,x)) of the causal cone with respect to the
intensity measure A.
By Proposition 6.11 we may claim that if IV is given by a marked Poisson
process with intensity «(¢,x), under the regularity assumptions on G, A(C(t,x))
is differentiable and so T'(x) is an absolutely continuous random variable, i.e. it
admits a probability density function pp(y,)-.
In particular, consider a marked Poisson process N with intensity measure

A(dt x dz) = \()dtQ(t, dz)
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such that Q(t,-) is a continuous probability measure for any fixed t € R;. Then

0 o ! o !
5[\(6(@1‘)) = E/o /Sm(&t) A(5)Q(s,dx) ds = a/o Q(s,Sz(s,t))A(s)ds.

Note that S.(¢,t) = z, and the continuity of Q(¢,-) implies Q(t,z) = 0. So, if
the derivative of Q(s, S, (s,t)) with respect to t exists for almost every time s,
and if it is integrable in [0, ¢], then we have that

0 ¢ 0
SACE) = [ 26 505, s )as

hence the absolute continuity of the random variable T'(x) is related to the
existence of the time derivative %Q(s, S:(s,t)).

Note that @ turns to be a function of the causal cone, since it depends on the
sections S, (s,t), as expected.

As a simple example, let N be independent marking (see Section 1.5.5) with
mark space a bounded subset K of R? and marks uniformly distributed in K,

1
so that Q(dz) = de. If the growth velocity G is constant, it is clear that,
v
for all s,t € Ry and = € K, S;(t,7) = Bg—s(z), hence we have that

b, T 9 baGi(t —s)?  (d—1)byG? [* i
aA(C(t,x)) = /0 )\(s)a (E) ds = JI(K) /0 A(s)(t — s)?1ds;

therefore, if the intensity A of the underlying Poisson point process N is such

that the last integral exists for any ¢, we may conclude that the random variable
T'(x) is absolutely continuous with pdf pp(,y given by

d t _ d t

6.2.6 An evolution equation for the mean densities

Let us consider a birth-and-growth process {0} with nucleation process N and
growth rate G satisfying the regularity assumptions introduced in the previous
sections, in order to have that:

1. for any t € Ry, and any s > 0, 90! C int@!+;

2. for any t € Ry, O is a d-regular random closed set in R?, and 00! is a
(d — 1)-regular random closed set;

3. T'(x) is a continuous random variable with pdf pp,)(t);
4. for any bounded A € Bga such that P(H?~1(00' N dA) > 0) = 0,

lim E[HY (0%, \ ©' N A)]

r—0 r

=E[H (00" N A)]. (6.23)
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(We remind that assumptions 1. and 2. have been discussed in Section 6.1.1,
assumption 3. in the Section 6.2.5, while assumption 4. in Chapter 5).
Note that, in terms of weak* convergence of linear functionals, (6.23) be-

 Eldy I(x) ~ Eléo (@)

r—0 T

comes

= E[dpe(z). (6.24)

By (6.11), we know that the continuity of T'(x) implies that h(-, ) coincides
with the hazard function associated with T'(x); as a consequence, since P(T'(z) >
t) = P(z ¢ ©Y), the following holds:

h(t, I‘) _ Pr(=) (t)

- P £ 67" (6.25)

For any fixed t € R4, let us consider the spherical contact distribution Hg gt (-, z)
of the crystallized region ©! associated to a point x. By definition

P(x € (04,1 0")
Pzgot)
and so, for the birth-and-growth model we consider, by (6.21) it follows

_ G(t,x) 0
=R e or

Thus, we obtain that

Hsy(_)t (7“, .T) = (626)

P(z € (8%, \ ©Y) (6.27)

[r=0"

D Elo() “ prin(®) 2 ht, 2P ¢ ) 2 Glt,2) 1 Pl € (05,\69)

Now, we may notice that

0
P e (04,16)

[r=0

= lim

6.24

C2Y Bl5per(2),
so that, by (6.28), we may claim that the following evolution equation holds for
the mean density E[dg¢](z) :

2 Blder(a) = G(t, 2)Elsoer](2), (6.29)

to be taken, as usual, in weak form.
We may summarize as follows.

Proposition 6.16 Under the above assumptions 1.-4., we have that the follow-
ing evolution equation (to be taken in weak form) holds for the mean density
El[det](z) -

0

5 Elder] () = G(t, 2)Efsoer] (@) (6.30)
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Remark 6.17 Since for any fixed z € R? we said that the time of capture T'(x)
is a continuous random variable with probability density function pp,)(t), it
is clear by (6.28) that ZE[Se:](z) is a classical real function. It follows that
E[dpet](x) is a classical real function as well. As a consequence, E[dge:](x) is
a version of the usual Radon-Nikodym derivative of the measure E[uggt] with
respect to v?, and so we may claim that ©F is absolutely continuous (Section
3.2).

Remark 6.18 In the particular case of spherical growth, i.e. when G is con-
stant, it is clear that

HUO A (w) \ ©'(w)) H (O gar(w) \ ' (w))

A At = Aimg At
d t t
_ Ol HOE @)\ O (w))7
r—0+ T

and, for any t € Ry, ©(w) satisfies a first order Steiner formula, so that we
have
. HYO" (W) — HY(O'(w)))
lim
At—0 At

= GHH (00! (w)).

In particular ©f satisfies Theorem 5.27 (and so a local mean first order Steiner
formula), and we may write, as expected,

0
5 Elder](2) = GEldper](2)-

For the growth process ©! introduced in the previous sections, we may notice
that the evolution of the realization ©!(w) may be described for a.e. w € Q by
the following (weak) equation (e.g. [12, 17]):

%5@ (z) = G(t,7)dser (x). (6.31)

The advantage of this expression, even though to be understood in a weak sense
in terms of viscosity solutions, is in the fact that it makes explicit the local
dependence (both in time and space) upon the growth field G by means of
the (geometric) Dirac delta at a point z € 90%. In this way equation (6.30)
can be formally obtained by taking the expected value in (6.31), thanks to
the linearity of expectation, since we have assumed that G is a deterministic
function. (Obviously, it involves exchanges between limit and expectation, as in
(6.23) for example). We have shown that indeed, under the suitable regularity
assumptions on the process O, we may obtain (6.30) from (6.31) in a rigorous
way.

Remark 6.19 By Eq. (6.31), for ¢t >ty we have

Aégt(m)dm:Aégto(x)dx + /t:/AG(x,s)da(_)s(x)dxds.

Note that if, as particular case, G(t,z) = 1 and A = R?, then

=8l _, Vs>,
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and so, by the change of variable s — ty = y and denoting r = t — t(, we have
the well known following result (see 3.2.34 in [32], or [37]):

HY(OF,) = H! (") + /O 1 (00,) dy.

Let us observe now that, since T'(z) is a continuous random variable, then
P(x ¢ ©') = P(x ¢ int®"),
so that, by Definition 6.7, we have
1 Pz e OttAl) — P(z € )

htz) = iltrﬁ) At P(x ¢ intO?)
. Pz € ©FA |z € intO!) — P(x € O |2 € intO?)
= lim
At[0 At
. E[dgr+ac(z) |z € intO'] — E[dg: |z & intO!]
= lim
At]0 At
= %E[éet (z) |2 € intO" (6.32)

By comparing (6.31) with (6.32), we may claim that
h(t,z) = G(t,z)E[dpe: (x) | z & intO],

which leads to the interesting interpretation

0 .
EHS’@ (r, x)‘y:o = E[6pe:(x) |z € intO].
Moreover, it follows that
0 6.26 0
E[doer)(z) = 5Pl € (04,1 0Y),_, 2" Pla ¢ 0) 5 Hsor (1,2

6.2.7 Mean densities

The expected value of the generalized density dgt is what is usually called crys-
tallinity, and denoted by

Vv (t,z) := E[do|(z),

while the density of the expected measure E[uget] is what is usually called mean
surface density, and denoted by

Sy (t,z) := E[dper](z).

With these notations, the equation (6.30) becomes

%Vv(t,.’)’;) = G(t,x)Sy (¢, x), (6.33)

In some cases (such as in Poisson birth processes, as we shall later discuss
as an example), it can be of interest to consider the following extended mean
densities.
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Definition 6.20 We call mean extended volume density at point x and time t
the quantity Ve, (t,x) such that, for any B € Bga,

BLY. (0 (X) 1 B) = [ Vislto)w(da).

§iT; <t

It represents the mean of the sum of the volume densities, at time t, of the grains
supposed free to be born and grow.

Correspondingly,

Definition 6.21 We call mean extended surface density at point x and time t
the quantity Se.(t,x) such that, for any B € Bga,

BL Y. (004, (X)) N B)) = [ Ser(t.0)vda).

3:T; <t

It represents the mean of the sum of the surface densities, at time t, of the grains
supposed free to be born and grow.

Under our assumptions on the growth model, we can claim, by linearity argu-
ments, that

0
aVex(Ll”) = G(t,x)Ser(t, x), (6.34)
to be taken, as usual, in weak form.

The complement to 1 of the crystallinity, also known as porosity and denoted

by p.(t), represents the survival function S(¢,x) of the point = at time t:
pe(t) =1 = Vy(t,r) =Pz ¢ ©') = P(T(x) > t).

We remember that in our assumptions T'(z) is a continuous random variable
with probability density function pr(,(t). So, by the previous sections, we have

~ OWVy(t,x)

prio(®) = o (1~ pa0) = 20

and
Pr(x) (t) = Pz (t)h(tv 1’),
from which we immediately obtain
0
EVV(t,x) = (1 —=Vy(t,z))h(t,x). (6.35)

This is an extension of the well known Avrami-Kolmogorov formula [43, 10],
which has been proven for space homogeneous birth and growth rates [54].

When results exposed in Chapter 4 apply to the random set © (in particular
when 9©! is absolutely continuous in mean), it is possible to give an approxi-
mation of the mean surface density Sy .

Example: let us consider the particular case in which the growth rate G is
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constant. Then, for any fixed time ¢, ©! is the union of a finite and random
number of random balls in R%:

U Ba—1,)(Xi).

0T <t

As a consequence of Theorem 4.10 we have that Proposition 4.5 applies, so that

o EA((00Y)6, 0 4))]

r—0 2r

E[H*(00" N A)].

If the random set 9©! turns out to be absolutely continuous in mean, then we

have 8@
lim (x < / Sy (t,z)d

As a simple example in which 90! is absolutely continuous, but not stationary,
let us consider a nucleation process N given by an inhomogeneous Poisson point
process, with intensity «(¢, ). We may prove this as follows:

By absurd, let E[H?~1(00! N -)] be not absolutely continuous with respect to
v?; then there exists A C R? with v4(A) = 0 such that E[H?~1(00' N A)] > 0
It is clear that

E[H©H00 N A)] >0 = P(HYH00 N A) > 0) >0,
and
P(H*1 (00" N A) > 0) < P(3(T}, X;) : ' (0Bg—1,)(X;) N A) > 0).
As a consequence, we have
EHH 00" N A)] >0 = P(®(A) #0) >0

where
A:={(s,y) €0,t] x R : H*" 1 (0Bg (-5 (y) N A) > 0)}.

Denoting by A, := {y € R? : (s,y) € A} the section of A at time s, and by
AY :={s >0 : (s,y) € A} the section of A at y, we notice that v1(AY) =0
for all y, because v%(A) = 0 (it suffices to use spherical coordinates centered
at y to obtain that v'-a.e. ball with radius s centered at y intersects A in a
H?~Lnegligible set). Therefore we may apply Fubini’s theorem to get

/ l/d(.As)dS:/ /XAddeZ// XAdsdy:/ v (AY)dy = 0.
0 0o Jre rd Jo R4

It follows that v¢(A,) = 0 for v!-almost every s € [0,], and so

E[@(A)}f/ 5y dsdy—// s,y) dyds = 0.

But this is an absurd, since

P(®(A) #0) >0 = E[®(A)] > 0.
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Remark 6.22 (Random Johnson-Mehl tessellations) In a birth-and-growth
process as in the previous example, where N is a time inhomogeneous Poisson
marked point process, one may consider the associated random Johnson-Mehl
tessellation generated by the impingement of two grains which stop their growth
at points of contact (see [54]); briefly, the system of n-facets of a Johnson-Mehl
tessellation at time ¢ > 0 is a random finite union of a system of random n-
regular sets Fl-(n) (t),0<n<d:

= =M.

Again, it can be shown that Proposition 4.5 applies, so that we may approximate
mean n-facet densities, for all 0 < n < d.

The Poissonian case

We remember that, if the nucleation process N is a marked Poisson process
with intensity measure A and G satisfies the required regularity assumptions,
by (6.17) we have that

h(t, ) = %A(C(t,x)).

As we will show in the next Section (see also [18]), the volume of the causal
cone can be expressed in terms of the extended volume density:

Theorem 6.23 Under the previous modelling assumptions on birth and on
growth, the following equality holds

A(C(t,z)) = Veu (t, ). (6.36)

As a consequence

h(t,x) = %Vem(t, x)

so that 9 9
&VV(t,x) =(1- Vv(t,x))avm(t,x).
This equation is exactly the Kolmogorov-Avrami formula extended to a birth-
and-growth process with space-time inhomogeneous parameters of birth and of
growth [43, 10].
Finally, by direct comparison between (6.36), (6.16) and (6.34), we may
claim that

t
Sealt, z) = / K(s,53t, 2)a(s, y)dy ds.
0 R4

Consequently, by remembering (6.33) and (6.35), we obtain

Sv(t,z) = (1 — Vi (t,2))Sex(t, ).
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6.2.8 Some comparisons between Poissonian case and not

In terms of the mean densities Vi, Sy, V., and S,;, and the hazard and contact
distribution functions we have introduced in the previous sections, we may ob-
serve the parallelism between the Poissonian case and the more general model
we consider. In particular it follows the geometric meaning of the derivative of
spherical contact distribution function in the Poissonian case.

We have seen that

G(t,z)Sy(t,x) = G(t,2)E[dset(x)]
0
= 2 Eldo:(z)
= (1 - Vv(t7l'))h(t,l‘)

= (1 — Vv(t,l’))G(t,x)%H&@t (’I’, I)

|T:O °
So we may observe that

e in the general model

Sy(t,z) = (1 - VV(t,l’))%Hs’@t (r,x)

[r=0>

e in the Poissonian case

Sy(t,z) = (1 — Vi (t,x))Sex(t, x).
By comparison, we may claim that in the Poissonian case

Sex(t,x) = QHS,@t (r,x) (6.37)

or

[r=0"

In fact, in terms of the hazard function, we know that in the Poissonian case

h(t,z) = %VO(C(t,JU)) = %Vm(z,t) = G(t,2)Sex(t, ),

and in our more general model

0
h(t,z) = G(t, x)EHS,@t (r,x)

[r=0"

Note that relation (6.37) is not true in general, but it holds only when the
nucleation process N is a marked Poisson point process. In fact it is a direct

consequence of
p(t) = e MEL2)) — o= Vealtiz) (6.38)

and the relation above holds thanks to the fact that a Poisson marked point
process is a position-dependent marking process with the property of indepen-
dence of increments. (See Section 1.5.5.)

More precisely, we know that the compensator v(d¢ x dz) of a marked Poisson
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point process is deterministic and continuous, and it coincides with the inten-
sity measure of the process; so, denoting by @ the kernel, and by A and A the
intensity measure of NV and of the underlying process N , respectively, Eq. (6.6)
becomes in this case

v(dt x dz) = Q(t,dz)A(dt) = A(dt x dz).

We may notice that the probability distribution of the birth time T of a nucleus
born during [0, ¢] is given by:

- ~ A(ds)
P(T € ds) :=P(N(ds) = 1|N([0,t]) = 1) = = . (6.39)
A([0,2])
Besides, the main property of a marked Poisson point process is that if n nuclei
were born during [0, ¢], then the n crystals @tTj (X;) (¢=1,...,n) are indepen-

dent and identically distributed as ©%.(X), where T has distribution (6.39) and
X is determined by Q.

By this, and remembering the probability generating function of a Poisson ran-
dom variable (in our case N([0,t])), we can reobtain (6.38):

Pa(t) = P(z¢ O
= P( [ {z¢ 0% (X))

JiT;<t

= Z]P’ ﬂ{wf@T NYIN(0,8]) = n)P(N([0,1]) = n)

4o n

= > J[P@ ¢ ek (X)) N(0,1) = n)P(N([0,1]) = n)

n=1j=1

= Z (x ¢ OF(X))]" P(N([0,1]) = n)

= By([P ¢ (X)) YY)
= exp{A([0,1])(P(x & O4(X)) — 1)}
exp{—A([0,1])P(z € OF(X))}
= exp{-A(C(t,2))},
where the last equality follows by

CL9 K ([0, )P(X € So(T)1))

A([0,1])P(z € ©F(X))
= [\([0715])/ P(X € S.(s,1)|T € ds)P(T € ds)
0

A(ds)
A([0,1))

A(0.1) / Q(5,8.(5,1))

= / / (s,dy)A(ds)
0 JS, (s t)
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In this way we have shown the role played by the above mentioned properties
of a Poisson marked point process. In a similar way, we give a proof of (6.36):
Proof of Theorem 6.23

r— v4(B,(z))
— lim A E[v*(©7(X) N B, (z))]
= Jm AT @)
i [ e g — ] EPAOL0) 0 B ()]
SN E(O4.(X) 1 Bu(2)] i
- }HO’”: I/d(Br(fE)) P(N([O7t]) - )
. Sonsy Sy B[ (O, (X;) N By(«)JB(N([0,]) = n)
— VB, (@) ~
i Yonsy Y-t B[ (O, (X;) N By(x)) | N((0,1]) = n]P(N([0,4]) = n)
T r50 ve(B,(z)) R
S B (), () 0 By ()| N(0,1) = nP(N(0.6) = )
= (B, (@)
i E[E[Y; .7, < v* (0%, (X;) N By (2)) | N([0, )]
- VB, (7))
~ lim E[Z] <tV (@T (X;) N By (z))]
T r50 v4(B,.(x))
= Veu(t, ).
(]
The following examples show, intuitively, why in general
h(t,2) # o Vealt,2) (6.40)

Example 1. Let N; be a nucleation process given by the birth of only one
nucleus with uniform distribution both in a spatial region F and in a time
interval [0,7]. Consider also another nucleation process Nz, such that it is
constituted by the birth of two nuclei, the first one is distributed as N7, and the
second one is born immediately after and in a point belonging to the interior
of the crystal associated to the first nucleus. Let us suppose that G(t,z) = G
is constant. It is clear that the crystal associated to the second nucleus of Ny
gives no contribution in the computing of the hazard function of a given point
x, but it must to be taken into account in the computing of V.

Hence, if we denote by A1) and h(2), and by Ve(;cl ) and Ve(gf) the hazard function
and the extended volume density associated to the birth-and-growth process Ny
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and Ns, respectively, it is clear that
W (8, x) = i (8, 2), but VD (w,t) # VY (1),

and, as a consequence, (6.40).

Example 2. An analogous example to the previous one, but where now we
assume that a new nucleus can not be born in an already crystallized region, is
the following. Let us consider again two nucleation processes N1 and Ny as in
Example 1, with the difference that, now, the second nucleus of Ny is born very
close to the boundary of the crystal associated to the first nucleus. Assume that
G is constant. Then, for any time ¢ large enough, we have that

AV (¢, x) ~ P (t, z), but VD (x,t) > VD (x,t).

Example 3. Let N; be a nucleation process constituted by only one germ
(T, X), as in the above examples. Then

. O = 04(X),
o X< (O (X)) = v(O4 (X)) = 14(O").

We can claim that V., (¢, x) is just the Radon-Nikodym derivative of the measure
E[Zj:Tjgt Vd(@tTj (X;) N -)], absolutely continuous with respect to v¢ because
of the uniform distribution of the germ (7', X) both in time and space.

Thus, we may observe that

E[v(6%(X) N B, (2))]

_ . _ . _ t
Veolts ) = iy ——= 0 B @) = i) Tweo
So, in this case,
0 0 0 0
S Vealt,2) = 5 (1= palt) =~ 2opalt) # 5 (1) = hlt, ).

Now we provide a relation between %Ve:p(t, z) and the probabilities of cap-
ture of the given point x by one of the crystals @tTj (X;), supposed free to be
born and grow.

Proposition 6.24 If the birth-and-growth process is such that the probability
that a point x is captured by more than one crystal during a time interval At is
o(At), then

9 (t.2) = lim P(3j such that = € O 2(X;) \ OF, (X;))
8t eriy B At—0 At .

Proof. By the linearity property of the expectation, and since for all At > 0,
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@tTj (X;) C @%At(Xj) for any j:
0
E‘/ea:(tvx)

E[ Y vHOF(X)NB(x) — Y vOF(X;) N B(x))]
~ lim i 3Ty <t+At FT<t
T ArDorso At v4(B,(z))

B[ vAOLAX,)\ Ok (X;) 1 By(x)]
— lim lim —20=

At—=07—0 At v4(B,(x))
E[ > vU6F(X)N B(a))]
L Jit<T;<t+At
+ lim lim

At—0r—0 At l/d(Br (I))

since during (¢,t + At] at most one nucleus can be born and, if T; € [t, ¢ + At],
VHOF (X)) N Br() = O(At?),

E[Zj;Tjgt Vd(@tTerAt(Xj) \ ®tTj (X5) N Br(x))]

= 4o, i At (B, (z)) (6.41)
oy i EE[Y .7, <, V(O 2 (X;) \ ©4, (X;) N By(2)) | N([0,£])]]
= AtD0 At 0 vi(B,(z))
Observe now that
EE[Y .7, <, V(O 21 (X;) \ ©%, (X;) N By(x)) | N([0,4])]
v (B, (z)) R R
O B, O AN(X) \ O, (X;) N Bi(2)) [ N([0,1]) = n]P(N([0,1]) = n)
- VB @) -
S E4OF (X)) \ 05, (X;) N B(2)) | N((0,]) = n]P(N([0,1]) = n)
N Z v (B, (x ;
n=1j=1 ( T( ))
and that
O (X,)\ O (X,) 1B (2) | N(0.6) =
e lim '
70 v4(B,(x))

= Pz € O 2(X;) \ OF, (X;) | N([0,1]) = n),

VO™ (X)) \ O, (X)) N B/ (@) _ vi(B,(x)
v (B, (z)) ~ v4(Br(2))

e since =1, then

E[v4(042(X;)\ Ok (X;) N B, ()| N([0,]) = n[B(N([0,1]) = n)
V(B ()

<P(N([0,1]) = n),

o Y D P(N([0,4]) =n) = > nP(N([0,4]) = n) = E[N([0,])] < oo.

n=1j=1
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Hence, it follows that

< &L ER (O (X;) \ 0% (X;) N By(«)) | N([0,4]) = nP(N([0,1]) = n)

im>. > S (B, (z)
1 1

n=1j= )
o L ERAOFA(X;)\ 84 (X;) N B.(@) | N([0, 1) = nP(N((0,8]) = n)
- Zzli“ : V(B (x)

=33 Pla € OFA(X,)\ O, (X)) | N(0,) = mP(V(0.) =n).  (642)

By observing that

S B(x € O52(X) \ ©f, (X;) | N([0,1]) = n)

=1

n

[P(r € OFA1(X;) \ OF, ()}

—

N { Bk # j such that € O (X,) \ O, (Xi)} | N(([0,4]) = n)
+P({z € 052 (X;) \ OF,(X;)}
N {3k # j such that = € OFA4(X}) \ Ok, (X5)} | N([0,1]) = )}
=P@35e{l,..., n} such that = € O (X;) \ OF (X)) | N([0,4]) = n)

+ En: o(At),
j=1

since by hypothesis we know that the probability that a point x is captured by
more than one crystal during a time interval At is an o(At).
As a consequence, Eq. (6.42) becomes

S Bla € O A(X;) \ O, (X;) | N(0,4]) = n)B(N ([0, 1]) = n)

n=1j=1

=Y PEG €{1,...,n} stz € OF (X)) \ O (X;) | N([0,4]) = n)P(N([0,1]) =

+ o(At) Z nP(N([0,t]) = n)

=Pl s.t. x € OF A (X)) \ OF, (X;)) + o(AYE(N)

= B(#{j ¢ 2 € O A(X))\ 0, (X))} = 1) + o ANE(N)
= P(#{j : = € O 2(X)\ O, (X))} > 1)
B ¢ @ € O A(X))\ O, (X))} 2 2) + o ANE(N)

=P(#{j : 2 € OF (X)) \ O, (X;)} > 1) + o(Av),

because, by hypothesis, P(#{j : = € @tT‘:At( X))\ @ij (X;)} > 2) = o(At), and
E(N) < oo.
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In conclusion, by substituting the expressions above in Eq. (6.41), we obtain

gV(t@ = 1m1M#U:x€@gmuw\@%uw}2”_%dAﬂ
ot " T AL—0 At AL
C P(35 such that © € @tTjAt(Xj) \ @tTj (X;))
T AS0 At .
O

About the probability of capture of a point by more than one crystal, as required
in the hypotheses of the above proposition, see also Remark 4.17, 2.

Remark 6.25 1. We remind that Vi, (¢,z) := 1 — p,(¢), and that

AL\ Ot
im Pz €© \O")

0
7VV(tax) :AltHO At )

ot

further, as we seen in Example 3, if we consider the nucleation process Ny
such that only one nucleus (T, X) can be born, then

0 0
il = _ . 4
6tVea:(t,ac) ath(tx) (6.43)
Note that, in this case,
P(3j such that x € OF (X)) \ ©%,(X;)) = Pz e 072 (X)\ 04 (X))

P(z € OFAL\ ©Y),

and so we reobtain Eq. (6.43).

2. An intuitive explanation why Eq. (6.43) is not true in general is the
following:
in the definition of V,,, we suppose that the grains are free to be born and
grow, and so they may be considered “separately”. As a consequence

P(3j such that x € O 2 (X;) \ OF, (X;)) # P(z € 721\ ©7),

because a point x could be covered by a grain during a time interval
[t,t + At], even if at time ¢ it has just been crystallized (i.e. x € O%).
In other words,

P(3j such that x € GtTjAt(Xj) \ @tTj (X))

represents the probability that at least one nucleation takes place in the
region of the causal cone given by

C(t+ At,x) \ C(t,x);

while
P(z € @A\ ©Y)
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represents the probability that at least one nucleation takes place in the
region of the causal cone given by

C(t+ At,x)\ C(t,z)

and, simultaneously, that no one nucleus is born in C(¢, ). Hence, if N is
the nucleation process, we may summarize as follows:

0 _ o PIN(AC(E + Aty ) \ C(t,x)) > 1)
&Vm(t’ z)= AI?EO At ) (6.44)
> =
2 o) tim EQVC+ A2 \C(t ) > 10 N(C(t2)) = 0)
ot At—0 At
(6.45)
We know that
. Plzeotzgel) 1 P
e At S a-waya Vo)

By (6.44) and (6.45), it is clear why in the Poissonian case the property of
independent increments plays a crucial role (note that [C(t + At,z) \ C(t,z)] N
C(t,z) = 0), and in the case of a process N7 with only one nucleus we have
Ves(t,2) = Vy (¢, z):

e Poisson case

In terms of the causal cone associated to the point =z,

L P(N(C(t+ At,x) \ C(t,2)) > 1| N(C(t,2)) = 0)
ht,z) = Alir_r}o At

_ oy PVt At z)\C(tx) 2 1)

T A At

0
= §%T(t7x)

e Nucleation process Ny
Since at most one nucleus can be born,

(N(C(t+AL 2)\C(t, 2)) > 1N N(C(t,z)) = 0} = {N(C(t+At,2)\C(t,z)) > 1};

as a consequence

0

0
EVV(Lm) = — Ve (t, ).

ot

In conclusion, for a general nucleation process N we are not able to ex-
press Vi in terms of V., because we have not enough information about the
intersection of the two events

{N(C(t+ At,z)\ C(t,x)) > 1} and {N(C(t,z)) =0},

or their related properties.

158



Appendix A

Rectifiable curves

This Appendix wants to be a simple survey of a particular case of rectifiable
sets, H!-rectifiable sets, as completion of Section 1.2.
We mainly refer to [30].

A curve (or Jordan curve) T is the image of a continuous injection 1 :
[a,b] — R? where [a,b] C R is a close interval. It follows that any curve is a
compact connected set; in particular it is a Borel set, and so is H®-measurable.

The length of the curve I is defined as

L(T) = SUPZ [Y(t:) — »(ti-1)l,

where the supremum is taken over all dissections a =tg <t; < ... <t,, =b of
[a, b].

Definition A.1 If L(T') < oo (i.e, ¥ is of bounded variation), I is said recti-
fiable.

Proposition A.2 IfT is a curve, then H(T') = L(T).

As a consequence, if T' is a rectifiable curve, then H*(I") is infinity if s < 1 and
zero if s > 1.

In particular, a rectifiable curve is a H!'-rectifiable set. More precisely, a H!-
rectifiable set is, to within a set of measure zero, a subset of a countable collec-
tion of rectifiable curves.

In Section 1.2 we have introduced the notion of approximate tangent plane,
as the unique plane on which the Hausdorff measure restricted to the set is
“asymptotically concentred”; in other words, the tangent plane to a countably
‘H™-rectifiable set A at x is an m-dimensional plane m through x such that for
all p > 0,

L H(AN By (0)\ S(z,m, 9))

r0 Dyt ™

=0, (A1)

where S(z,7, ) denotes the set of y € R? with [y, z] making an angle of at
most ¢ with 7.
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A rectifiable curve, and so a H'-rectifiable set, has an approximate tangent
plane at almost all of its points.
Obviously, in the case of rectifiable curves, the tangent plane at a point x is a
line through z in some direction §. In this case we identify m by the direction
J, so the limit in (A.1) becomes:

HY(AN By (x) \ S(x,0, )

lim = 0.

r—0 27‘

Figure A.1: Direction ¢ of the tangent line at a point xg of a rectifiable curve,
and the cone S(xg,d, ) associated.

Figure A.2: The set A has a negligible part (i.e. with 1-density zero) in B, (x¢)\
S(xo,d, ) as r — 0.

Remark A.3 If we call s-irregular a H*-measurable set A with 0 < H*(A) < oo
such that for H*-a.e. z € A is not satisfied D°(A4,z) = D*(A,x)=1, then the
following results hold [30]:

e an l-irregular set is totally disconnected;

e the intersection of an 1-irregular set with a rectifiable curve is of measure
Zero;

e any H*-measurable set with 0 < H*(A4) < oo and 0 < s < 1 is irregular;

e A H*-measurable set A with 0 < H*(A) < co in R? is irregular unless s
is an integer.
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Appendix B

First order Steiner formula
for union of balls

In Chapter 5 we saw that a first order Steiner formula holds for unions of sets
with positive reach and for sets with Lipschitz boundary. Here we want to
evaluate this directly in the simple case of the union of two balls with different
radii. The generalization to a finite union of balls follows similarly.

Note that if {©'}; is a birth-and-growth process as described in Section 6.2
with G constant, then almost every realization ©!(w) is given by a finite union
of balls for any fixed t € R...

Let us consider two balls B; and By in R? with radius R and 7, respectively:

B; := Bg(0)

B, := B,.((1,0,0));
the Minkowski addition with B,(0) (a > 0) gives:

Big, = Brta(0)

Bag, = B, +4((1,0,0)).

Let By N By # (. Note that if By and By are tangent, the set B; U By has not
Lipschitz boundary.

We denote by hi(a), i = 1,2, the height of the segment of the sphere B,
and by X (a) the xz-coordinate of the intersection of the two balls. (See Fig.B.1).
It follows that:

X(a) = (1 + (R+a)® = (r+a)?),

hi(a) =R+ a— X(a)

ho(a) = X(a) — (1 —r —a).

We remember that the surface of a segment of sphere with height h and radius
p is equal to 2wph. As a consequence we have that

H?*(O(By U By)) = 4nR?—27Rhy(0) + 4mr? — 2mrha(0)
= a(r®+2r? — R?’r +r+ R*+2R? - Rr? + R).(B.1)

Now, we remind that the volume of a segment of sphere with height i and radius
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By By

ha |

Figure B.1: Section of the intersection of two balls B; and Bs.

p is equal to £h?(3p — h). As a consequence, we have that

Ho(Br,, UBa,,) = sn(R+a)® = 5 (b (@)*(3(R + ) — In(a)

3
n(r+a)® = Z(ha(@)B(r +a) ~ ha(a)),

[SUNN

+

H3(BLUB,) = %«33 ~ 2 (0) (3R~ R (0)) + %777“3 — 2 (ha(0) (3~ ha(0).

We obtain that

H?*(Bi,, U Ba,,) — H*(B1 U By)

a

4
= n(r®+2r’+ar®+R*+ 3 a’+2R*+2Ra+R*a+r+a—2aRr+R+2ra—Rr?—R?r).
(B.2)

Now, taking the limit as a tends to zero, we obtain (B.1), i.e.

. Hs(Bl@a U Bg®a) — H3(Bl U Bg)
lim

a—0 a

= H2(c’)(31 @] Bg))

The tangent case is obtained by assuming R + r = 1; in this case (B.1) and
(B.2) are equal again, in particular

H?(O(B, U By)) = 47(2R? +1 — 2R) = 4w(R? + (1 — R)?) = 4n(R? + r?).
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